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Abstract

The adaptive testing is an important testing method in the modern educational/psychological

testings. In adaptive mastery testing, the items are selectly adaptively according to the es-

timated information of the unknown latent ability levels, and given then to the test-takers,

sequentially. Hence, the decision (master or non-master; pass or fail) for each test-taker is

made sequentially based on each test-taker’s responses to a particular sequence of items ad-

ministered to him/her. Thus, statistically speaking, by the natural character of the adaptive

mastery testing, it is a sequential problem with dependent observations. The Wald’s (1947)

SPRT (sequential probability ratio test) has been applied to this kind of mental testing

problem by many researchers in the field of educational/psychological measurement theory;

for example, Reckase (1978, 1983), Kingsbury and Weiss (1983) and Spray (1993). Most of

their results are empirical studies of the performance of SPRT with different item selection

schemes. In statistical literature, the SPRT with iid observations have been intensively stud-

ied by many statistician since Wald (1947). In this paper, we concentrate on the properties

of stopping time of the SPRT under adaptive mastery testing situation; i.e. the test items

(observations) are adaptively selected. Not only there are only few people discuss the prop-

erties of SPRT under non-iid setup, but also most of them are just large sample properties,

which provide very little information for test-makers to design good mastery tests. Without

independence property of the observations, it will require different approaches to analyze

its performance. Here we apply some results of linear growth processes and a martingale

extension of the Wald’s equation to obtain a bound of the expectation of the stopping rules

(i.e. the test length) used in adaptive mastery tests.



1 Introduction

In many applications of testing technology, such as licensure examination, require a test-

ing device to classify the test-taker into one of the pre-defined categories according to

the measurement of his/her skill level. In general, these kinds of tests are called the

criterion-referenced tests. In some educational/psychological tests, we might just want

to classify the test-takers into one of two categories; that is past/fail, master/nonmaster,

certified/noncertified, etc. This kind of test is usually called the mastery test, as a special

case of the criterion-referenced tests.

From test administrators’ point of view, it is beneficial to have a test scheme such that

the decision can be made precisely and efficiently. Researchers in educational/psychological

testing believe that to construct an efficient test, the items must be selected adaptively,

according to each test-taker’s latent trait level (see Lord (1970), Lord (1980), Reckase

(1983)). How to apply the idea of tailored/adaptive testing and the sequential methods

of statistical analysis to the criterion-referenced (or mastery) testings has been studied

by many people; for example, Load (1971a), Lord(1971b), Epstein (1978), Reckase(1978),

Kingsbury and Weiss (1983), Reckase (1983), Spray (1993), Spray and Reckase (1996),

Wainer (2000), etc. Among them, the Wald’s(1947) sequential probability ratio test(SPRT)

was one of the most popular statistical tools used and discussed in the literature.

If the idea of the tailored test is used, then the items selected for each test-taker will

be all different, which will depend on his/her unknown latent trait level as well as the

corresponding responses to the given items. Hence, to implement the tailored mastery

testing will require an estimate of the unknown latent trait level. In addition, if the test

items are selected adaptively (i.e. depending on each test-taker’s responses to its own

selected items), then we will no longer have independent observations. The traditional

analysis tools used in Wald’s(1947) SPRT are mostly based on independent assumptions,

and might not be applicable to the current problem. That’s why the statistical analysis
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of adaptive mastery testing is more complicated than that of the traditional SPRT (see

Reckase (1983)).

In Reckase (1983) and Spray (1993), they have done some numerical studies of the

performance of the SPRT under tailored test set-up for both the mastery and the multiple-

category criterion-referenced tests. For non-iid case, Lai (1981) has shown us a large sample

result for the SPRT, when the observations satisfy a “slowly changing sequence” condition.

It is an asymptotical result and provide only little information for how to make an efficient

mastery test.

In this paper, we study the average of sample number (ASN) (i.e. the expected test

length of mastery tests) of the SPRT under the adaptive item selection setup. We found

that the expected sample size (or test length) can be bounded by applying a theory of

Alsmeyer (1987) for the linear growth processes and an extension of Wald’s identity for

the martingale differences (see Chow and Teicher (1997)), which could provide more useful

information to the test-makers for designing more efficient adaptive mastery tests.

