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中文摘要 

 

本論文以蒙地卡羅模擬演算法為核心，選擇高科技業與金融業等兩個應用場

景，分探討該方法如何在動態隨機的經營環境下，協助企業進行商業決策的應用。 

 第一篇論文以 Optimal Outsourcing Strategy: A Stochastic Optimization 

Approach 為題，主要探討議題與成果如后： 

由於企業的產能在一定期間內是有限制的，因此，產品線的自行製造與委外

代工是生產事業的重要決策議題之一。本研究使用一公司的歷史資料，進行參數

估計，並以蒙地卡羅方法模擬情境，決定各期最適公司委外代工數量，以極大化

公司期望獲利。並考慮三種不同特性的外包合作夥伴，一為外包商完全能配合公

司要求，二為雙方期初決定未來以固定比例外包，三為雙方期初決定未來以固定

數量外包，與兩種簡單策略，為全數外包策略與產能用盡策略，分析與比較這五

種情境下公司的獲利。其結果顯示，採用多期最適數量的隨機規劃模型，最適化

後的策略能為公司節省 500 萬元以上的成本，最高可省去 1500 萬元，並提高約

400 萬元以上的淨利。本研究進一步分析三種特性的外包合作夥伴之間的優劣，

以第一種特性的外包商獲利最高，當限制越多，會降低淨利。有別於傳統的文獻

採用靜態或比較靜態分析決定最適生產，本文提出一個可以決定多期的自行製造

或委外代工的最適數量的隨機規劃模型，它可以作為高科技產業在面對不確定需

求狀態下，決定未來生產配置決策之參考方針，它也可以作為未來財務預測的依

據，且能為公司省去成本，並提高獲利。 

 

第二篇論文以 Fast Simulation of Operational Risk for Financial Institutions 為

題，主要探討議題與成果如后： 
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近年來，作業風險的量化已經成為金融機構監理的一個重要議題。例如，保

險監理 的 Solvency II 與銀行監理的巴塞爾協定都要求保險公司與銀行需要計

提作業風險資本。在巴塞爾協定的進階測量方法  (Advanced Measurement 

Approaches) 下，金融機構有自由選擇使用的隨機模型。損失分配法  (Loss 

Distribution Approach) 是一個符合這個目的的標準隨機模型。在損失分配法下，

事業單位與損失形態的組合組成一個矩陣; 而矩陣中的每一個元素有自己的損

失分配。這些損失分配的相關性通常是透過 Copulas 來做連結。金融監理上對作

業風險資本計提的需求, 通常是需要金融機構計算一年內，在 99.9%的信賴度下，

作業風險可能帶來的最大損失。在這樣的高標準要求下，傳統的蒙地卡羅法無法

提供一個準確的估計值。因此，本論文最大的貢獻在於設計一個有效率的蒙地卡

羅演算法，達成快速且正確計算作業風險值並且滿足金融監理對金融機構對作業

風險的量化要求。 

 

關鍵詞：蒙地卡羅法、隨機模型、高科技公司、生產決策、外包、金融機構、

作業風險 
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Abstract 

 

This dissertation utilizes Monte Carlo methods to solve business problems in hi-

tech and financial companies. There are two essays:  

 The first one is titled “Optimal Outsourcing Strategy: A Stochastic Optimization 

Approach”： 

As the production capacity of a company over a certain period of time is limited, 

enterprises must carefully consider product line development or outsourcing options. 

Unlike traditional studies that use static or comparative static analyses to determine 

optimal production strategies, essay 1 proposes a stochastic optimization model that 

can be used to determine optimum quantities of multi-period production/outsourcing 

plans. Based on the proposed approach and utilizing the real demand and production 

capacity data of a high-tech production company in Taiwan, we can quantify the 

expected financial benefit of an optimal outsourcing strategy. In addition, we consider 

3 types of outsourcing partners. The type of outsourcing partners is based on their 

flexibility to accept outsourcing requests. Therefore, the proposed approach can be 

applied to a broad range of possible outsourcing partners and can quantify the benefits 

of flexibility in outsourcing requests. 

The second essay is titled “Fast Simulation of Operational Risk for Financial 

Institutions”： 

 Quantification of operational risk has led to significant concern regarding 

regulation in the financial industry. Basel Accord II and III for banks and Solvency II 

for insurers require insurance companies and banks to allocate capital for operation risk. 

Because the risk measure used for Basel regulatory capital purposes reflects a 

confidence level of 99.9% during one year and the loss distribution of operational risk 
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has high skewness and kurtosis, it is almost infeasible to get an accurate estimate of 

such a risk measure if a crude Monte Carlo approach is used. Therefore, we develop a 

novel importance sampling method for estimating such a risk measure. Numerical 

results demonstrate that the proposed method is very efficient and robust. The main 

contribution of this method is to provide a feasible and flexible numerical approach that 

delivers highly accurate estimates of operational risk with a high confidence level and 

meets the high international regulatory standard for quantification of operational risk. 

 

Keywords: Monte Carlo Simulation, Stochastic Models, Hi-tech Company, 

Outsourcing, Financial Institutions, Operational Risk 
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Essay 1: Optimal Outsourcing Strategy: A Stochastic 

Optimization Approach 

1. Introduction 

Production manufacturing is an important subject of management theory and practice, 
with the earliest investigations focusing on ways to maximize production capacities or 
minimize costs of in-house production. This type of decision-making model laid the 
foundations for production decision-making studies that did not seriously consider 
supply and demand statuses or assume that demands are greater than supplies (namely, 
by “producer orientation” and not by “demand orientation”). Since the 1970s, however, 
as international market demands have become increasingly volatile and as the 
international production system has moved toward the division of labor and 
specialization, production management research has continued to expand. Outsourcing 
(production outsourcing) constitutes a major important shift characteristic of these 
trends. 

Though outsourcing has been in practical operation for a long time, it only became 

well known after Prahalad and Hamel (1990) proposed the concept of corporate core 

competence. The purpose of outsourcing is to allow a company to subcontract non-core, 

auxiliary functions or operations to external specialized firms through the signing of 

business contracts to use these firms’ expertise and strengths to improve the  firm’s 

overall efficiency and competence. Via outsourcing, a company can reduce operating 

costs, focus resources on the development of core strengths and the fulfillment of 

customer demands, and ultimately increase competitiveness in the market. A firm can 

also fully use external resources to compensate for shortcomings in its own capabilities. 

Outsourcing can also allow a company to maintain management and business flexibility 

and diversity. The latter is especially instrumental in allowing a company to adapt to 

today's ever-unpredictable business demands (Kremic, Tukel, and Rom, 2006; Moon, 

2010; Razzaque and Sheng, 1998; Saouma, 2008). 

Courtney, Kirkland, and Viguerie (1997) identified four levels of environmental 

uncertainty (“a clear-enough future,” “alternate futures,” “a range of futures,” and “true 

ambiguity”) and corresponding decision-making techniques. Information that can be 

obtained at Level One is relatively adequate and comprehensive, and uncertainties are 
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at the lowest levels; thus, the manager can use traditional analytical tools (for example: 

market research, five forces analysis, value chain analysis) to determine tactical 

strategies. At Level Two, it is understood that several possible outcomes may result, 

but there is no way to identify which condition will occur in the future. Therefore, 

various value models are designed for each possibility, and the decision analysis 

framework is used to assess the risks and benefits of different plans. Level Three uses 

several key variables to determine feasible future ranges, though the feasible range is 

too wide and tends require more comprehensive definition for tactical strategies to be 

determined. Aside from analysis tools used for Level Two conditions, there is also a 

need to plan for each scenario to supplement demand forecasts and analyses. Finally, 

as Level Four is characterized by mutual effects of numerous sources of uncertainty—

creating the most ambiguous and unpredictable environment of all the levels—and 

presents the highest levels of uncertainty, system simulation methods must be employed 

to simulate possible decision schemes. 

From 2000 onwards, the high-tech industry’s global supply chain system has 

entered Level Four’s “true ambiguity” phase. Over the past five years, market demands 

have become more unpredictable, and product life cycles have shortened rapidly. These 

circumstances have driven the high-tech industry to cite more rigorous mathematical 

models in an attempt to address the challenges of a highly uncertain environment. The 

purpose of essay1 is to employ a systematic stochastic simulation technique to 

optimally solve the high-tech industry’s optimal allocation ratio for in-house production 

or outsourcing and to further use sensitivity analysis and scenario simulation methods 

to examine the effects of changes in each random variable on enterprise profit 

maximization. 

The remainder of essay 1 is organized as follows. Section Two presents a review 

of the literature on production decision-making. Section Three describes stochastic 

programming specifications of the optimal in-house production and outsourcing 

method proposed in this study. Conclusions and recommendations are presented at the 

end of this essay. 

2. Literature Review 

Traditional economics classifies the market and further investigates decision-making 

behaviors produced in different markets. The market is typically separated into two 
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main categories: a complete competitive market and an incomplete competitive market. 

The latter can be subdivided into an oligopolistic market and a monopolistic market. 

As complete competitive and monopolistic markets belong to the two extremes of the 

market, fewer subjects can be examined, and thus, only production behaviors found in 

an oligopolistic market garner special concern. 

Oligopolistic markets include a small number of companies, so few that each 

company’s decisions impact the other companies. The three-main oligopolistic 

enterprise competition models include the Cournot, Bertrand, and Stackelberg models. 

These models typically assume that the market includes two representative companies. 

Namely, by first simplifying the market as a duopoly to investigate competition and 

production decisions, models can then be applied to study several companies. The 

Cournot model assumes that the duopolistic market includes two companies of equal 

status that produce homogeneous products. Both parties face the same demand curve. 

When the companies determine their own outputs, they both naively believe that the 

competitor will not change production quantities and will pursue the goal of profit 

maximization, though the market price of the product is still determined based on the 

combined outputs of both companies. The Bertrand model assumes that two companies 

in a duopolistic market produce homogeneous products and face the same demand 

curve. The first company to enter the market sets the price according to its production 

capacities and profit maximization goals. The second company that enters soon after 

only needs to set a slightly lower price and then wait to make a clean sweep of the entire 

market. As a result, the two companies compete on prices until the profits of both parties 

are zero. The Stackelberg model assumes that the leading company in a duopolistic 

market knows that the other company will engage in production according to the 

Cournot model. As a result, the leading company uses a naïve company output as a 

given in its own output decisions and then determines its own output level based on the 

principle of profit maximization. 

