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1. INTRODUCTION

An insurance company collects premiums and accumulates amounts of reserve
funds for unknown future claims. Then, the company invest other industries and
expects to earn returns on the investment. Since there are risks involved with both
insurance and investment operations, hence how to balance these two risks will be
a major problem. Indeed, underwriting operations and investments are closely re-
lated. And, there also imply a particular trade-off function between risk and return.

Recently a number of attempts have been made to relate premium mix to in-
vestment portfolio problems, such as statistical correlation modeling, stochastic
processes approach, decision theoretic approach, and other statistical analytical
techniques, etc. In 1969, Hofflander and Drandell developed a LP model which
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considers the relationship between total premium volume and investment portfolio.
However, their model lacks the specific consideration of risk factors.

In late 1969, Agnew etc. formulated an investment model in CCP, but it treats
the insurance side as deterministic [1]. In 1974, Thompson, Matthew and Li con-
sidered the effects of risks on both the insurance and investment sides [8]. In
particular, they formulate the premium volume-investment mix problems using a
CCP approach. However, they treat only the investment-mix problem using pseudo-
empirical data. They left the insurance-mix problem and real empirical data for
some subsequent paper. But, up to now, no such paper has appeared.

Here, we intend to formulate both a premium-mix and investment-mix problem
as a CCP model in which expected return (profit) is maximized subject to chance
constraints involving the risk or random elements of returns and demands. And, we
apply this model to three experimental runs and illustrate with them the inferences
one can make from their solution.

2. MODEL FORMULATION

The model we concerned is to select the appropriate combination of policies
to determine an appropriate relation between expected returns (or profits) and the
variance of these returns in a single period. In other words, we want to maximize
expected returns subject to chance constraints on a minimum level of these returns.

First, let’s define the following variables:

Xj denote the dollar volume of premiums of type j. (j=1,2,3) written in a single
period. They denote three types of insurances; life insurance, title insurance, and
casualty insurance, respectively.

Y; denote dollars invested of typei(i=1,2,3,4) in a single period. They denote four
types of investments: bonds, normal stocks, growth stocks, and cash investment,
respectively.

¥; denote the ratio of expenses to premiums of type j(j=1,2,3) written in a single
period; the random variables, and 0<¢j< 1.

\Ilj denote the ratio of losses to premiums of type j(j=1,2,3) written in a single
period; the random variables, and 0<\Ilj< 1.

A denote a percentage of the realized return of type i investment, where i=1,2 3,
4; also random variables.
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5; denote a percentage of the unrealized return of type i investment, wherei=1,2,
3,4; also random variables.

IT denotes the special tax rate for casualty insurance, O<II<1,

p denotes the tax rate for ordinary return (income) except casualty insurance, 0<
p<l1.

# denotes the tax rate for capital gains, 0<0<1.
M denotes the initial surplus.

Hence, the objective function is the maximization of the expected value of
the clqsing surplus, including what would be the capital gains after tax. And it can
be formulated as follows:

Max M+(1-p)j:§1 [E(1-¢- ) X;1+(1- TDE(I- 93 - ¥3) X3+ él(l—p)E(?\i)
+(1-6)E()]Y,

where ‘E’ means the mathematical expectation operator.

During any single period, the insurance company collects premium, pays ex-
penses of operation, suffer losses, and holds some risks in the form of capital and
surplus. In addition, it invests surplus and premium reserves in earning assets, and
obtains returns. We assume that premiums are written and collected at the begin-
ning of the period, and investments are made immediately following the receipt of
the premiums but before expenses are incurred.. Also, we assume that claims are
paid at the end of the period after earnings on investments are realized. Two avail-
able constraints follow:

(1) The Budget Constraint

Here. we assume that the funds available for investment are the initial surplus
plus the premiums after expenses. Since the expenses are incurred throughout the
year, the funds that will be available for investment are unknown. Hence, invest-
ment must be made under uncertainty, too. By stating the desired probability of
the funds available after expenses exceeding the investment amount, we may write
the budget constraint as follows:

P[M+ il(l-apj)xj— ﬁl Y>0]>a  where 0<a<]l ()
1= 1=
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It states that the probability that the funds available after expenses exceed the
investment amount is greater than «.

(2) The Liquidity and The Profitability Constraints

Since the funds available at the end of the period exceeding claims can be
written as

4 2
M+ 2,(-¢)x- £ Y] “lp 2 (-9~ W) X +11(1- 93 - ¥;) X, ]
3 3
T A=) 2 +(1-0)8;1Y; > 2 ¥ X;

where the first-term represents the original investment in cash, the second-term
represents the taxes on insurance income, the third-term represents the original
investments plus the after-tax investment returns.

