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Chapter 4  Longitudinal Data Analysis 
 

When we are interested in that whether beta over time and security is the valid 

measure of risk in the CAPM, the procedure of cross-sectional regressions by FM 

(1973) is taking time series average of betas from the monthly cross-sectional 

regressions and using the independent t-test. Since the method ignore the 

relationship between the monthly excess returns in the same security, we try to 

introduce another statistical model, longitudinal data analysis, to analyze such type 

a data. In section 1, we will give a detailed introduction about the longitudinal study 

and tell the difference between it and the cross-sectional one. In section 2, the linear 

mixed-effects model will be presented and section 3 discusses the problems of the 

parameter estimation. 

 

4.1 Longitudinal Data Analysis 

 

The defining characteristic of a longitudinal study is that individuals are 

measured repeatedly through time (see Diggle, Liang and Zeger, 1996). It is 

contrasted to the cross-sectional study in which individuals measured only one time. 

The main advantage of longitudinal study is that it can separate cohort and age 

effects while cross-sectional study can just conduct the cohort effect. The cohort 

effect is the change in the response variable which is due to the difference of the 

explanatory variables, and the age effect is the change in response over time change 

in the explanatory variables for a given subject. To be expressed in mathematic 

formulation, we let Yij represent a response variable and xij a explanatory variable 

observed at time tij , for observation j =1,2,…,ni. Diggle et al. (1996) explained the 

cohort and age effects as follows. 

In a cross-sectional study (ni = 1), we consider a simple linear regression 

without intercept as  
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Yi1 = βc xi1 +εi1 ,       i =1,2,…,m                             (16) 

 

whereβc represents the difference in average Y across two sub-populations which 

differ by one unit in x. If we have repeated observation for individuals, then we can 

extend (17) to the model of  

 

Yij = βc xi1 +βL (xij - xi1) +εij ,       j = 1,2,…,ni,   

i = 1,2,…,m,                 (17) 

 

Note that when j =1, (14) is back to (16) soβc has the same cross-sectional 

interpretation. And to interpretβL, we can subtract (17) from (16) as  

 

(Yij -Yi1) =βL (xij - xi1) + (εij -εi1) .                             (18) 

 

That is, βL represents the expected change in Y over time per unit change in x for a 

given subject. Here, βc is the cohort effect andβL is the age effect. So to estimate 

how individuals change over time that the cross-sectional study wants to do, it have 

to assumeβ c=β L, while in longitudinal study, this strong assumption is 

unnecessary since both can be estimated.  

We use the example in Diggle et al. (1996, pp.1-2) to see the difference 

between these two effects. This example is about the effect of the age of children on 

the reading ability, as Figure 1 shows. Figure 4-(1) is plotted for a hypothetical 

cross-sectional study of children and reading ability appears to be poorer among 

older children. In Figure 4-(2), we suppose that the same data were obtained in a 

longitudinal study in which each individual was measured twice, and it shows that 

the reading ability is not only poorer among the older children (cohort effect) but 

also improved with time for every child (age effect). 

Because of the set of observations on one subject tends to be intercorrelation, 

we have to take the correlation into account and use another method to analyze 
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which is what the longitudinal study can do. 
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Figure 4  Hypothetical data on the relationship between reading ability and 

age 

 

4.2 Linear Mixed-Effects Model (LME) 

 

Zeger, Liang and Albert (1988) considered two approaches to longitudinal data 

analysis. First, the heterogeneity can be explicitly modeled, as the subject-specific 

(SS) model. The mixed-effects model is an example where the subject-specific 

effects are assumed to follow a parametric distribution across the population. 

Second, the population-averaged (PA) model, in which the response can be 

modeled as a function of covariates without explicitly accounting for subject to 

subject heterogeneity, and the coefficients have interpretation for the population 

rather than for any individual. 