2 Sequential Mastery Testing

The SPRT was initially developed by Wald (1947) for quality control problems during World

War II. It has many extensions and applications; such as in clinical trial and in quality

control. The original development of the SPRT is used as a statistical device to decide

which of two simple hypotheses is more correct. The properties of it have been studied

intensively by many researchers since Wald (1947). We will refer readers to Siegmund

(1985) and Ghosh and Sen(1991) for more detail discussions. Here, we will only consider its

application to the item response theory (IRT) based sequential-mastery testing procedures

with adaptive item selection schemes (see Reckase(1983) and Kingsbury and Weiss (1983)).

For explanation purpose, we will temporally assume that all the items are randomly

selected from an item pool. Let B denote the item bank, and Y = 1 (0) be a binary random
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variable that denotes the test-taker’s response is correct (incorrect) to a given test item

γ ∈ B. Assume further that probability of correct answer is

P (θ) = Pθ = P (Y = 1| θ, γ), (2.1)

and Qθ = 1 − Pθ = P (Y = 0| θ, γ), where θ denote the unknown latent trait level of the

test-taker.

Remark 2.1 Note that P (θ) is sometimes called the Item Characteristic Curve (ICC) in

educational/psychological testing. It is reasonable to assume that P (θ) is monotone in θ

for any fixed item; i.e. the larger the latent trait level, the higher the probability of correct

answer.

Suppose that there are n items being administered to the test-taker, then the likelihood

for a test-taker with latent trait level θ can be written as

Ln(θ) = Ln(y1, · · · , yn | θ) = P
∑n

1 yi

θ Q
n−

∑n
1 yi

θ .

Let θc be threshold chosen by the test-makers. In order to apply the Wald’s SPRT to the

mastery testing, we must specify an indifference region around θc. (Note that if there is

no indifference region, then the SPRT might not stop with positive probability for some

θ, which are very close to the cutting point θc (see Siegmund, 1985)). Let [θ0, θ1] be the

pre-described indifference region, where θ0 and θ1 are two constants such that θ0 < θc < θ1.

Then the sequential mastery testing can be formulated as a statistical testing problem of

two hypotheses below:

H0 : θ ≤ θ0 vs. H1 : θ ≥ θ1. (2.2)

Let α and β ∈ (0, 1) denote the given type I and type II errors, respectively. Because

when the true θ is more extreme than θ0 and θ1, the errors α and β are smaller (see

Reckase (1983) and Siegmund (1985)). Thus, due to the monotonicity of type I and type II
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errors, instead (2.2), we might just consider the hypotheses testing problem of two simple

hypotheses:

H0 : θ = θ0 vs. H1 : θ = θ1. (2.3)

By applying Wald’s SPRT (1947) (see also Siegmund (1985)), we will reject the null

hypothesis (H0 : θ = θ0), if Ln(θ1)/Ln(θ0) ≤ A; and reject alternative hypothesis (H1 :

θ = θ1), if Ln(θ1)/Ln(θ0) ≥ B, where the boundaries A and B above are approximated by

following formulas:

A ≈ β

1− α
(2.4)

and

B ≈ 1− β

α
. (2.5)

If we assume further that the observations are i.i.d. (i.e. the items are selected randomly

from an item pool), then it has been shown that the average sample size (ASN) under null

and alternative hypotheses, respectively, are

E0[T ] = µ−1
h

{
α log

(
1− β

α

)
+ (1− α) log

(
β

1− α

)}
, (2.6)

and

E1[T ] = µ−1
h

{
(1− β) log

(
1− β

α

)
+ β log

(
β

1− α

)}
, (2.7)

where µh = Eh[log f1/f0], h = 0, 1, and fh are the probability density function under Hh,

for h = 0, 1 (see Siegmund (1985), page 13).

But for a sequential tailored mastery testing, the items will be selected for each individual

test-taker adaptively, i.e. the items are selected based on the estimate of the unknown latent

trait level of each test-taker. Because of this natural character of tailored mastery testing,

we are no longer to have independent observations.