The aforementioned traditional production models examine enterprise competition 

and production decisions primarily from the perspective of static analysis or 

comparative static analysis. Primary variables considered include demand, price and 

cost. These models also use optimization mathematics to derive a perfect closed 

solution form under conditions of maximum profit. Though these traditional models are 

elegant and well formulated, perspectives used in these models and factors under 
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consideration appear to extend beyond one’s reach due to processes of dynamic 

evolution. Essay 1 builds on traditional analysis models by employing dynamic analysis 

perspectives and by considering the evolution of each variable at different times. 

Namely, variables considered in the model have been afforded additional fitness via 

stochastic processes or time series models. Variable dynamic behavior paths can then 

be further generated via the Monte Carlo simulation method. Finally, companies can 

determine optimal production allocation status levels for a dynamic environment using 

the stochastic programming method and can then project expected profit levels. The 

next section provides a detailed description of the stochastic model setup, estimation, 

and simulation and the optimization model approach.  

3. Models 

3.1  Problem Setting 
It is assumed that a high-tech company implements just-in-time (JIT 1 ) 

manufacturing to produce two types of products: high-end products and low-end 

products. To confirm this assumption based on real phenomena, one may assume that 

the demands, prices, and costs of both types of products are uncertain. Furthermore, the 

company's production capacity is limited. The company may not simultaneously meet 

demands for the two types of products, and/or the production costs of outsourcing may 

be lower than those of in-house production. Therefore, production decisions are the 

allocation of production quantities between in-house production or outsourcing. 

However, due to the presence of trade secret factors, only low-end products are 

outsourced. Thus, as a rational decision-maker, we expect to compute the optimal 

production allocation in the preceding scenarios using profit maximization as a 

guideline for future production over a certain time period. 

First, we define variables and parameters of the problem to facilitate subsequent 

mathematical models and solutions. We assume that there are 𝑛𝑛 high-end products and 

𝑚𝑚 low-end products. The problem includes seven market related stochastic variables: 

demand for the high-end products (𝑄𝑄𝐻𝐻(𝑡𝑡) = [𝑄𝑄𝐻𝐻1 (𝑡𝑡), … ,𝑄𝑄𝐻𝐻𝑛𝑛(𝑡𝑡)]), demand for the low-

end products (𝑄𝑄𝐿𝐿(𝑡𝑡) = [𝑄𝑄𝐿𝐿1(𝑡𝑡), … ,𝑄𝑄𝐿𝐿𝑚𝑚(𝑡𝑡)]), market prices for the high-end products 

                                               
1 Assumes that this company produces only after receiving an order, and therefore, only an inventory 

system that can be ignored exists in the system (Hutchins, 1999) 
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( 𝑃𝑃𝐻𝐻(𝑡𝑡) = [𝑃𝑃𝐻𝐻1(𝑡𝑡), … ,𝑃𝑃𝐻𝐻𝑛𝑛(𝑡𝑡)] ), market prices for the low-end products ( 𝑃𝑃𝐿𝐿(𝑡𝑡) =

[𝑃𝑃𝐿𝐿1(𝑡𝑡), … ,𝑃𝑃𝐿𝐿𝑚𝑚(𝑡𝑡)] ), costs of in-house high-end product production ( 𝑉𝑉𝐻𝐻(𝑡𝑡) =

[𝑉𝑉𝐻𝐻1(𝑡𝑡), … ,𝑉𝑉𝐻𝐻𝑛𝑛(𝑡𝑡)] ), costs of in-house low-end product production ( 𝑉𝑉𝐿𝐿1(𝑡𝑡) =

[𝑉𝑉𝐿𝐿11 (𝑡𝑡), … ,𝑉𝑉𝐿𝐿1𝑚𝑚(𝑡𝑡)] ), and low-end product outsourcing costs ( 𝑉𝑉𝐿𝐿2(𝑡𝑡) =

[𝑉𝑉𝐿𝐿21 (𝑡𝑡), … ,𝑉𝑉𝐿𝐿2𝑚𝑚(𝑡𝑡)]). We assume that the company uses activity-based costing (ABC) 

and can effectively sum up the cost driver. Therefore, there is no need to differentiate 

between changing and fixed costs (Cooper and Kaplan, 1991, 1992; Kaplan and 

Anderson, 2004). The parameters include machine-hours required for producing in-

house high-end products (𝑇𝑇𝐻𝐻 = [𝑇𝑇𝐻𝐻1, … ,𝑇𝑇𝐻𝐻𝑛𝑛]), machine-hours required for producing in-

house low-end products (𝑇𝑇𝐿𝐿1 = [𝑇𝑇𝐿𝐿11 , … ,𝑇𝑇𝐿𝐿1𝑚𝑚]), and the upper limit of in-house machine-

hours (𝑇𝑇𝐸𝐸 ). The decision variables include in-house high-end products production 

quantities ( 𝑄𝑄𝐻𝐻𝑆𝑆(𝑡𝑡) = [𝑄𝑄𝐻𝐻𝑆𝑆1(𝑡𝑡), … ,𝑄𝑄𝐻𝐻𝑆𝑆𝑛𝑛(𝑡𝑡)] ), in-house low-end product production 

quantities ( 𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡) = [𝑄𝑄𝐿𝐿1𝑆𝑆1(𝑡𝑡), … ,𝑄𝑄𝐿𝐿1𝑆𝑆𝑚𝑚(𝑡𝑡)] ), and the outsourced low-end product 

production quantities (𝑄𝑄𝐿𝐿2𝑆𝑆 (𝑡𝑡) = [𝑄𝑄𝐿𝐿2𝑆𝑆1(𝑡𝑡), … ,𝑄𝑄𝐿𝐿2𝑆𝑆𝑚𝑚(𝑡𝑡)] ).  We use T to denote the 

number of the planning time periods and superscript T to denote matrix transposition. 

 

The profit 𝜋𝜋𝐻𝐻(𝑡𝑡) at time t of in-house high-end product production is: 

  

 𝜋𝜋𝐻𝐻(𝑡𝑡) = [𝑃𝑃𝐻𝐻(𝑡𝑡) − 𝑉𝑉𝐻𝐻(𝑡𝑡)] 𝑄𝑄𝐻𝐻𝑆𝑆(𝑡𝑡)𝑇𝑇           (1) 

 

The profit 𝜋𝜋𝐿𝐿1(𝑡𝑡) at time t of in-house low-end product production is: 

 

 𝜋𝜋𝐿𝐿1(𝑡𝑡) = [𝑃𝑃𝐿𝐿(𝑡𝑡) − 𝑉𝑉𝐿𝐿1(𝑡𝑡)] 𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡)𝑇𝑇          (2) 

 

The profit 𝜋𝜋𝐿𝐿2(𝑡𝑡) at time t of the outsourced low-end product production is:  

 

  𝜋𝜋𝐿𝐿2(𝑡𝑡) = [𝑃𝑃𝐿𝐿(𝑡𝑡) − 𝑉𝑉𝐿𝐿2(𝑡𝑡)] 𝑄𝑄𝐿𝐿2𝑆𝑆 (𝑡𝑡)𝑇𝑇         (3) 

 

The overall profit is just the sum of these three types of profits: 

 

 𝜋𝜋(𝑡𝑡) = 𝜋𝜋𝐻𝐻(𝑡𝑡) + 𝜋𝜋𝐿𝐿2(𝑡𝑡) + 𝜋𝜋𝐿𝐿2(𝑡𝑡)             (4) 
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We classify 3 different types of outsourcing partners by their flexibility of 

accepting outsourcing requests. For different types of outsourcing partner, the company 

may have different constraints on their production allocation. The first type has the 

greatest flexibility; it can accommodate all of the outsourcing requests dynamically. 

Below is the stochastic optimization formulation for the maximum expected profit with 

three constraints (in-house production resource constraint, high-end product demand 

constraints, low-end product demand constraints) 

 

max
{𝑄𝑄𝐻𝐻

𝑆𝑆 (𝑡𝑡), 𝑄𝑄𝐿𝐿1
𝑆𝑆 (𝑡𝑡), 𝑄𝑄𝐿𝐿2

𝑆𝑆 (𝑡𝑡)}
𝐸𝐸0 �� 𝜋𝜋(𝑡𝑡)

𝑇𝑇

𝑡𝑡=1
�  

                       

Subject to:  

𝑄𝑄𝐻𝐻𝑆𝑆(𝑡𝑡)  (𝑇𝑇𝐻𝐻)𝑇𝑇 +𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡)  (𝑇𝑇𝐿𝐿1)𝑇𝑇 ≤ 𝑇𝑇𝐸𝐸    

𝑄𝑄𝐻𝐻𝑆𝑆(𝑡𝑡) ≤ 𝑄𝑄𝐻𝐻(t)  

𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡) +𝑄𝑄𝐿𝐿2𝑆𝑆 (𝑡𝑡) ≤ 𝑄𝑄𝐿𝐿(𝑡𝑡)   

𝑄𝑄𝐻𝐻𝑆𝑆(𝑡𝑡),  𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡),𝑄𝑄𝐿𝐿2𝑆𝑆 (𝑡𝑡) ≥ 0             (5) 

 

  The second type is that the outsourcing partner shares 100𝛼𝛼 percent of the total 

production quantities of the low-end products for the planning periods, and α  is 

determined at 𝑡𝑡 = 0 , where α = (α1, … ,α𝑚𝑚) . The corresponding optimization 

problem is similar but has a slightly different set of decision variables:  

 

max
{𝑄𝑄𝐻𝐻

𝑆𝑆 (𝑡𝑡),𝑄𝑄𝐿𝐿1
𝑆𝑆 (𝑡𝑡),𝛼𝛼}

𝐸𝐸0 �� 𝜋𝜋(𝑡𝑡)
𝑇𝑇

𝑡𝑡=1
�  

 

Subject to:  
𝛼𝛼

1 − 𝛼𝛼
𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡) = 𝑄𝑄𝐿𝐿2𝑆𝑆 (𝑡𝑡),      [ 𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐𝑡𝑡𝑐𝑐𝑛𝑛𝑡𝑡 𝑝𝑝𝑝𝑝𝑝𝑝𝑐𝑐𝑝𝑝𝑛𝑛𝑡𝑡 𝑐𝑐𝑜𝑜 𝑐𝑐𝑜𝑜𝑡𝑡𝑐𝑐𝑐𝑐𝑜𝑜𝑝𝑝𝑐𝑐𝑜𝑜𝑛𝑛𝑜𝑜 ] 

𝑄𝑄𝐻𝐻𝑆𝑆(𝑡𝑡)  (𝑇𝑇𝐻𝐻)𝑇𝑇 +𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡)  (𝑇𝑇𝐿𝐿1)𝑇𝑇 ≤ 𝑇𝑇𝐸𝐸    

𝑄𝑄𝐻𝐻𝑆𝑆(𝑡𝑡) ≤ 𝑄𝑄𝐻𝐻(t)  
1

1 − 𝛼𝛼
𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡) ≤ 𝑄𝑄𝐿𝐿(𝑡𝑡)   

𝑄𝑄𝐻𝐻𝑆𝑆(𝑡𝑡),  𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡) ≥ 0  
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0 ≤ 𝛼𝛼 ≤ 1                     (6) 

 

  Finally, we consider that outsourcing partner has limited production capacity. 