Mixed-effects models are primarily used to describe the relationships between 

a response variable and some covariates in data that are grouped according to one 

or more classification factors. Linear mixed-effects models (LME) are 

mixed-effects models in which both the fixed and random effects occur linearly in 

the model function. Fixed effects are parameters associated with an entire 

population or with certain repeatable levels of experimental factors, while random 

effects are associated with individual experimental units drawn at random from a 
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population. By associating common random effects to observations sharing the 

same level of a classification factor, mixed-effects models flexibly represent the 

covariance structure induced by the grouping of the data. LME extends the linear 

models by incorporating random effects, which can be regarded as additional error 

term, to account for correlation among observations within the same group 

(Pinheiro et al., 2000). For a single level of grouping, Laird and Ware (1982) 

express the linear mixed-effects model of the n-dimensional response vector Yi for 

the ith group as  
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where β is the p-dimensional vector of fixed effects; bi is the r-dimensional 

vector of random effects; Xi (of size ni × p ) and Zi (of size ni × r ) are the known 

fixed and random-effects regressor matrix; εi is the ni-dimensional within-group 

error vector with a spherical normal distribution. 

The random effects bi and the within-group errors εi are assumed to be 

independent for different groups and to be independent of each other for the same 

group. Because the distribution of the random effects vectors bi is assumed to be 

normal with a mean of 0, it is completely characterized by its variance-covariance 

matrix Ψ which must be symmetric and positive semi-definite, that is, all its 

eigenvalues must be non-negative. We will make the stronger assumption that it is 

positive-definite which is to say that all its eigenvalues must be strictly positive. We 

can make this restriction because an indefinite model can always be re-expressed as 

a positive-definite model of lower dimension (see Pinheiro et al., 2000, p.58). 

The random effects bi are defined to have a mean vector of 0 and therefore any 

nonzero mean for a term in the random effects must be expressed as part of the 

fixed-effects terms. Thus, the columns of Zi are usually a subset of the columns of 

Xi. Note that the random effect bi are not parameters for the statistical model, 
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although they may behave like parameters, formally they are just another level of 

random variation in the model so we do not estimate them as such. 

Model (19) for a single-level LME model can be extended to multiple, nested 

levels of random effects. Here we will introduce the case of two nested levels of 

random effects, and the response vectors at the innermost level of grouping are 

written as Yij, i = 1,2,…,M, j = 1,2,…,Mi where M is the number of the first-level 

groups and Mi is the number of two-level groups within first-level group i. The 

number of observations of Yij is nij. 
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where β is the p-dimensional vector of fixed effects; bi, the first-level random 

effects of r1 dimensions, and bij, the second-level random effects of r2 dimensions, 

with corresponding model matrices Zi,j of size ni × r1 and Zij of size ni × r2 ; Xij is 

the fixed-effects model of size nij × p ; εij is the nij-dimensional within-group error 

vector with a spherical normal distribution. 

The first-level random effect bi are assumed to be independent for different i, 

the second-level random effects bij are assumed to be independent for different i or j 

and to be independent of the first-level random effects, and the within-group errors 

εij are assumed to be independent for different i or j and to be independent of the 

random effects. 

The linear mixed-effects models (19) or (20) allows considerable flexibility in 

the random-effects structure, but restricts the within-group errors to be independent 

and identically distributed with zero mean and constant variance. Although this 

form of linear mixed-effects model provides adequate model for many different 

types of grouped data, there are still many applications involving grouped data for 

which the within-group errors are heteroscedastic, that is, have unequal variance, or 

both heteroscedastic and correlated. 
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The single-level linear mixed-effects model (19) assumes that the within-group 

errors εi are independent MVN (0,σ2I) random variables. The extended single-level 

LME relaxes this assumption by allowing heteroscedastic and correlated 

within-group errors, that is, letting ),(~ 2
ii MVN Θ0ε σ , where the Θi are 

positive-definite matrices parametrized by a fixed, generally small, set of 

parameters θ. Similarly, the extended two-level linear mixed-effects model (20) can 

be expressed as εij ~ ),( 2
ijMVN Θ0 σ , where the Θij are positive-definite matrices 

parametrized by a fixed θ vector. Here, we just discuss the single-level LME model, 

and it can be extended to multilevel models. 