It follows from the arguments of Wald (1947) (also see Siegmund (1985)), we already

know that the above approximations of the boundaries ((2.4) and (2.5)) do not rely on

the random sampling assumption. That is they are still valid boundaries even under the
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tailored mastery testing setup. But the other asymptotic properties such as ASN and

operation curve (OC), which might rely on the iid assumption, will require different analysis

tools(see Reckase (1983)). Therefore, for both theoretical interest and practical purpose, it

is important to study the following two questions:

1. Will the sequential procedure eventually stop under tailored-testing setup? (i.e.

P (T < ∞) = 1 ?)

If the answer is “Yes”, then

2. What is its expected test length? (i.e. E[T |θ = θh] =?, for h = 0, 1)

In this paper, a bound of ASN is obtained, which can be shown to depend on the

item selection scheme, the length of the indifference region, as well as the given type I and

II errors. Moreover, it can provide some information for the test-makers to design more

efficient tailored mastery tests, and we will use a popular probability model to explain this.

3 Main Results

Suppose that θc is the threshold chosen by the test-makers as before. Originally, the classifi-

cation problem of the mastery testing can be written as the following statistical hypotheses

testing problem:

H0 : θ ≤ θc vs. H1 : θ > θc (3.1)

Let the interval [θ0, θ1] denote the in-difference region (see Reckase(1983)) with θ0 < θc <

θ1, where θ0 and θ1 are two fixed constants. Then, as discussed in the previous section,

the above statistical hypotheses testing problem can be simplified to a hypotheses testing

problem of two simple hypotheses:

H0 : θ = θ0 vs. H1 : θ = θ1 (3.2)
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Theorem 3.1 Let [θ0, θ1] be the indifference region. Suppose the item characteristic curve

P (θ) is an increasing function, and differentiable for all θ ∈ [θ0, θ1]. Then for h = 0, 1,

Ph(T < ∞) = 1.

Following the notations of Section 1, the log-likelihood function of a sample size (number

of items) n can be written as

`n(θ) =
n∑

i=1

{Yi log Pi(θ) + (1− Yi) log(1− Pi(θ))} (3.3)

and, the log-likelihood ratio of θ1 to θ0 can be written as

λn = λ(θ0, θ1) =
n∑

i=1

Yi log
(

Pi(θ1)
Pi(θ0)

)
+ (1− Yi) log

(
1− Pi(θ1)
1− Pi(θ0)

)

=
n∑

i=1

(Yi − Ph,i)
[
log

(
Pi(θ1)
Pi(θ0)

)
− log

(
Qi(θ1)
Qi(θ0)

)]

+
n∑

i=1

{
Ph,i log

(
Pi(θ1)
Pi(θ0)

)
+ (1− Ph,i) log

(
Qi(θ1)
Qi(θ0)

)}
= (I) + (II) (3.4)

where Ph,i = Pi(θh) = Eh[Yi|Fi−1] for h = 0, 1, and i ∈ N (i.e. the conditional expectation

of Yi given Fi−1 under either null (h = 0) or alternative hypothesis (h = 1)).

Note that for any given θ0 and θ1, and for i = 1, 2, · · · ,{
log

(
Pi(θ1)
Pi(θ0)

)
− log

(
Qi(θ1)
Qi(θ0)

)}
is Fi−1-measurable, and {(Yi − Ph,i), i = 1, 2, · · · } is a sequence of martingale differences

with respect to Fi, for both h = 0 and 1. This implies that (I) of (3.4) is a martingale with

respect to Fi for each h.

Let the stopping rule T be defined:

T = first n such that λn ≤ a or λn > b,

and

= ∞, if there is no such n exists. (3.5)
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When the sampling stopped, we will accept H0 if λT ≤ a and accept H1 if λT > b. Note

that the choice of a and b will depend on the type I and type II errors (see (3.6) and the

equations below it).

Let the constants α and β ∈ (0, 1) be the Type I and Type II errors as given before.

Then α = PH0(λn > b), and β = PH1(λn ≤ a). It follows from the same arguments of Wald

(1947)(c.f. Siegmund (1985)), and without iid assumption the boundaries a and b in the

stopping rule T (see 3.5) will be shown to satisfy the following two inequalities:

a ≤ log(
β

1− α
) and b ≤ log(

1− β

α
). (3.6)

These inequalities suggest that we can use

a = log(
β

1− α
)

and

b = log(
1− β

α
)

as the approximated boundaries for our test.

