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Chapter 3  Robust Estimation 

 

When we perform a least squares regression model, we make certain idealized 

assumption about the error term to be independent and identically distributed  N (0,

σ2I). If the errors have a non-normal distribution, we might consider a robust 

regression method, particularly in the case of the error distribution is heavier-tailed. 

A least squares analysis weights each observation equally in getting parameter 

estimates, while robust methods enable the observations to be weighted unequally, 

that is, the observations which produce large residuals are down-weighted. Many 

robust methods have been discussed and proposed since 1970’s (Huber, 1981). In 

this chapter we focus on the least trimmed squares (LTS) regressions (see 

Rousseeuw and Leroy, 1987). Kenz and Ready (1997) apply it to the CAPM. 

Besides the LTS robust regression, Chan and Lakonishok (1992), Martin and Simin 

(1999) and Shalit and Yitzhaki (2001) use other robust regressions, such as 

minimum absolute deviations (MAD) and the trimmed regression quantile estimator 

(TRQ), to estimate beta. When the regression model consists of binary regressors, 

there will cause numerical problems to obtain the objective function. A extended 

method called RDL1 is then proposed by Hubert and Rousseeuw (1997). 

Consider the model 
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where εi are assumed to be independent and identically distributed in N (0,σ2). The 

residuals can be expressed as  
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where jβ̂  are the estimates of  βj. The ordinary least squares (OLS) estimator is 

given by minimizing the sum of squares of residuals, that is,  
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To introduce the robust regressions, the concept about the breakdown point 

will be discussed in section 1. Section 2 and 3 will discuss the least trimmed 

squares estimate and RDL1, respectively.  

 

3.1 Breakdown Point 

 

Following the notation of Rousseeuw and Leroy (1987), let S denote a sample 

of n observations and S ′ the corrupted sample obtained by replacing m of the n 

observations. θ(S ) and θ(S ′) denote the regression estimators using sample S 

and S ′ , respectively. The maximum bias that can be induced by considering all the 

possible S ′  by arbitrary values is given by  
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Note that if b is infinite then a set of m errorous observations have an arbitrarily 

large effects on the estimatorθandθ is said to break down. Therefore, the 

breakdown point of an estimatorθcan be expressed as  
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That is, the finite sample breakdown point of an estimatorθat a given sample S is 
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the smallest proportion of corruption that can cause the estimator to take on values 

that are arbitrarily far from the values obtained using the uncorrupted sampleθ(S ). 

For the OLS estimator, the breakdown point is  

 

bp (θ, S ) = 1/n ,                                             (8) 

 

which means that any single observation can causeθ(S ′) to be any value no matter 

how large a sample is used. 

 

3.2 Least Trimmed Squares (LTS) Approach 

 

Contrast to the OLS estimator, the LTS estimator has a high breakdown point 

and is robust against outliers and leverage points. It is defined as  
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where  2
][ie denotes the ordered squared residuals, that is, 2
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nq ≤ . In words, the LTS estimator fit only the q observations with the smallest 

residuals and trims the rest. Note that since the LTS depends only on the residuals, 

it generally will not trim the same number of observations form the upper and lower 

tails of the distribution.  

About the scalar q, if it is set to n/2 + (p+1)/2, where p is the number of 

regressors, the LTS estimator reaches the highest possible breakdown point 

([(n-p)/2] + 1) /n, which is approximately 50 percent in the usual case where p is 

relatively small to n. The number of q depends explicitly on the sample size, so it is 

usually more convenient to work with the trimmed proportion α, where 

 

q = n ( 1 -α) + α( p + 1) .                                    (10) 
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For the LTS estimator, the trimmed proportion α  is approximately to the 

breakdown point. We can see that if α is set equal to 0 percent, then the OLS 

estimator is being used (q = n), and if α is set equal to 50 percent, then the LTS 

estimator with the highest breakdown point is being used. The detailed concept 

about  LTS estimation is in Rousseeuw and Leroy (1987). 

 

3.3 RDL1 

 

When the robust regression methods are with continuous and binary regressors, 

which are often the result of encoding one or more categorical variables or dummy 

variables, Hubert and Rousseeuw (1995) point out that we can not simply run the 

regression by treating the dummy variable in the same way as the continuous 

regressors, since this would lead to a problem of singular matrices. Therefore, it is 

needed to extend regression methods that can withstand contaminations, including 

leverage points. The typical algorithm for LMS regression is the model with p 

continuous regressors starts by drawing a set of p+1 observations, as model (1). 

Then the hyperplane through these p+1 points is obtained, and the corresponding 

objective function computed. This procedure is repeated often, and the best fit is 

kept. But if we have m categorical variables with c1,…,cm levels as  
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)1(  since coding a categorical 

variable with c levels is done with c-1 dummy variables. In this case of p+ k 

regressors of which k are binary variables, a large majority of the ( p+k+1)-subsets 

will be of less than full rank, hence the hyperplane can not be computed. The 

estimator RDL1 is used to solve the problem.  

The RDL1 estimator is called because it uses Robust Distances and L1 robust 



 14

regression, where L1 means to minimize ∑
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for identifying leverage points, second for the leverage points be downweighted 

when estimating the parameters, and the final for estimating the residual scale.  

In the first stage we look for leverage points, i.e., outliers in the set X = {x1,…, 

xi,…, xn} where the components of xi = (xi1,…, xip) are the continuous regressors 

and X has the dimension of p. To the data set we apply the minimum volume 

ellipsoid estimator (MVE) introduced in Rousseeuw (1985). It consists of a robust 

location estimator T(X) defined as the center of the small ellipsoid containing half 

of X, as well as a scatter matrix C(X) given by the sharp of that ellipsoid. Then we 

can have the robust distances as  
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(Rousseeuw and Leroy, 1987). If the xi are observational (rather than designed) 

with a multivariate normal distribution, T(X) and C(X) are consistent for the 

underlying parameters (Davies, 1992). For large n the (RD(xi))2 would thus 

approximate χp
2 distributed. Consequently, observations for which RD(xi) are 

unusually large relative to that distribution can be identified as leverage points. 

Based on the robust distances, we can compute strictly positive weights wi by 
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where p is the expected value of the chi-square distributionχp
2. By using positive 

weights wi no observations are entirely left out, thus no extra empty cells are 

created. 

In the second step, the parameters (β, γ) of model (11) are estimated by a 

weighted L1 procedure  
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where ei denote the residuals. 

In the final step, the scale of the residuals is estimated by 
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where the constant 1.4826 makes the estimator consistent at normal errors. 

The robust estimate )ˆ,ˆ,ˆ ( σγβ  can now be used to detect regression outliers, 

by flagging the observations whose absolute standardized residual |ˆ/| σie exceeds 

2.5. The finite-sample efficiency of the estimators can then be increased by 

applying reweighted least squares to the data set, with weights depending on 

|ˆ/| σie . This also makes approximate inference available.  

In this article, we use the S-PLUS software, and the S-PLUS code of RDL1 

can be found in Hubert and Rousseeuw (1997).  

 