They only can produce constant amount 𝛽𝛽  of the low-end products and 𝛽𝛽  is 

determined at 𝑡𝑡 = 0 . Where β = (β1, … ,β𝑚𝑚).  The corresponding optimization 

problem is similar but has a slightly different set of decision variables: 

 

max
{𝑄𝑄𝐻𝐻

𝑆𝑆 (𝑡𝑡),𝑄𝑄𝐿𝐿1
𝑆𝑆 (𝑡𝑡),𝛽𝛽}

𝐸𝐸0 �� 𝜋𝜋(𝑡𝑡)
𝑇𝑇

𝑡𝑡=1
�  

 

Subject to:  

𝑄𝑄𝐿𝐿2𝑆𝑆 (𝑡𝑡) = 𝛽𝛽, 𝑜𝑜𝑐𝑐𝑝𝑝 𝑐𝑐𝑎𝑎𝑎𝑎  𝑡𝑡 = 1, … ,𝑇𝑇 [𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐𝑡𝑡𝑐𝑐𝑛𝑛𝑡𝑡 𝑐𝑐𝑚𝑚𝑐𝑐𝑜𝑜𝑛𝑛𝑡𝑡 𝑐𝑐𝑜𝑜 𝑐𝑐𝑜𝑜𝑡𝑡𝑐𝑐𝑐𝑐𝑜𝑜𝑝𝑝𝑐𝑐𝑜𝑜𝑛𝑛𝑜𝑜] 

𝑄𝑄𝐻𝐻𝑆𝑆(𝑡𝑡)  (𝑇𝑇𝐻𝐻)𝑇𝑇 +𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡)  (𝑇𝑇𝐿𝐿1)𝑇𝑇 ≤ 𝑇𝑇𝐸𝐸    

𝑄𝑄𝐻𝐻𝑆𝑆(𝑡𝑡) ≤ 𝑄𝑄𝐻𝐻(t)  

𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡) + 𝛽𝛽 ≤ 𝑄𝑄𝐿𝐿(𝑡𝑡)   

𝑄𝑄𝐻𝐻𝑆𝑆(𝑡𝑡),  𝑄𝑄𝐿𝐿1𝑆𝑆 (𝑡𝑡) ≥ 0              (7) 

 

3.2   Stochastic Models 
We denote the market-related stochastic variables as 𝑌𝑌(𝑡𝑡) ≡ (𝑄𝑄𝐻𝐻(𝑡𝑡), 𝑄𝑄𝐿𝐿(𝑡𝑡), 𝑃𝑃𝐻𝐻(𝑡𝑡), 

𝑃𝑃𝐿𝐿(𝑡𝑡), 𝑉𝑉𝐻𝐻(𝑡𝑡), 𝑉𝑉𝐿𝐿1(𝑡𝑡), 𝑉𝑉𝐿𝐿2(𝑡𝑡))𝑇𝑇. We assume that the dynamic behaviors of Y(t) obey a 

multivariate diffusion process (Hsieh, Liao, & Chen, 2014):   

 
𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑(𝑡𝑡) = 𝜇𝜇𝜇𝜇𝑡𝑡+ 𝜎𝜎𝜇𝜇𝜎𝜎                     (8) 

 

where 𝜇𝜇 = (𝜇𝜇1, … ,𝜇𝜇𝑁𝑁)𝑇𝑇 and 𝜎𝜎 = (𝜎𝜎1, … , 𝜎𝜎𝑁𝑁)𝑇𝑇   are the mean and volatility 

parameters. In addition, 𝜇𝜇𝜎𝜎 is a multivariate correlated Brownian motion with a 

correlation matrix ρ, where 

 

𝜌𝜌 =

⎣
⎢
⎢
⎢
⎡

1 𝜌𝜌12 … … 𝜌𝜌1𝑁𝑁
𝜌𝜌21 1 ⋱ ⋱ ⋮
𝜌𝜌31 𝜌𝜌32 1 ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋮
𝜌𝜌𝑁𝑁1 … … … 1 ⎦

⎥
⎥
⎥
⎤
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Then, the covariance matrix of 𝜎𝜎𝜇𝜇𝜎𝜎 for any 𝑡𝑡 > 0 is  

 

�

𝜎𝜎1 0 ⋯ 0
0 𝜎𝜎2 ⋱ ⋮
⋮ ⋱ ⋱ ⋮
0 ⋯ ⋯ 𝜎𝜎𝑁𝑁

��

1 𝜌𝜌12 ⋯ 𝜌𝜌1𝑁𝑁
𝜌𝜌21 1 ⋱ ⋮
⋮ ⋱ ⋱ ⋮
𝜌𝜌𝑁𝑁1 ⋯ ⋯ 1

� �

𝜎𝜎1 0 ⋯ 0
0 𝜎𝜎2 ⋱ ⋮
⋮ ⋱ ⋱ ⋮
0 ⋯ ⋯ 𝜎𝜎𝑁𝑁

�𝜇𝜇𝑡𝑡 ≡ 𝛴𝛴𝜇𝜇𝑡𝑡. 

 

we define 𝑋𝑋𝑖𝑖  as the difference between log of 𝑌𝑌𝑖𝑖  at time 𝑡𝑡 + 𝛥𝛥𝑡𝑡 and 𝑡𝑡: 

 

𝑋𝑋𝑖𝑖 = log�𝑌𝑌𝑖𝑖(𝑡𝑡 + 𝛥𝛥𝑡𝑡)� − log (𝑌𝑌𝑖𝑖(𝑡𝑡))            (9)   

 

Assume that 𝑋𝑋 = (𝑋𝑋𝑖𝑖, … ,𝑋𝑋𝑁𝑁)𝑇𝑇, By the Ito lemma and Euler scheme, we have   

 

𝑋𝑋 ~𝑁𝑁(𝑐𝑐𝛥𝛥𝑡𝑡,𝛴𝛴𝛥𝛥𝑡𝑡)                 (10)  

 

and 

 

𝑌𝑌𝑖𝑖(𝑡𝑡 + 𝛥𝛥𝑡𝑡) = 𝑌𝑌𝑖𝑖(𝑡𝑡)𝑝𝑝𝑋𝑋𝑖𝑖 ,    𝑤𝑤ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑜𝑜 = 1, … ,𝑁𝑁      (11)  

 

where 𝑐𝑐 = [(𝜇𝜇1 – 𝜎𝜎12/2), … , (𝜇𝜇𝑁𝑁 − 𝜎𝜎𝑁𝑁2/2)]𝑇𝑇. 

 

4. Numerical Examples 

4.1 Data Description  
In the numerical examples, we use the real data from XYZ company. XYZ is a listed 

high-tech company in the Taiwan stock exchange. These examples include six products: 

three high-end products (Products A, B, and C) and three low-end products (Products 

D, E, and F). That is, 𝑛𝑛 = 𝑚𝑚 = 3. The dataset contains monthly data for three and a 

half years from January 2013 to June 2016. Table 1 shows the machine hours per units 

for each product. In table 2, basic statistics of high-end products are shown (demands, 

unit costs of products and outsourcing, unit prices of products, and gross margins). 

Table 3 shows basic statistics of the low-end products. From tables 2 and 3, it is clear 
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that the gross margins of the high-end products are higher than those of the low-end 

products.  

 

Table 1  Machine hours per unit 

 Product A Product B Product C Product D Product E Product F 

Productions 

(hours /unit) 
0.0002 0.0185 0.0300 0.0150 0.0150 0.0364 

 



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i Univ

ers
i t

y

 

 

 

 

10 

Table 2 Historical data of high-end products 

HIGH-END 2015 OCT 2015 NOV 2015 DEC 2016 JAN 2016 FED 2016 MAR 2016 APR 2016 MAY 2016 JUN 

          Product A         

DEMANDS 247470169 452592000 366958000 497212456 471055544 495395000 620313000 364258000 486444000 

UNIT PRICES 0.051 0.040 0.040 0.034 0.034 0.037 0.03 0.048 0.037 

UNIT COSTS 0.041 0.031 0.031 0.027 0.026 0.028 0.024 0.036 0.026 

GROSS MARGIN 18.71% 20.90% 22.02% 22.79% 23.65% 23.53% 21.00% 25.99% 30.48% 

      Product B  
 

  

DEMANDS 6065805 7500021 8697805 5276093 5385626 7600268 6155204 7456890 6146433 

UNIT PRICES 0.717 0.664 0.835 1.03 0.74 0.728 0.86 0.781 0.739 

UNIT COSTS 0.650 0.588 0.780 0.955 0.69 0.64 0.782 0.694 0.619 

GROSS MARGIN 9.29% 11.54% 6.65% 7.24% 6.67% 12.19% 9.13% 11.17% 16.29% 

          Product C         

DEMANDS 3993000 3532000 4104000 3930000 3156000 4176000 3146000 4805500 3888000 

UNIT PRICES 0.264 0.243 0.251 0.268 0.263 0.237 0.243 0.223 0.212 

UNIT COSTS 0.181 0.187 0.181 0.181 0.198 0.17 0.171 0.162 0.162 

GROSS MARGIN 31.40% 23.11% 28.00% 32.60% 24.65% 28.18% 29.32% 27.30% 23.57% 
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Table 3  Historical data of low-end products 

LOW-END 2015 OCT 2015 NOV 2015 DEC 2016 JAN 2016 FED 2016 MAR 2016 APR  2016 MAY 2016 JUN 

  Product D 

DEMANDS 6982993 7052890 7729109 5416052 6202618 7826216 6372328 7088606 7317137 

UNIT PRICES 7.406 7.090 7.746 8.023 7.974 7.69 8.21 8.398 7.822 

UNIT COSTS 6.632 6.397 6.958 7.139 6.996 6.767 7.162 7.331 6.774 

OUTSOURCING COSTS 6.921 6.576 7.070 7.355 7.218 6.968 7.308 7.723 6.954 

GROSS MARGIN 10.46% 9.77% 10.18% 11.02% 12.26% 12.00% 12.76% 12.71% 13.40% 

  Product E 

DEMANDS 35122190 38378550 40964518 36748470 33385188 53915405 44602348 47309328 56189450 

UNIT PRICES 0.150 0.150 0.153 0.15 0.155 0.152 0.143 0.148 0.137 

UNIT COSTS 0.139 0.138 0.141 0.137 0.141 0.140 0.132 0.134 0.127 

OUTSOURCING COSTS 0.144 0.140 0.147 0.142 0.145 0.143 0.134 0.135 0.130 

GROSS MARGIN 7.57% 8.21% 7.69% 8.39% 8.91% 8.06% 8.04% 9.63% 7.24% 

  Product F 

DEMANDS 3443000 3125000 4019000 1385000 3023150 3370320 1659858 2496750 3716600 

UNIT PRICES 1.932 1.867 1.912 1.946 1.854 1.801 1.782 1.851 1.547 

UNIT COSTS 1.802 1.763 1.759 1.834 1.709 1.698 1.687 1.753 1.473 

OUTSOURCING COSTS 1.799 1.782 1.796 1.863 1.729 1.715 1.709 1.764 1.485 

GROSS MARGIN 6.73% 5.60% 8.00% 5.76% 7.82% 5.72% 5.33% 5.29% 4.78% 
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4.2 Model Estimation  
All model parameters are estimated using the maximum likelihood method with XYZ’s 

historical data. Table 4 shows these estimated parameters of the diffusion process. 