Remark 3.1 The arguments for the above inequalities of the test boundaries only depend

on the expected likelihood functions under either null and alternative hypotheses, and do not

depend on the i.i.d. assumption (see Wald (1947), Reckase(1983) and Siegmund(1985)).

Hence, the same arguments can be applied to the current setup. But the other properties

of the non-i.i.d. case, such as the expected sample size, under both null and alternative

hypotheses, will require different analysis tools from those used in the i.i.d. case. In the

rest of this Section, we will concentrate on the expected sample size of the SPRT under the

IRT-based adaptive mastery test.

By the mean-value theorem,

log
(

P (θ1)
P (θ0)

)
= (θ1 − θ0)

P ′(θ∗)
P (θ∗)

= (θ1 − θ0) · (A), (say) (3.7)
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and

log
(

Q(θ1)
Q(θ0)

)
= (θ1 − θ0)

Q′(θ∗∗)
Q(θ∗∗)

= (θ1 − θ0)
−P ′(θ∗∗)

1− P (θ∗∗)
= (θ1 − θ0) · (B), (say) (3.8)

where P ′ and Q′ denote the first derivative of P and Q with respect to θ, respectively; and θ∗

and θ∗∗ are lying on the segment of θ0 and θ1. Note that both of them are Fi−1-measurable.

For each i ∈ N , let

Zi = Zh,i = (Yi − Ph,i)[(A)− (B)] + Ph,i · (A) + (1− Ph,i) · (B) (3.9)

(For simplicity, the index h in Zh,i might be omitted, when it is clear that we are under

either null or alternative hypotheses.)

λn = (θ1 − θ0)
n∑

i=1

Zi (3.10)

Since d = θ1 − θ0 > 0, the stopping time T can be re-written as

T = inf{n ≥ 1 :
n∑
1

Zi ≤ a/d or
n∑
1

Zi > b/d}. (3.11)

As mentioned in Remark 2.1, for the IRT based educational/psychological tests, it is

common to assume that the item characteristic curve (ICC) is monotonic, increasing in the

latent variable. That is we can assume further that

(A.1) The ICC, p(t) ∈ (0, 1), is a continuous, increasing function for t ∈ [θ0, θ1].

The (A.1) implies that p(t) is differentiable with p′(t) > 0 for all t ∈ [θ0, θ1].

For a fixed θ, and for i = 1, 2 · · · , define

fi,θ(t) = fi(t) = pi(t) log
pi(t)
pi(θ)

+ (1− pi(t)) log
1− pi(t)
1− pi(θ)

.

Then, when h = 1, the (II) of (3.4) can be written as
∑n

i=1 fi,θ0(θ1). Similarly, if h = 0, the

(II) of (3.4) can be written as
∑n

i=1(−1)fi,θ1(θ0). (Note that we will omit the subscript i

of f above, when there is no ambiguity.)
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By definition, it is clear that fθ(θ) = 0, and its derivative with respect to t is

f ′θ(t) =
d

dt
fθ(t) = p′(t) log(p(t)) + p′(t)− p′(t) log(p(θ))

−p′(t) log(1− p(t))− p′(t) + p′(t) log(1− p(θ))

= p′(t) log
(

p(t)
p(θ)

)
− p′(t) log

(
1− p(t)
1− p(θ)

)
. (3.12)

By (A.1), the equation (3.12) implies that

f ′θ(t) > 0 for all t > θ,

f ′θ(t) = 0 for all t = θ, and

f ′θ(t) < 0 for all t < θ.

It follows, by the mean-value theorem again, that f(t) = f(θ)+ (t− θ)f ′(t∗) = (t− θ)f ′(t∗),

where t∗ is lying in the line segment of θ and t. Hence, for θ1 > θ0, there exist θ∗ and

θ∗∗ ∈ [θ0, θ1], such that

fθ0(θ1) = (θ1 − θ0)f ′θ0
(θ∗) > 0 (3.13)

and

fθ1(θ0) = (θ0 − θ1)f ′θ1
(θ∗∗) > 0. (3.14)

Therefore, Zh,i can be re-written as

Zh,i = (Yi − P (θh))[(A)− (B)] + (−1)1−hfi,θ1−h
(θh) (3.15)

This implies that Zi, for all i, −E0Zi > 0 and E1Zi > 0 under the null H0 and the alternative

H1 hypotheses, respectively.