Hence, the probability that the initial surplus will not be completely eroded is
greater than some stated probability. Thus, the second constraint may be written as

PIM+ £(1-9) X;- £Y,- 02 (19 - ¥) X, -1 (19, - ¥ X,
+él[1+(1-p)>\i+(1—6)6i]Yi>ZJ_SJ\IIJ-XJ-}>B where 0< <1
= P{M+%(l—<pj)Xj—E:Yi—p%(l—‘pj—‘lfj)xj—n(l-%—\I/3)X3
+ 2+ S1-pA+(1-0)8,] Y, - $w,X;>0}>
= PM+ 20 (14X + (- (-0 -4 X, + (-,
+(1-0)8;1Y; >0} > 8 @)
Therefore, we have our model as follows:
Max{M+(1-p)Zj2[E(l—apj—\IJJ-)XJ-]+(1-1'I)E(1—W3—\P3)X3
+Z[(1-p) EAD+(1-0)E(5)1Y,}
Subject to

(1) & (2)
The constraints (1) & (2) may be converted into deterministic equivalent form.
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If we assumes that G \I!j, )‘i’ & 51 are mutually independently random variables
with known normal distribution. Hence, constraint (1) may be rewritten as

PE-9X> Ly -MIza.

Since the mean of}jﬁ(l—¢j)xj is E(i(l—%)xj)= 2.3(1-15(‘pj))xj (4
4 ] )]
and, the variance of lé(l-«pj)Xj is V(§(1—¢j)xj) = };XJ?V(npj)

From (4), we have that

{ﬁ(l—so.)x.—ﬁ.(l—ﬁ(so.))x. ﬁY.—M—i(l—E(w.>)x.}
P i ] ] i h] ] > i 1 j )] ) >a

[(EX2V(p)]% T ExEve®
J J J j J ]
or
foX-2BWIX  M-2Y.+E(-E@)X
p{; 131 ] L R 13‘ j y >« o (5
[ZXPV(p)]* [£X?V(p))*
i J [ j
20X -$XE@)
Now, since Z = -4 ’3’ i J ) jsastandard normal deviate, (5) may be re-
[ZX] V1"
written as
{ M—>§Y.+>§(1—E(¢.))x.}
PizZ< il ry >a
[£X2V(p)*
j 3 J
M-3Y. + 2(1-E@)NX.
= i L L >F(a)
[£X]V(g)]*
j )
or
2Y,-2X,(1-E@) + F @IEX] Vel <M ... (6)

where F denotes the cumulative normal distribution function.
Similarly, the constraint (2) can be converted to deterministic equivalent form,
too. Analogous to (6) we have,
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-F7'(B) >
~AM+E(-PE(- 0 )X, + (- ME(I- 05 ¥) X+ S10-EQ (- OEB )T}
{(l—p)z[éxf (Ve )+VEI+1-1) X3 V@)V (3] +$[(1—p)2 V(-6 VE I}

L (7)
Letting .“; = (l—p)E(l—apj—xpj) ji=1,2
wy= (1-ME(1-9; - §3)
u = (1-p)EQ)+(1-6)E(5,)
0= (1-p)* [V(#) +V(y))]
o2= (1-m)*[V(£3)+V(¥3)]
o= (1-p)>V(A)+(1-6)*V(5)) i=12.3,4
(7) may be rewritten as
FUB)> - 24+$“;Xj+“’3x3§%#iYi
(26X} + 07 X5 + 20?Y]]"
Squaring both sides, we have
(F(B))? <{M+$M;Xj+2?uiYi}2/ {%oj’zXJﬂ ?onf}
= ETE X FT ) S0Py < M2 X+ Su v Y
= O $gX FT ) $oP v M+ B X ) 4 (Euy)?
FMERX)+2MERY)+2EX) EnY,)
> FTOY 20X+ (F(0) £02 V2 - 2uXP- 20, X, X, + s X, X,
+uyu3X,X;5) - F;iufo- 2B Yy Yot iy Yy Yy + i Yy Yo+ a5 Y, Yy
+ R Yo Yy + 3 Y3Ya) - 2M (g X + 5 X, + s Xg) - 2M (Y, + 1, Y,
H13Y5 + 1aYa) - 2(mm X0 Yy + i X Yo +iius Xy Ys + i u, X, Y,
i Xo Y+ uouy Xo Yo + phus X, Ys + uhuy XY, + uiuy X5,
Xy Yo + ph s Xa Yy + e X, Ys) < M2 | .. (8)
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Therefore, we may rewrite our CCP model as the following deterministic form:
Max M +(1-p) %E(l—wj—wj)xj +(1-ME-¢; - ¥3) X,
+21-HEQ) +(1-OEGE)Y,
s.t.
(6) & (8)

Since (6) & (8) both are non-linear, numerical solution of the problems require
sophisticated computing routines to get numerical solutions to specific problems.
We may use SUMT [6] & [7] and U.T. dual cyber 170/750 computer to solve them.