Table 5 to Table 10 display the estimated correlation among the related market variables.   

 

Table 4  Estimated model parameters 

 𝝁𝝁 𝝈𝝈  𝝁𝝁 𝝈𝝈  𝝁𝝁 𝝈𝝈  𝝁𝝁 𝝈𝝈 

𝑸𝑸𝑯𝑯
𝟏𝟏  0.146 0.352 𝑃𝑃𝐻𝐻1 -0.009 0.242 VH1 -0.031 0.233 VL21  0.003 0.063 

𝑸𝑸𝑯𝑯
𝟐𝟐  0.041 0.281 𝑃𝑃𝐻𝐻2 0.022 0.190 VH2 0.016 0.211 VL22  -0.013 0.036 

𝑸𝑸𝑯𝑯
𝟑𝟑  0.030 0.259 𝑃𝑃𝐻𝐻3 -0.025 0.063 VH3 -0.011 0.071 VL23  -0.022 0.069 

𝑸𝑸𝑳𝑳
𝟏𝟏 0.025 0.193 𝑃𝑃𝐿𝐿1 0.008 0.056 VL11  0.004 0.054 

𝑸𝑸𝑳𝑳
𝟐𝟐 0.080 0.208 𝑃𝑃𝐿𝐿2 -0.010 0.040 VL12  -0.010 0.033 

𝑸𝑸𝑳𝑳
𝟑𝟑 0.199 0.616 𝑃𝑃𝐿𝐿3 -0.025 0.069 VL13  -0.023 0.070 

 

Table 5  Estimated correlation matrix – Market demands 

𝜟𝜟𝜟𝜟𝜟𝜟𝜟𝜟 𝑸𝑸𝑯𝑯
𝟏𝟏  𝑸𝑸𝑯𝑯

𝟐𝟐  𝑸𝑸𝑯𝑯
𝟑𝟑  𝑸𝑸𝑳𝑳

𝟏𝟏 𝑸𝑸𝑳𝑳
𝟐𝟐 𝑸𝑸𝑳𝑳

𝟑𝟑 

𝑸𝑸𝑯𝑯
𝟏𝟏  1.000 0.058 -0.124 0.028 0.223 -0.073 

𝑸𝑸𝑯𝑯
𝟐𝟐  0.058 1.000 0.241 0.457 0.332 0.482 

𝑸𝑸𝑯𝑯
𝟑𝟑  -0.124 0.241 1.000 0.599 0.439 0.228 

𝑸𝑸𝑳𝑳
𝟏𝟏 0.028 0.457 0.599 1.000 0.651 0.520 

𝑸𝑸𝑳𝑳
𝟐𝟐 0.223 0.332 0.439 0.651 1.000 0.308 

𝑸𝑸𝑳𝑳
𝟑𝟑 -0.073 0.482 0.228 0.520 0.308 1.000 
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Table 6  Estimated correlation matrix – Prices 

𝜟𝜟𝜟𝜟𝜟𝜟𝜟𝜟 𝑷𝑷𝑯𝑯𝟏𝟏  𝑷𝑷𝑯𝑯𝟐𝟐  𝑷𝑷𝑯𝑯𝟑𝟑  𝑷𝑷𝑳𝑳𝟏𝟏 𝑷𝑷𝑳𝑳𝟐𝟐 𝑷𝑷𝑳𝑳𝟑𝟑 

𝑷𝑷𝑯𝑯𝟏𝟏  1.000 0.058 -0.124 0.028 0.223 -0.073 

𝑷𝑷𝑯𝑯𝟐𝟐  0.058 1.000 0.241 0.457 0.332 0.482 

𝑷𝑷𝑯𝑯𝟑𝟑  -0.124 0.241 1.000 0.599 0.439 0.228 

𝑷𝑷𝑳𝑳𝟏𝟏 0.028 0.457 0.599 1.000 0.651 0.520 

𝑷𝑷𝑳𝑳𝟐𝟐 0.223 0.332 0.439 0.651 1.000 0.308 

𝑷𝑷𝑳𝑳𝟑𝟑 -0.073 0.482 0.228 0.520 0.308 1.000 

 

Table 7  Estimated correlation matrix – Costs 

𝜟𝜟𝜟𝜟𝜟𝜟𝜟𝜟 𝑽𝑽𝑯𝑯𝟏𝟏  𝑽𝑽𝑯𝑯𝟐𝟐  𝑽𝑽𝑯𝑯𝟑𝟑  𝑽𝑽𝑳𝑳𝟏𝟏𝟏𝟏  𝑽𝑽𝑳𝑳𝟏𝟏𝟐𝟐  𝑽𝑽𝑳𝑳𝟏𝟏𝟑𝟑  𝑽𝑽𝑳𝑳𝟐𝟐𝟏𝟏  𝑽𝑽𝑳𝑳𝟐𝟐𝟐𝟐  𝑽𝑽𝑳𝑳𝟐𝟐𝟑𝟑  

𝑽𝑽𝑯𝑯𝟏𝟏  1.000 -0.130 -0.383 -0.119 0.056 0.077 0.018 0.061 0.073 

𝑽𝑽𝑯𝑯𝟐𝟐  -0.130 1.000 0.125 0.371 -0.087 -0.052 0.315 -0.034 -0.050 

𝑽𝑽𝑯𝑯𝟑𝟑  -0.383 0.125 1.000 0.368 0.111 0.194 0.214 0.179 0.189 

𝑽𝑽𝑳𝑳𝟏𝟏𝟏𝟏  -0.119 0.371 0.368 1.000 -0.135 0.169 0.937 -0.085 0.157 

𝑽𝑽𝑳𝑳𝟏𝟏𝟐𝟐  0.056 -0.087 0.111 -0.135 1.000 0.122 -0.165 0.984 0.129 

𝑽𝑽𝑳𝑳𝟏𝟏𝟑𝟑  0.077 -0.052 0.194 0.169 0.122 1.000 0.163 0.089 0.999 

𝑽𝑽𝑳𝑳𝟐𝟐𝟏𝟏  0.018 0.315 0.214 0.937 -0.165 0.163 1.000 -0.135 0.148 

𝑽𝑽𝑳𝑳𝟐𝟐𝟐𝟐  0.061 -0.034 0.179 -0.085 0.984 0.089 -0.135 1.000 0.096 

𝑽𝑽𝑳𝑳𝟐𝟐𝟑𝟑  0.073 -0.050 0.189 0.157 0.129 0.999 0.148 0.096 1.000 

 

Table 8  Estimated correlation matrix – Market demands & prices 

𝜟𝜟𝜟𝜟𝜟𝜟𝜟𝜟 𝑷𝑷𝑯𝑯𝟏𝟏  𝑷𝑷𝑯𝑯𝟐𝟐  𝑷𝑷𝑯𝑯𝟑𝟑  𝑷𝑷𝑳𝑳𝟏𝟏 𝑷𝑷𝑳𝑳𝟐𝟐 𝑷𝑷𝑳𝑳𝟑𝟑 

𝑸𝑸𝑯𝑯
𝟏𝟏  -0.696 0.244 -0.188 -0.103 -0.113 -0.202 

𝑸𝑸𝑯𝑯
𝟐𝟐  0.223 -0.282 -0.238 -0.293 0.374 0.126 

𝑸𝑸𝑯𝑯
𝟑𝟑  0.305 -0.030 -0.351 0.035 0.365 -0.218 

𝑸𝑸𝑳𝑳
𝟏𝟏 0.384 -0.201 -0.260 -0.007 0.473 -0.398 

𝑸𝑸𝑳𝑳
𝟐𝟐 0.180 0.076 -0.413 -0.109 0.100 -0.326 

𝑸𝑸𝑳𝑳
𝟑𝟑 0.355 -0.183 -0.176 -0.007 0.323 -0.045 
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Table 9  Estimated correlation matrix – Market demands & costs 