Define two new the stopping times T0 and T1:

T0 = inf{n ≥ 1 :
n∑
1

Zi ≤ a/d} = inf{n ≥ 1 : −
n∑
1

Zi ≥ −a/d}, (3.16)

and

T1 = inf{n ≥ 1 :
n∑
1

Zi ≥ b/d}. (3.17)
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(Note that if α and β are both less than 1/2, then a = log(β/(1− α)) < 0. So −a/d > 0.)

Thus, by the definition of T0, T1 and T ,

T = min(T0, T1).

From equation (3.12), it is clear that f ′θh
(t) are bounded for all t ∈ [θ0, θ1] and for all h.

Therefore, we can assume that for any fixed θ0 < θ1, there exist two constants Cl and Cu

such that for all t ∈ [θ0, θ1]

Cl ≤ |f ′θh
(t)| ≤ Cu.

Since fi is Fi−1-measurable, it follows from (3.13) and (3.14), for h = 0, 1

d · Cl ≤ Eh[(−1)1−hf1−h(θh)|Fi−1] = (−1)1−hf1−h(θh) ≤ d · Cu (3.18)

It implies that, with probability one, for all h, and for all i = 1, 2, · · · ,

0 < d · Cl ≤ (−1)1−hEh[Zi|Fi−1] ≤ d · Cu < ∞. (3.19)

Now, we can apply Alsmeyer (1987) Proposition 2.1(c) to show that for any p > 1 the

expected stopping times under null and alternative hypotheses will satisfy the following

inequalities:

E0[T ]p = E0[min(T0, T1)]p ≤ E0[T0]p < ∞ (3.20)

and

E1[T ]p = E1[min(T0, T1)]p ≤ E1[T1]p < ∞. (3.21)

This implies that Ph(T < ∞) = 1 for all h, and it completes the proof of Theorem 3.1.

Remark 3.2 As long as there is an indifference region, d is always a positive number. The

equation (3.20) and (3.21) will imply that the stopping rule will eventually stop. On the

other hand, T0 and T1 will both go to infinity as d goes to 0. It implies that the expected

sample size (or the test length) will also go to infinity as d goes to 0. This also means that

for practical purpose it is necessary to introduce an indifference region. For more detail

discussion, please see Reckase(1983) and Siegmund (1985).
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3.1 Expectation of Stopping Time

Suppose that there is no overshoot, then

Eh

[
T∑

i=1

Zi

]
= Ph( Accept H0) ∗ (

a

d
) + Ph( Accept H1) ∗ (

b

d
) (3.22)

Thus, it follows from (3.22) that if h = 0, then

K0 ≡ E0

[
T∑

i=1

Zi

]
= α log

(
1− β

α

)
+ (1− α) log

(
β

1− α

)
;

and if h = 1, then

K1 ≡ E1

[
T∑

i=1

Zi

]
= β log

(
β

1− α

)
+ (1− β) log

(
1− β

α

)
From (3.15), for all h = 0, 1

T∑
i=1

Zh,i =
T∑

i=1

(Yi − Ph,i)[(A)− (B)] +
T∑

i=1

(−1)1−hfi,θ1−h
(θh). (3.23)

It is known that first summation of the right hand side of (3.23) is a martingale with respect

to Fi, and Eh[(Yi − Ph,i)|Fi−1] = 0, for all i. From (3.20), (3.21) and Alsmeyer (1987), we

already have that Eh[T p] < ∞ for p > 1, and for all h. Thus, by applying Chow and Teicher

(1997), Corollary 11.2.3,

Eh

[
T∑

i=1

(Yi − Ph,i)

]
= Eh[Y1 − P1,h] = 0 (3.24)

Therefore, it follows from (3.18) and (3.23),

d · Cl Eh[T ] ≤ Eh[
T∑
i

Zi] ≤ d · Cu Eh[T ].

It implies that
Kh

d · Cu
≤ Eh[T ] ≤ Kh

d · Cl
(3.25)

The above result can be summarized as following Theorem:
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Theorem 3.2 Suppose the item characteristic curve satisfies (A.1), and the length of in-

difference region, d > 0. Then for all h,

Kh

d · Cu
≤ Eh[T ] ≤ Kh

d · Cl
.