3. EXPERIMENTAL COMPUTATION AND SOME COMMENTS

Here, we will make three experimental runs with the model as given in deter-
‘ministic equivalent form in former section. The parameter for these runs are given
in Table 1.

In these runs, for simplicity reason, zero covariance is assumed. That is, the
loss.ratios, expense ratios, and investment rates of return all are normally independ-
ently distributed with zero mean and variance one. And, the risk-acceptance level
(aor B) be 9_’5%.

The run set (A, B, C) is designed to accesses the effects of changes in insurance
risks on premium-mix and investment-mix policy. All the given data are assumed
equal except ‘*’ marked items as shown on.the Table L.

The relationship between insurance risks and investment risks is frequently
stated in terms of the growth of premiums versus the proportion of common stock
in the investment portfolio.

About the optimal solutions to the three runs, please see Table IL

Table III are concerned with the effects of insurance risks on investment mixes,
premium-surplus ratios, and proportion of expected profits in insurance and invest-
ment. '

Table III shows that, as insurance risks increase, the investment side also varies.
This also is accompanied by a premium-to-surplus ratio that varies irregularly with
the increase in insurance risk and a larger proportion of expected profit in invest-
ment income.

We see that insurance mix and investment portfolio are closely related to pre-
mium growth. Risks on both sides are compensated for by varying the growth rate.
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Indeed, growth and portfolio selection can’t be separated.

It also appears that the problem of insurance-mix and investment-mix is a very
complicated one. The proper solution is highly dependent on business environ-
ments, especially the tax laws. As we know, realized returns and capital gains are
taxed differently, so as are different types of securities such as preferred stocks and
municipal bonds. The relationships between risks and rates of return become very
difficult to assess operationally without rather elaborate mathematical models.

Table 1
Parameter Values for Experimental Runs
Surplus Run A B C Remarks
Insurance E(¢,) 20 20 20
Tvoo V@) 05 06 .06 *
yIp E(Y,) 65 65 65
NAY OB 1 12 15 *
Insurance E(¢,;) 25 25 25
Type VV(ey) .07 .08 .08 *
’I’Ip E(,) 70 70 70
NAY ) 14 168 21 *
E(y;) 23 23 23
In?ra’;ce JV(%5) .03 04 04 *
IyI‘I’ E(Ys) 68 68 68
JVY3) 12 144 18 *
Investment E(\,) .07 .07 .07
Type JVL) .00 .00 .00
¢ E(5,) .00 .00 .00
NACI) 02 .02 02
EQ\;) .05 .05 .05
I t
“";Sygem Vo) 02 02 02
4 E(6,) .06 .06 .06
NAYC) 04 04 04
E(\,) 02 .02 02
t
I“";Sy ;‘;e“t NA( ™) 01 01 01
I E($;) 14 .14 14
NAYCY) 15 15 15
E(\s) 01 .01 .01
I t .ok
nvestment \/V_O\:T 25 25 25 NQTE. denotes
Type differences among
v E(64) .20 .20 .20 th
NAZER) 40 40 40 € runs.
7=.50, p=.45, 8 =30 for all the three runs
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Table 11
Optimal Solutions to the Runs
RUN A B C
X4 $ 804,202 $ 898,968 $ 741,070
Premiums: X, 300,961 330,818 280,296
X3 461,344 512,839 426,936
Y, 402,441 448,756 372,568
Investment Y, 686,053 769,203 632,287
' Y, 1,043,765 1,164,154 962,975
Y, 1,334,441 1,393,957 1,265,859
Total Expected Profit $ 466,490 $ 506,790 $ 435,493

NOTE: Let the initial surplus M = $250,000. The expected profit is the ob-

jective function itself. It may be derived by means of NLP codes [6] and U.T.
dual cyber 170/750 computer system within six seconds.

Table I1I

Insurance Mixes and Premium-Surpius Ratios

asa

Function of Insurance Risks

RUN A B C
I - +20% +50%
Insurance 1I — +20% +50%
III - +20% +50%
Available for Investment 100% 100% 100%
I 11.6% 11.9% 11.5%
Investment 11 19.8% 20.4% 19.6%
30.1% 30.8% 29.8%
v 38.5% 36.9% 39.1%
Premium/Surplus 6.266 6.97 5.79
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