𝛥𝛥𝑎𝑎𝑐𝑐𝑜𝑜 𝑉𝑉𝐻𝐻1 𝑉𝑉𝐻𝐻2 𝑉𝑉𝐻𝐻3 𝑉𝑉𝐿𝐿11  𝑉𝑉𝐿𝐿12  𝑉𝑉𝐿𝐿13  𝑉𝑉𝐿𝐿21  𝑉𝑉𝐿𝐿22  𝑉𝑉𝐿𝐿23  

𝑄𝑄𝐻𝐻1  -0.673 0.168 0.032 -0.027 -0.121 -0.175 -0.118 -0.135 -0.162 

𝑄𝑄𝐻𝐻2  0.199 -0.262 -0.187 -0.249 0.316 0.265 -0.227 0.253 0.281 

𝑄𝑄𝐻𝐻3  0.307 -0.049 -0.170 0.007 0.118 -0.225 0.063 0.159 -0.222 

𝑄𝑄𝐿𝐿1 0.391 -0.214 -0.322 -0.191 0.200 -0.291 -0.106 0.216 -0.291 

𝑄𝑄𝐿𝐿2 0.205 0.081 -0.424 -0.194 0.265 -0.312 -0.140 0.259 -0.307 

𝑄𝑄𝐿𝐿3 0.345 -0.123 0.070 -0.005 0.148 0.056 -0.037 0.182 0.058 

 
Table 10  Estimated correlation matrix – Prices & costs 

𝜟𝜟𝜟𝜟𝜟𝜟𝜟𝜟 𝑽𝑽𝑯𝑯𝟏𝟏  𝑽𝑽𝑯𝑯𝟐𝟐  𝑽𝑽𝑯𝑯𝟑𝟑  𝑽𝑽𝑳𝑳𝟏𝟏𝟏𝟏  𝑽𝑽𝑳𝑳𝟏𝟏𝟐𝟐  𝑽𝑽𝑳𝑳𝟏𝟏𝟑𝟑  𝑽𝑽𝑳𝑳𝟐𝟐𝟏𝟏  𝑽𝑽𝑳𝑳𝟐𝟐𝟐𝟐  𝑽𝑽𝑳𝑳𝟐𝟐𝟑𝟑  

𝑷𝑷𝑯𝑯𝟏𝟏  0.988 -0.165 -0.345 -0.154 0.059 0.121 -0.020 0.068 0.118 

𝑷𝑷𝑯𝑯𝟐𝟐  -0.216 0.973 0.133 0.372 -0.089 -0.093 0.303 -0.035 -0.092 

𝑷𝑷𝑯𝑯𝟑𝟑  -0.185 0.294 0.640 0.367 0.125 0.165 0.276 0.171 0.153 

𝑷𝑷𝑳𝑳𝟏𝟏 0.050 0.271 0.189 0.921 -0.111 0.109 0.889 -0.070 0.096 

𝑷𝑷𝑳𝑳𝟐𝟐 0.212 -0.323 0.150 -0.028 0.464 -0.060 -0.080 0.475 -0.058 

𝑷𝑷𝑳𝑳𝟑𝟑 0.004 0.036 0.339 0.271 0.134 0.919 0.232 0.118 0.919 

 

4.3 Simulated Scenarios 
After we estimated the parameters using real data, we generated 1000 replications of 

the market related stochastic variables using the model we constructed above by Monte 

Carlo simulation. The simulated time horizon is 3 months. This is a typical planning 

period. The XYZ company usually renegotiates with their outsourcing partners every 

three months. We computed the expected gross margins for each product. Tables 11 

and 12 show the results computed from 1000 replications. From the numerical results, 

the standard errors (S.E.) of the expected gross margins are sufficiently small. 

 

  



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

 

 

 

 
15 

Table 11  Estimated gross margin – High-end products 

T 1 2 3 
 

Product A 

GROSS MARGIN 31.88% 32.98% 34.31% 

S.E. 0.083% 0.116% 0.136% 
 

Product B 

GROSS MARGIN 16.89% 17.60% 18.34% 

S.E. 0.132% 0.193% 0.230% 
 

Product C 

GROSS MARGIN 22.51% 21.33% 20.14% 

S.E. 0.145% 0.205% 0.255% 

 

Table 12  Estimated gross margin – Low-end products 

 IN-HOUSE OUTSOURCING 

T 1 2 3 1 2 3 
 

Product D 

GROSS 

MARGIN 
13.78% 14.23% 14.67% 11.59% 12.16% 12.85% 

S.E. 0.059% 0.082% 0.102% 0.079% 0.108% 0.132% 
 

Product E 

GROSS 

MARGIN 
7.42% 7.32% 7.58% 5.45% 5.56% 6.02% 

S.E. 0.111% 0.160% 0.201% 0.116% 0.167% 0.209% 
 

Product F 

GROSS 

MARGIN 
4.51% 4.23% 3.99% 3.62% 3.22% 2.87% 

S.E. 0.083% 0.118% 0.150% 0.084% 0.119% 0.151% 

 

4.4 Stochastic Optimizations  
The solutions of the stochastic optimizations problems (5), (6) and (7) can be estimated 

by utilizing the simulated scenarios of the market related stochastic variables. The key 

idea is to approximate the expectations by their standard estimated estimators (i.e., 
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sample means). After we replace the expectations by their standard estimated estimators, 

we can solve the problems using a constrained optimization package. In this essay, we 

use the optimization toolbox of MATLAB.   

 The key performance measures of the optimal outsourcing strategies for various 

outsourcing partners are listed in Tables 13 to 19. From Tables 13, 15 and 17, we can 

see the optimal outsourcing percentages are quite different for different types of 

outsourcing partners. On average, a type 3 partner has the highest outsourcing 

percentages, followed by the type 2 partner, and finally, the type 1 partner. This result 

meets our expectations, since the type 3 partner has the most stringent constraint and 

because the average cost of outsourcing is cheaper than the cost of in-house production. 

Similar results can be observed in Tables 14, 16 and 18, where the type 3 partner has 

the lowest in-house utilization. 

4.4.1 Optimization – Type 1 Outsourcing Partners 
Table 13  Optimal outsourcing percentage – Type 1 

T 1 2 3 

Product D 12.2% 21.7% 27.2% 

Product E 14.3% 26.5% 37.3% 

Product F 11.7% 15.8% 16.7% 

 

Table 14 Optimal in-house utilization - Type 1 

T 1 2 3 

Utilization 90.68% 84.87% 81.15% 

S.E. 0.44% 0.66% 0.76% 

 

4.4.2 Optimization – Type 2 Outsourcing Partners 

 

Table 15 Optimal outsourcing percentage – Type 2 

T 1 2 3 

Product D 0.01% 0.01% 0.01% 

Product E 44.18% 44.18% 44.18% 

Product F 0.01% 0.01% 0.01% 
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Table 16  Optimal in-house utilization - Type 2 

T 1 2 3 

Utilization 75.11% 75.08% 75.92% 

S.E. 0.45% 0.61% 0.67% 

 

4.4.3 Optimization – Type 3 Outsourcing Partners 

 

Table 17  Optimal outsourcing percentage – Type 3 

T 1 2 3 

Product D 0.6% 0.6% 0.6% 

Product E 63.6% 61.9% 60.3% 

Product F 80.5% 70.4% 67.6% 

  

Table 18  Optimal in-house utilization - Type 3 

T 1 2 3 

Utilization 56.15% 60.63% 63.55% 

S.E. 0.57% 0.76% 0.84% 
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Table 19  Profits and Gross Margins Comparison for Different Types of Outsourcing 

Partners (unit is thousand NTD) 

 

Table 19 summarizes profits and gross margins for different types of outsourcing 

partners. In Table 19, we also compare two simple outsourcing strategies: outsource all 

low-end products (all out) and fully use in-house production capacity (fully used). The 

numerical results meet our expectation. Type 1 partners have the highest profit and 

gross margin, and three optimal outsourcing strategies have higher profits and gross 

margins than the other ad hoc outsourcing strategies. 

 

5. Conclusion and Recommendations 

Essay 1 introduced stochastic process models for measuring production decision-
making variables and proposed three stochastic optimization formulations that can 
determine the optimal multiphase in-house production or outsourcing quantities for 
different types of outsourcing partners. Decision-makers can establish parameters of 
system modeling by estimating model parameters by historical data or by making 
subjective judgments of trends. Using numerical examples, we estimated model 
parameters based on historical data. Then, by utilizing Monte Carlo simulation, optimal 
quantities of in-house production and outsourcing were obtained. 

 

TYPE 1 TYPE 2 TYPE 3 ALL OUT 
FUFLLY 

USED 

GROSS MARGIN 17.54% 17.33% 16.98% 15.49% 16.69% 

S.E. 0.06% 0.06% 0.06% 0.08% 0.07% 
      

SALES 

REVENUE 

308,356,475 305,358,977 309,391,969 316,102,445 316,102,445 

S.E. 2,340,819 2,202,423 2,277,835 2,482,506 2,482,506 
      

COST OF SALES 254,059,244 252,073,286 256,506,280 267,203,047 263,404,193 

S.E. 1,917,046 1,775,377 1,849,641 2,134,548 2,104,947 
      

NET PROFITS 54,297,232 53,285,691 52,885,689 48,899,398 52,698,252 

S.E. 481,024 478,952 479,445 451,071 455,131 
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As the high-tech industry has faced extremely uncertain demands since the end of 
the 20th century, traditional static and comparative static production decision models 
can no longer effectively serve as a basis for production decisions on allocation. 
Therefore, the model proposed in essay 1 can be used to improve the quality of high-
tech company decision-making by allowing for the determination of production 
allocation levels and can serve as the basis for future financial forecasts. As seen from 
Table 19, the company could gain a profit of approximately 5 million by choosing the 
optimal outsourcing strategy of a type 1 partner. The numerical examples only include 
6 products. The XYZ company manufactures thousands of types of low-end and high-
end products. The approach proposed in essay 1 can therefore potentially increase the 
company profits significantly. 
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Essay 2: Fast Simulation of Operational Risk for 

Financial Institutions 

1. Introduction 

In 2004, the operational risk be injected to Basel Accord by the Basel Committee on 
Banking Supervision. BCBS (2004) defined the Operational risk as “the risks of losses 
resulting from inadequate or failed internal processes, people and systems or from 
external events.” Furthermore, BCBS (2004) stated eight business lines and seven event 
types exposures the operational risk. As the issues involved and the calculations 
required, the operational risk is more complicated than the credit risk and market risk. 
Hence the quantification of operational risk is a continually important issue for 
regulations in financial industry. 

Basically, there are three methods for measurement of the capital charges for the 
operational risk — Basic Indicator Approach (BIA), Standardised Approach (SA), and 
Advanced Measurement Approach (AMA). Levels of model sophistication and risk 
sensitivity are increased correspondingly. Banks using the BIA must hold capital for 
operational risk equal to the average over the previous three years of a fixed percentage 
(denoted alpha) of positive annual gross income. If banks choices SA, the capital charge 
for each business line is calculated by multiplying gross income by a factor (denoted 
beta) assigned to that business line. Beta serves as a proxy for the industry-wide 
relationship between the operational risk loss experience for a given business line and 
the aggregate level of gross income for that business line. It should be noted that in the 
SA gross income is measured for each business line, not the whole institution. Finally, 
supervisors expect that AMA banking groups will continue efforts to develop 
increasingly risk-sensitive operational risk allocation techniques, notwithstanding 
initial approval of techniques based on gross income or other proxies for operational 
risk. Although, the AMA allows banks to develop their own models for assessing their 
operational risk exposures, but it be required to cover their yearly operational risk 
exposure with a confidence level of 99.9% (BCBS 2006).  

Although international regulatory standard demands high confidence level when 
calculating operational risk, there is no obvious numerical approach can achieve this 
goal. Crude Monte Carlo in some sense can achieve this goal by its flexibility and easy 
implementation. However, crude Monte Carlo can only provide rough estimate with 
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low accuracy even using a lot of computing power, because operational risk loss 
distribution has high skewness and kurtosis, see Jorion (2007).  Therefore, our goal is 
to provide a feasible numerical approach that can deliver highly accurate estimate of 
operational risk with high confidence level. This contribution is important for financial 
institutions adopted international regulatory standard. 