(The proof follows from previous arguments and will be omitted here.)

Note that the equation (3.12) can be re-written as

f ′θ(t) = P ′(t) log
(

P (t)/(1− P (t))
P (θ)/(1− P (θ))

)
(3.26)

Thus,

f ′θ0
(θ1) = P ′(θ1) log

(
P (θ1)/(1− P (θ1))
P (θ0)/(1− P (θ0))

)
(3.27)

The P ′(θ1) of (3.27) is the “discrimination power” of the item at θ1. The second term of

right hand side of (3.27) is the log-odds-ratio at θ0 and θ1. From (3.19), it is obvious that

the bounds Cl and Cu exist and depend on this odds-ratio. In addition, it follows from

(3.25), the larger the log-odds-ratio of θ0 and θ1, the smaller the average of test length

(expectation of stopping time). This will provide some information for test-maker to design

a more efficient mastery test. In the next section, we will use a 2-PL model as an example

to explain it.

4 3-Parameter Logistic Model

Let Y ∈ {0, 1} be a binary random variable as defined in the previous section, and B

denote an item bank. Suppose an item with parameter γ = (a, b, c) ∈ B is selected. The

3-parameter logistic (3-PL) model:

P (Y = 1|θ, γ) = c + (1− c)
1

1 + e−a(θ−b)
(4.1)

is a commonly used probability model in mental testing to describe the probability of getting

a correct answer (Y = 1) for a test-taker with a latent trait level θ for a given item with
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parameter γ = (a, b, c). The parameters a, b and c are called the discrimination, difficulty,

and guessing parameters, respectively. Usually, we will assume that a > 0, b belonging to a

compact set, and c ∈ [0, ε] for a small positive number ε. If c = 0, then it is called a 2-PL

model. If we assume further that the a is a positive constant, then it becomes the Rasch

model (Rasch (1960)). Our method here can be applied to all these three models. In this

section, we will use a 2-PL model (i.e. c = 0) for illustration.

If a 2-PL model is used, then the item response curve becomes

P (θ) = P (Y = 1| θ, γ = (a, b)) =
ea(θ−b)

1 + ea(θ−b)
. (4.2)

Then

P ′(θ) =
a ea(θ−b)

(1 + ea(θ−b))2
.

The log-odds-ratio at θ0 and θ1 is

log
(

P (θ1)/1− P (θ1)
P (θ0)/(1− P (θ0))

)
= a (θ1 − θ0) = a · d (4.3)

Hence, there exist two constants Cl and Cu such that for all θ ∈ [θ0, θ1]

Cl ≤ P ′
i (θ) log

(
P (θ1)/1− P (θ1)

P (θ0)/(1− P (θ0))

)
=

d a2
i eai(θ−bi)

(1 + eai(θ−bi))2
≤ Cu (4.4)

Then, by (3.25), we have both the upper and lower bounds of the expected test length

(stopping time). If we assume the discrimination parameter a is bounded (say m ≤ a ≤ M)

for all items γ ∈ B then it becomes

Kh

d2M2

{
sup

b,θ∈[θ0, θ1]

em(θ−b)

(1 + em(θ−b))2

}−1

≤ Eh[T ] ≤ Kh

d2M2

{
inf

b,θ∈[θ0, θ1]

eM(θ−b)

(1 + eM(θ−b))2

}−1

(4.5)

As mentioned before, in the adaptive sequential mastery testing, items are selected depend-

ing on the estimate of the information of the latent variable θ. The equation (4.4) and (4.5)

provide us a good information for designing a mastery test. For example, for a given length

of indifference region d, if we can choose ai and bi such that (4.4) (or the odds-ratio) is

“maximized”, then we will have the shortest test length mastery test.
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Remark 4.1 The probit model is another popular probability model used in mental testing.

It assumes that

P (Y = 1|θ, γ) = c + (1− c)
∫ a(θ−b)

−∞

1√
2π

e−t2/2dt

For the arguments used in previous sections, we only assume the monotonicity and differ-

entiability of the item characteristic curve within the indifference region, which are very

common and reasonable assumptions in the mental testing. So, it can be applied to the

above probit models as well as many other probability models, which satisfy the assumption

above.
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