In wake of the financial crisis, BCBS (2011) proposes supervisory guidelines 
associated with the the development and operation of key internal governance, data and 
modelling frameworks underlying an AMA. Furthermore, BCBS (2014, 2016) aim to 
propose a simpler approach called Standardised Measurement Approach (SMA) to 
replace all the currently available options for computing regulatory capital (BIA, SA, 
AMA). But Mignola, Ugoccioni, and Cope (2016) argues that SMA does not response 
appropriately to changes in the risk profile of a bank and results generally appear to be 
more variable across banks than the previous AMA option of fitting the loss data. 

Based on the above, AMA is still the most risk sensitive approach for calculating the 
Operational Capital-at-Risk (OpCaR). Therefore, we focus on the Loss Distribution 
Approach (LDA) which is the main method of AMA. LDA is a statistical method which 
has been used widely in actuarial science for computing aggregate loss distributions, so 
it is also known as the Actuarial Model. LDA concerns the measurement of risk for 
random losses generated from a matrix whose element corresponds to a combination of 
business line and event type in a one-year horizon. In practice, it is hard to collect the 
sufficiency data of all business lines, hence the financial institutions usually separately 
model the number of loss events in a given year and the loss amount of a single loss 
event by the frequency distributions and severity distributions. Furthermore, the 
frequency and severity distributions are usually assumed to be independent or modeled 
through copulas models (Chavez-Demoulin, Embrechts, and Nešlehová, 2006). Then 
the convolution of these two distributions then give rise to the loss distribution in a 
given year. 

There are plenty research using LDA to access operational risk: Frachot, Georges, 
and Roncalli (2001) uses the severity distribution which follows lognormal, the 
frequency distribution which follows Poisson, and Gaussian copula which describes the 
correlated aggregate loss distributions. Chapelle et al. (2008) chooses Pareto, Weibull, 
lognormal distribution to model severity, negative binomial (NB) distribution to model 
frequency, and linear Spearman copula to model the dependence of aggregate losses. 
Temnov and Warnung (2008) assumes the loss severity and the loss frequency are 
independent, then uses Weibull distribution, generalized Pareto distribution (GPD) to 
fit loss severity and negative binomial distribution, Poisson distribution to fit loss 
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frequency. Fantazzini, Dalla Valle, and Giudici (2008) uses gamma, exponential, and 
Pareto distributions to model loss severity; negative binomial and Poisson distributions 
to model loss frequency; and uses Gaussian copula and t copulas to describe the 
dependence structure among the losses.  

The traditional studies explore the estimation of the combination of different 
severity distribution, frequency distribution and dependence structures. They almost 
adopt the crude Monte Carlo simulation method, because the building blocks of the 
operational risk model are very diverse and complex. But the risk measure used for 
regulatory capital purposes reflects a holding period of one-year and a confidence level 
of 99.9% (BCBS, 2006), it is almost infeasible to get an accurate estimate of such risk 
measure if crude Monte Carlo approach is used (Asmussen and Glynn, 2007). Therefore, 
the main objective of essay 2 is to propose an efficient Monte Carlo simulation (a novel 
variance reduction) algorithm for computing such risk measure. Except for the 
assumption that a common factor driving the operational risk events exists, we do not 
impose any additional restrictions. The method can therefore be applied to a wide range 
of operational risk models. The rest of essay 2 is organized as follows. Section 2 defines 
the problem to be solved. Section 3 elaborates on the simulation algorithm developed 
in this study. Section 4 presents numerical results by a real case. Section 5 concludes 
the essay 2. 

 

2. Problem Formulation 

BCBS (2004) defined eight business lines and seven event types exposures the 
operational risk (Table 1). For each single risk cell (a combination of business line and 
event type), the total loss 𝐿𝐿𝑖𝑖𝑖𝑖  follows the standard LDA approach, is the sum of 
individual losses: 

𝐿𝐿𝑖𝑖𝑖𝑖 = �𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖

𝑁𝑁𝑖𝑖𝑖𝑖

𝑖𝑖=1

, 

where 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖 is individual loss (severities) and 𝑁𝑁𝑖𝑖𝑖𝑖  is the number of losses (frequency) 
in cell (i , j). The aggregate operational loss is then defined by 

𝐿𝐿 = �𝐿𝐿𝑖𝑖𝑖𝑖
𝑖𝑖 ,𝑖𝑖

. 
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Let the marginal distribution function of 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖, 𝑁𝑁𝑖𝑖𝑖𝑖  and 𝐿𝐿𝑖𝑖𝑖𝑖  be denoted by 𝑆𝑆𝑖𝑖𝑖𝑖(.), 
𝐶𝐶𝑖𝑖𝑖𝑖(.) and 𝐻𝐻𝑖𝑖𝑖𝑖(.), respectively. According to fit different random variables, there are 
different distributions can be used. Table 2 surveys the distribution to model loss 
severity and loss frequency from the past research. 

 

Table 1  Business Lines and Event Types Matirx 

     Event 
types 

 
Business  

lines 

Internal 
fraud 

External 
fraud 

Employment 
practices 

Clients, 
Products, 

and 
Business 
Practice 

Damage to 
physical 
assets 

Business 
Disruption 

and 
Systems 
Failures 

Execution, 
Delivery, 

and 
Process 

Manageme
nt 

Corporate 
finance 𝐿𝐿11 𝐿𝐿12 𝐿𝐿13 𝐿𝐿14 𝐿𝐿15 𝐿𝐿16 𝐿𝐿17 

Trading and 
sales 𝐿𝐿21 𝐿𝐿22 𝐿𝐿23 𝐿𝐿24 𝐿𝐿25 𝐿𝐿26 𝐿𝐿27 

Retail 
banking 𝐿𝐿31 𝐿𝐿32 𝐿𝐿33 𝐿𝐿34 𝐿𝐿35 𝐿𝐿36 𝐿𝐿37 

Commercial 
banking 𝐿𝐿41 𝐿𝐿42 𝐿𝐿43 𝐿𝐿44 𝐿𝐿45 𝐿𝐿46 𝐿𝐿47 

Payment 
and 

settlement 
𝐿𝐿51 𝐿𝐿52 𝐿𝐿53 𝐿𝐿54 𝐿𝐿55 𝐿𝐿56 𝐿𝐿57 

Agency 
services 𝐿𝐿61 𝐿𝐿62 𝐿𝐿63 𝐿𝐿64 𝐿𝐿65 𝐿𝐿66 𝐿𝐿67 

Asset 
managemen

t 
𝐿𝐿71 𝐿𝐿72 𝐿𝐿73 𝐿𝐿74 𝐿𝐿75 𝐿𝐿76 𝐿𝐿77 

Retail 
brokerage 𝐿𝐿81 𝐿𝐿82 𝐿𝐿83 𝐿𝐿84 𝐿𝐿85 𝐿𝐿86 𝐿𝐿87 

Source: BCBS (2004)  

 

According to the past research about operational risk, we can sum up the 
distributions which are suitable to loss severity or loss frequency. The distributions are 
used to model loss severity as follows: lognormal, exponential, Weibull, gamma, Pareto, 
generalized Pareto (GPD). In addition, the distributions are used to model loss severity 
as follows: Poisson and negative binomial. 
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Table 2  Marginal Distribution Function Setting 

Literature 𝐹𝐹𝑖𝑖𝑖𝑖(.) 𝐺𝐺𝑖𝑖𝑖𝑖(.) 
Böcker  and 

Klüppelberg 
(2008) 

1. generalized Pareto 1. Poisson 

Embrechts and 
Puccetti (2008) 

1. Pareto 
2. lognormal 

1. Poisson 

Fantazzini et al. 
(2008) 

1. gamma 
2. exponential  
3. Pareto 

1. negative binomial  
2. Poisson  

Guégan et al. (2011) 1. lognormal  
2. generalized Pareto 

1. Poisson 

Chapelle et al. (2008) 1. Pareto 
2. Weibull 
3. lognormal 

1. negative binomial 
2. Poisson 

  

After we fit the marginal distribution of severity and frequency, we need to model 
the dependence. Table 3 shows some copula settings of loss severity and loss frequency 
from the past studies. 

 

Table 3  Copula Setting of Loss Severity and Loss Frequency 

Literature Copula Model 
Böcker and Klüppelberg 
(2008) 

Lévy copula to describe dependence in 
frequency and severity between different cells 

Embrechts and Puccetti (2008) Gumbel copula and Gaussian copula to describe 
dependence in severity distribution 

Fantazzini et al. (2008) Gaussian copula and t copula to describe the 
dependence structure among the losses 

 

There are three approaches to implement dependent structure in LDA model 
(Chernobai, Rachev, and Fabozzi, 2007; Cope and Antonini, 2008): 

1. The frequency distribution between cells are dependent; 
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2. The severities between cells are dependent; 

3. The aggregated loss between cells are dependent. 

Frachot, Roncalli, and Salomon (2004) argues that the dependence considered by 
the Basel Committee is most likely to be the aggregate loss dependence, since the form 
of the dependence structure becomes important primarily at the stage when capital 
charges from different groups are to be aggregated. Hence, we concentrate on the 
discussion of the aggregate loss dependence in the rest of this essay. 

Assume that the joint behaviors of total loss 𝐿𝐿𝑖𝑖𝑖𝑖  within cell (i, j) can be described 
by factor copulas that include Gaussian copulas and t copulas (Asmussen and Glynn, 
2007). As suggested by Asmussen and Glynn (2007), copulas provide a possible 
approach for modeling multivariate distributions in which one has a well-defined idea 
of the marginal distributions but a vague one on the dependence structure.  

There are several copulas used in past research, including Gaussian copulas and t 
copulas, Gumbel copula, Lévy copula, to model the dependence structures of 𝐿𝐿𝑖𝑖𝑖𝑖 . 
Besides the above copula settings, we can use factor copula models to fit the 
dependence. It is clear that 𝐻𝐻𝑖𝑖𝑖𝑖  depends on 𝐶𝐶𝑖𝑖𝑖𝑖  and 𝑆𝑆𝑖𝑖𝑖𝑖. The function form of 𝐶𝐶𝑖𝑖𝑖𝑖  
and 𝑆𝑆𝑖𝑖𝑖𝑖  can be estimated from data and are assumed to be given. If the fitted 
distributions of 𝐶𝐶𝑖𝑖𝑖𝑖  and 𝑆𝑆𝑖𝑖𝑖𝑖 are common used distributions, then it is likely that the 
distributions of 𝐿𝐿𝑖𝑖𝑖𝑖  are also known. If 𝐻𝐻𝑖𝑖𝑖𝑖  is unknown, then we can generate 
independent empirical distributions of 𝐿𝐿𝑖𝑖𝑖𝑖  first. When the dependence structure can be 
described by Gaussian factor copulas, we may express 

𝐿𝐿𝑖𝑖𝑖𝑖 = 𝐻𝐻𝑖𝑖𝑖𝑖−1(Φ(𝑋𝑋𝑖𝑖𝑖𝑖)) 

where Φ(.) is the CDF of the standard Gaussian random variable and 𝑋𝑋𝑖𝑖𝑖𝑖 are the 
latent variables used to model the joint distributions of 𝐿𝐿𝑖𝑖𝑖𝑖 . The dependence among 
𝑋𝑋𝑖𝑖𝑖𝑖 is induced through common factors 𝑀𝑀𝑏𝑏 and 𝑀𝑀𝑒𝑒 as follows: 

𝑋𝑋𝑖𝑖𝑖𝑖 = 𝑐𝑐𝑀𝑀𝑏𝑏 + 𝑏𝑏𝑀𝑀𝑒𝑒 +�1 − 𝑐𝑐2 − 𝑏𝑏2𝜎𝜎𝑖𝑖𝑖𝑖  

where 𝑀𝑀𝑏𝑏, 𝑀𝑀𝑒𝑒, and 𝜎𝜎𝑖𝑖𝑖𝑖  are independent standard Gaussian random variables and a 
and b denote constant factor loadings. The common factor 𝑀𝑀𝑏𝑏 represents the 
common factor within business line, while 𝑀𝑀𝑒𝑒 represents the common factor within 
event type. On the other hand, 𝜎𝜎𝑖𝑖𝑖𝑖  are specific factors pertaining to each risk cell. 

We can also model the dependence structure via 𝑡𝑡𝑣𝑣 factor copulas. In particular 
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𝐿𝐿𝑖𝑖𝑖𝑖 = 𝐻𝐻𝑖𝑖𝑖𝑖−1(𝑡𝑡𝑣𝑣(𝑋𝑋𝑖𝑖𝑖𝑖)) 

where 𝑡𝑡𝑣𝑣(.) is the CDF of the t distributed random variable with v degrees of freedom. 
The t-copula is more powerful in terms of capturing tail dependence (Klugman et al., 
2012). The dependence among 𝑋𝑋𝑖𝑖 is induced through common factors 𝑀𝑀𝑏𝑏 and 𝑀𝑀𝑒𝑒 
as follows: 

𝑋𝑋𝑖𝑖𝑖𝑖 = �
𝑣𝑣
𝑅𝑅

(𝑐𝑐𝑀𝑀𝑏𝑏 + 𝑏𝑏𝑀𝑀𝑒𝑒 + �1 −𝑐𝑐2 − 𝑏𝑏2𝜎𝜎𝑖𝑖𝑖𝑖) 

where 𝑅𝑅 is an independent Chi-square random variable with 𝑣𝑣 degrees of freedom. 

 

3. The Proposed Algorithm 

We focus on the inverse function of operational VaR that is the probability of large 
portfolio losses (denoted by PPL or ( )P L y> ). PPL is easier to check the computation 
efficiency than the original measure. Without loss of generality, we assume the 
dependent structure follows the one-factor Gaussian copula model, then a crude Monte 
Carlo (CMC) procedure for estimating the PLL can be easily implemented as follows: 

Algorithm 1. The CMC Algorithm for PLL 

• Draw independent r.v. 𝑁𝑁𝑖𝑖𝑖𝑖  from 𝐶𝐶(∙), where 𝐶𝐶(∙) is a selected frequency 
distribution. 

• Draw independent r.v. 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖 from 𝑆𝑆(∙), where 𝑆𝑆(∙) is a selected severity 
distribution. 

• Compound 𝑁𝑁 and 𝑋𝑋 to a mixture distribution 𝐻𝐻(∙), where 𝐻𝐻(∙) is a 
hybrid distribution of 𝐶𝐶(∙) and 𝑆𝑆(∙). 

• Generate independent r.v.: 𝑀𝑀~Φ(∙) and 𝜎𝜎𝑖𝑖𝑖𝑖~Φ(∙), where Φ(∙) is the 
CDF of Gaussian distribution. 

 ⟹ 𝑋𝑋𝑖𝑖𝑖𝑖 = 𝜌𝜌𝑀𝑀 +�1 − 𝜌𝜌2𝜎𝜎𝑖𝑖𝑖𝑖 , where 𝜌𝜌 is given. 

 ⟹ 𝐿𝐿𝑖𝑖𝑖𝑖 = 𝐻𝐻−1�Φ(𝑋𝑋𝑖𝑖𝑖𝑖)�. 

• Compute 𝐿𝐿 = ∑ ∑ 𝐿𝐿𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  

• Repeat the above procedure K times, then we can calculate the 𝑃𝑃(𝐿𝐿 > 𝑏𝑏) =
1
𝐾𝐾
∑ 𝟏𝟏�𝐿𝐿𝑘𝑘>𝑏𝑏�
𝐾𝐾
𝑖𝑖=1  where 𝑏𝑏 is given. 
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Algorithm 1 provides simple point estimates for PLL, denoted by 

𝛼𝛼�PLL =
1
𝐾𝐾
� 𝛼𝛼𝑃𝑃𝐿𝐿𝐿𝐿𝑖𝑖

𝐾𝐾

𝑖𝑖=1
=

1
𝐾𝐾
� 𝟏𝟏�𝐿𝐿𝑘𝑘>𝑏𝑏�

𝐾𝐾

𝑖𝑖=1
 

and its associated standard errors is 

𝑐𝑐𝑝𝑝(𝛼𝛼�PLL) =
1
√𝐾𝐾

�
1

𝐾𝐾 − 1
� �𝛼𝛼PLL𝑖𝑖 − 𝛼𝛼�PLL�

2𝐾𝐾

𝑖𝑖=1
, 

K is the total number of simulation trials. 

Although the CMC is suitable to use to solve complex problems, it is hard to 
efficiently estimate the rare-event quantities. This is because the CMC gives equal 
weight to all replications, while the Monte Carlo method hardly samples in the very 
low probability regions. A refinement of this method, known as importance sampling 
(IS), involves drawing the points randomly, but drawing more frequently where the 
integrand is large. However, Asmussen and Glynn (2007) argue that most IS algorithms 
are inefficient in high-dimensional spaces because the variance of the likelihood ratio 
easily blows up. Therefore, we scale down the multi-dimensional rare event to a one-
dimensional question by utilizing a two-step approach. First, we must establish a 
method of selecting an appropriate IS distribution from among the set of possible 
measures to ensure default events of interest on every generated path. Second, we must 
ensure that the gain in variance reduction of the proposed algorithm always outweighs 
that of a CMC. 

Let 𝑜𝑜(∙) be the density function of L and suppose that 𝑜𝑜(∙) is also a density 
function, such that 𝑜𝑜(∙) > 0. Let 𝐿𝐿𝑅𝑅(∙) = 𝑜𝑜(∙)/𝑜𝑜(∙), which is the likelihood ratio, and 
𝐿𝐿𝑖𝑖 be independent values sampled 𝑜𝑜(∙). Then, it is well known that 

�̂�𝛽PLL =
1
𝐾𝐾
� 𝟏𝟏�𝐿𝐿𝑘𝑘>𝑏𝑏� ∙ 𝐿𝐿𝑅𝑅(𝐿𝐿𝑖𝑖)

𝐾𝐾

𝑖𝑖=1
=

1
𝐾𝐾
� 𝟏𝟏�𝑀𝑀𝑘𝑘<−𝑚𝑚∗� ∙ 𝐿𝐿𝑅𝑅(𝐿𝐿𝑖𝑖)

𝐾𝐾

𝑖𝑖=1
 

is an alternative estimator for the PLL. 

The point estimator �̂�𝛽PLL is known as an IS estimator (Glynn and Iglehart 1989; 
Asmussen and Glynn 2007), and its variance depends on the choice of the IS density 
𝑜𝑜(∙). To select an appropriate 𝑜𝑜(∙), we derive a simple alternative characterization for 
the operational risk event {𝐿𝐿 > 𝑏𝑏}. 
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Proposition 1. The loss event {𝐿𝐿 > 𝑏𝑏} is equivalent to the event {𝑀𝑀 ≤ −𝑚𝑚∗ }, where 
𝑚𝑚∗  is the root of the 𝐿𝐿 − 𝑏𝑏 = 0; that is, conditional on 𝑋𝑋𝑖𝑖𝑖𝑖  and 𝜎𝜎𝑖𝑖𝑖𝑖 , the event of 
interest can be determined solely by the common factor 𝑀𝑀. 

Proof. 

Let us consider the event of interest {𝐿𝐿 > 𝑏𝑏}. Given 𝑋𝑋𝑖𝑖𝑖𝑖 and 𝜎𝜎𝑖𝑖𝑖𝑖 , 

𝟏𝟏{𝐿𝐿>𝑏𝑏} = 1 ⇔ 𝟏𝟏�∑ ∑ 𝐿𝐿𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 >𝑏𝑏� = 1 

⇔ 𝟏𝟏�∑ ∑ 𝐻𝐻−1�Φ�𝑋𝑋𝑖𝑖𝑖𝑖��𝑖𝑖𝑖𝑖 >𝑏𝑏� = 1 

⇔ 𝟏𝟏�∑ ∑ 𝐻𝐻−1�Φ(𝑋𝑋𝑖𝑖𝑖𝑖)�𝑖𝑖𝑖𝑖 >𝑏𝑏� = 1 

⇔ 𝟏𝟏�∑ ∑ 𝐻𝐻−1�Φ(𝜌𝜌𝑀𝑀+�1−𝜌𝜌2𝑍𝑍𝑖𝑖𝑖𝑖)�𝑖𝑖𝑖𝑖 >𝑏𝑏� = 1 

⇔ 𝟏𝟏
�∑ ∑ 𝐻𝐻−1�Φ�

�𝑋𝑋𝑖𝑖𝑖𝑖−�1−𝜌𝜌2𝑍𝑍𝑖𝑖𝑖𝑖�
𝜌𝜌 ��𝑖𝑖𝑖𝑖 >𝑏𝑏�

= 1 

⇔ 𝟏𝟏�𝑀𝑀≤−𝑚𝑚∗ � = 1 

 

By finding the root of 𝑚𝑚∗  such that ∑ ∑ 𝐻𝐻−1 �Φ��𝑋𝑋𝑖𝑖𝑖𝑖 − �1 −𝜌𝜌2𝜎𝜎𝑖𝑖𝑖𝑖�/𝑖𝑖𝑖𝑖

𝜌𝜌�� = 𝑏𝑏, we see that {𝐿𝐿 > 𝑏𝑏} if and only if {𝑀𝑀 ≤ −𝑚𝑚∗ }. 

Proposition 1 guides us to skillfully choose the probability measure for 𝑀𝑀. It 
provides a simple way to ensure that, for every path generated, default events (L > y) 
always happen. With this specific truncated IS density, Algorithm 2 presents the novel 
IS (NIS) procedure for estimating the PLL. 

Algorithm 2. The NIS Algorithm for PLL 

• Draw independent r.v. 𝑁𝑁𝑖𝑖𝑖𝑖  from 𝐶𝐶(∙), where 𝐶𝐶(∙) is a selected frequency 
distribution. 

• Draw independent r.v. 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖  from 𝑆𝑆(∙) , where 𝑆𝑆(∙)  is a selected severity 
distribution. 

• Compound 𝑁𝑁  and 𝑋𝑋  to a mixture distribution 𝐻𝐻(∙) , where 𝐻𝐻(∙)  is a 
hybrid distribution of 𝐶𝐶(∙) and 𝑆𝑆(∙). 

• Generate independent r.v.: 𝑋𝑋𝑖𝑖𝑖𝑖~Φ(∙)  and 𝜎𝜎𝑖𝑖𝑖𝑖~Φ(∙) , where Φ(∙)  is the 
CDF of Gaussian distribution. 
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 ⟹ 𝑋𝑋𝑖𝑖𝑖𝑖 = 𝜌𝜌𝑀𝑀 +�1 − 𝜌𝜌2𝜎𝜎𝑖𝑖𝑖𝑖 , where 𝜌𝜌 is given. 

 ⟹ 𝐿𝐿𝑖𝑖𝑖𝑖 = 𝐻𝐻−1�Φ(𝑋𝑋𝑖𝑖𝑖𝑖)�. 

• Compute 𝐿𝐿 = ∑ ∑ 𝐿𝐿𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  

Repeat the above procedure K times, then we can calculate the 𝑃𝑃(𝐿𝐿 > 𝑏𝑏) =
1
𝐾𝐾
∑ 𝟏𝟏�𝐿𝐿𝑘𝑘>𝑏𝑏�
𝐾𝐾
𝑖𝑖=1  where 𝑏𝑏 is given. 

 

4. Numerical Experiments 

We define the performance evaluation criterions of the estimators first. Then we 
describe the details of the numerical examples and compare the simulation results for 
CMC and our method. 

4.1. Performance Evaluation Criterions 

Variance ratio (V.R.) is a common standard to measure the computational efficiency 
(Asmussen and Glynn 2007). V.R. is defined by the ratio of the variance of the CMC 
estimator over that of our estimator, i.e., 

V. R. = 𝑣𝑣𝑣𝑣𝑣𝑣CMC
𝑣𝑣𝑣𝑣𝑣𝑣NIS

,
 

where 𝑣𝑣𝑐𝑐𝑝𝑝Method is the variance of specific method (CMC or NIS). It is clear that if 
V. R. is greater (or less) than one, then the computation efficiency of the NIS is higher 
(or lower). 

In addition to using the V.R. measure, we also utilize the concept of bounded 
relative error (BRE) to test the robustness of our estimator. Let us consider an unbiased 
estimator 𝜌𝜌� of p taken from a sample having size K. BRE states that the standard error 
of 𝜌𝜌� divided by p is bounded as p tends to 0 (for a fixed sample size K).  

Definition 1. Bounded Relative Error (BRE) 

Let 𝜎𝜎𝐾𝐾2 denote the variance of �̂�𝑝 for a fixed sample size K. The coefficient of 
variation (C.V.) is defined by 

C. V. = 𝜎𝜎𝐾𝐾
𝑝𝑝

. 
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We say that the estimator has the property of bounded relative error if C. V. 
remains bounded as 𝑝𝑝 → 0. 

4.2. Numerical Setting and Results 

We adopted the numerical examples from Fantazzini et al. (2008). These examples are 
used to compare the computation efficency and robustness between the CMC estimator 
and our estimator. Exponential, Gamma, Pareto, and lognormal distributions are used 
to fit the loss severity. Poisson, negative binomial distributions are used to fit the loss 
frequency. We model the dependency structure by one-factor Gaussian copula. We 
choose two representitve values for factor loading (𝜌𝜌) settings (𝜌𝜌 = 0.5 means the 
moderately correlated condition; 𝜌𝜌 = 0.9 represents the highly-correlated condition). 
Furthermore, we examine two confidence levels (99% is the typical confidence level 
for regular statistical tests; 99.9% is the standard set by the international regulation 
BCBS 2006). The number of replications for CMC and NIS are 1,000,000 and 1,000, 
respectively. These numbers of replications are sufficient to make these estimators with 
desired accuracy. These numerical examples represent a wide range of possible loss 
distributions of operational risk that based on real loss data. The models of loss 
distributions can fit real loss data of each business line/event type well and the 
dependence structure among business line/event type can be very flexible by using 
various copula models. Therefore, these numerical examples can cover almost all 
situations face financial institutions. 

Table 4 presents the PLL estimation results. The values of V.R. range from 4.3 to 
603.4 under the different marginal distributions of business/event type and different 
setting of dependence structure. The values of V.R. is the speedup of our method 
compared to crude Monte Carlo simulation (CMC). That is, the values of V.R.  
represent the great computational cost saving of financial institutions. To be more 
precise, the computational cost is only 1/603.4 to 1/4.3 of that of CMC.  

These results also show that our method is more efficient than CMC in all 
scenarios, especially in highly correlated condition and high confidence level. In 
addition, the pattern of V.R. results are irrelevant to the combinations of frequency 
distribution and severity distribution. That means our method is flexible in arbitrary 
combination of frequency distribution and severity distribution.  

From Table 4, the values of C.V.NIS grow slowly when the confidence level goes 
to 1 (or loss probability goes to zero).  Such results indicate the estimator of NIS is 
robust and possess the property of bounded relative error which is the best class of 
estimators in rare event simulation, see Asmussen and Glynn (2007) for more details. 
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In summary, numerical results show that our method is an efficient, flexible, and robust 
for computing the operational risk, especially in highly correlated condition and high 
confidence level.  

 

Table 4  Simulation results between the CMC and the NIS method 

Frequency 

Dist. 

Severity 

Dist. 
𝜌𝜌 

1-𝛼𝛼 

(%) 
b �̂�𝑝 �̂�𝑝NIS S.E. S. E.IS V.R. C. V.CMC C. V.NIS 

Poisson Gamma 0.5 99 5.6E+06 1.000% 0.993% 0.00010 0.00104 9.1 9.9  3.3  

Poisson Gamma 0.5 99.9 9.6E+06 0.100% 0.099% 0.00003 0.00017 35.4 31.6  5.4  

Poisson Gamma 0.9 99 7.7E+06 1.000% 0.992% 0.00010 0.00026 150.8 9.9  0.8  

Poisson Gamma 0.9 99.9 1.4E+07 0.100% 0.102% 0.00003 0.00004 603.4 31.6  1.3  

Poisson Pareto 0.5 99 2.5E+07 1.000% 0.987% 0.00010 0.00111 8.1 9.9  3.5  

Poisson Pareto 0.5 99.9 8.2E+07 0.100% 0.097% 0.00003 0.00009 113.9 31.6  3.1  

Poisson Pareto 0.9 99 3.3E+07 1.000% 1.008% 0.00010 0.00030 113.8 9.9  0.9  

Poisson Pareto 0.9 99.9 1.1E+08 0.100% 0.100% 0.00003 0.00004 599.7 31.6  1.3  

NB Gamma 0.5 99 5.6E+06 1.000% 0.998% 0.00010 0.00113 7.7 9.9  3.6  

NB Gamma 0.5 99.9 9.7E+06 0.100% 0.101% 0.00003 0.00011 80.4 31.6  3.5  

NB Gamma 0.9 99 7.9E+06 1.000% 0.997% 0.00010 0.00026 144.7 9.9  0.8  

NB Gamma 0.9 99.9 1.4E+07 0.100% 0.103% 0.00003 0.00004 562.3 31.6  1.3  

NB Pareto 0.5 99 4.7E+07 1.000% 0.986% 0.00010 0.00152 4.3 9.9  4.9  

NB Pareto 0.5 99.9 1.3E+08 0.100% 0.099% 0.00003 0.00016 39.0 31.6  5.1  

NB Pareto 0.9 99 5.3E+07 1.000% 1.003% 0.00010 0.00040 61.4 9.9  1.3  

NB Pareto 0.9 99.9 1.5E+08 0.100% 0.099% 0.00003 0.00006 310.4 31.6  1.8  

Note: NB is the negative binomial distribution; 𝜌𝜌 is the factor loading of the one-factor Gaussian copula 
model; b is the threshold loses; (1 − α)% is the confidence level; S.E. is the standard error of estimator; 
C.V. is the coefficient of variation; V.R. is the variance ratio. 

 

5. Conclusions 

The empirical distribution of the aggregate operational loss L can be estimated by 
repeated sampling from the stochastic model through crude Monte Carlo procedure. 
However, the converge rate of Monte Carlo method is 𝑛𝑛(−1 2⁄ ), which is slow if each 
replication is expensive to generate. Therefore, the technique of variance reduction can 
be used to accelerate the Monte Carlo method. Variance reduction typically involves a 
fair amount of both theoretical studies of the problem in question and additional 
programming efforts (Asmussen and Glynn, 2007). 
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Since Basel accord requires that the financial institutions quantify their operational 
risk measures with high confidence level, the estimation problem becomes a rare event 
simulation problem and makes the computation much harder. To overcome the 
computational difficulties and complexity, this study develops a novel importance 
sampling (NIS) method to estimating the operational risk exposure. The NIS has a 
conceptually convincing mechanism feature for implementation. In addition, NIS is 
feasible for any factor copula model that are constructed by arbitrary numbers of 
mutually independent factors. The columns of V.R. of Table 4 shows that the NIS 
method can estimate operational risk fast with desired accuracy.  Furthermore, the 
columns of C.V. reveal the NIS estimator having bounded relative errors. In summary, 
various numerical results show that our NIS is an efficient, flexible, and robust 
approach for estimating the operational risk, especially in highly correlated condition 
and high confidence level. More importantly, our method can serve as a useful tool of 
financial institutions to meet the international regulatory standard of quantifying their 
operational risk. 
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