For the single-level LME model, Θi can be decomposed into a product of 

simpler matrices 

 

iiii VCVΘ = ,                                                (21) 

 

where Vi is diagonal and Ci is a correlation matrix. Therefore,  

 

jkijkijjjiij ][),Cor(  and  ][)(Var 22 CV == εεσε ,                    (22) 

 

so that Vi describes the variance and Ci describes the correlation of the within-group 

errors εi. The decomposition of Θi into a variance structure component and a 

correlation structure component allow us to model the two structures separately or 

combine them. Since variance of errors can be expressed as 

 

)]|(Var [ E)]|(E [Var )(Var iijiijij bb εεε += ,                     (23) 

  

and 0)|(E =iij bε , model (23) becomes )]|(Var[E)(Var iijij bεε = . Let  

  

)  ,  ,()|(Var 22 δvb ijijiij g µσε = ,                               (24) 
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where )|(E iijij y b=µ ; vij is a vector of variance covariates; δ is a vector of 

variance parameters, and g(．) is a variance function which is assumed continuous in

δ. The dependent unobserved random effects can be avoided by integrating them 

out of the variance model. Because the g(．) is generally nonlinear in bi, integrating 

bi out of the variance model (24) does not lead to a computationally feasible 

optimization procedure. Instead, we proceed as in Davidian and Giltinan (1995, 

Chapter 6) and use an approximate variance model in which the expected values μ

ij are replaced by their best linear unbiased predictors (BLUPs) i
T
ij

T
ijij bzβx ˆ  ˆ +=µ , 

where ijij zx   and  denote the jth rows of Xi and Zi, respectively, and ib̂  is the 

BLUPs of bi. Therefore, model (24) becomes  

 

)  ,  ,ˆ()(Var 22 δv ijijij g µσε ≅ ,                                  (25) 

 

and also the within-group errors are assumed independent of the random effects. 

One class of the variance models having the form of different variances for 

each level of a stratification variable s taking values in the set {1,2,…,S}. That is, 
22)(Var
ijsij δσε = , corresponding to the variance function 

ijsijsg δ=)  ,( δ . 

For correlation structure, εi are associated with position vector pij, which are 

typically integer scalars for time series data. The correlation between two 

within-group errors εij , ji ′ε  is assumed to depend on the corresponding position 

vectors jiij ′pp   ,  only through some distance between them, say d ( jiij ′pp   , ), 

which is called isotropic. The general within-group correlation structure can be 

expressed as  

 

]  ),,( [ ),(Cor ρpp jiijjiij dh ′′ =εε ,                               (26) 

 

where ρ is a vector of correlation parameters and h(．) is a correlation function 

taking value between -1 and 1, assumed continuous in ρ. 

On form of correlation structure is the serial correlation structure, which is 
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used to model dependence in time-series data. The serial correlation structure 

assumes istropic and the model depends on the one-dimensional positions jiij pp ′  ,  

only through their absolute difference. Therefore, the general serial correlation 

model is defined as  

 

)  |,| ( ),(Cor ρjiijjiij pph ′′ −=εε ,                                 (27) 

 

where the correlation function h(．) is referred to as an autocorrelation function on 

the context of time-series data. The serial correlation structures include of different 

classes of linear stationary models: autoregressive models, moving average models 

and autoregressive-moving average models. Here, we present the autoregressive 

models which express the current observation as a linear function of previous 

observations plus a homoscedastic noise term, at, centered at 0 ( E(at=0) ) and 

assumed independent of the previous observations. The model can be expressed as  

 

tptptt a+++= −− εφεφε  ... 11 ,                                  (28) 

 

where p, the number of past observations included in the model, is called the order 

of the autoregressive model, denoted by AR(p). The AR(1) model is the simplest 

and one of the most useful autoregressive model. Its correlation function decreases 

in absolute value exponentially with lag, 

 

,...1,0         ,),( == kkh kφφ .                                   (29) 

 

The single correlation parameter, ψ, represents the lag-1 correlation and takes 

value between –1 and 1. 
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4.3 Parameters Estimations 

 

One strategy for parameter estimation in the general linear mixed-effects 

model  

 

),(~ 2ΘXβY σMVN                                          (30) 

 

with m subjects and each with n repeated observations, is to consider simultaneous 

estimations of the parameters of interest, β, and of the covariance parameters, σ2 

and Θ0, using the likelihood function, where Θ is a block-diagonal matrix with 

common non-zero blocks Θ0. Under the normal assumption of (30), the 

log-likelihood for observed data y is  
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(31) 

For given Θ0, the maximum likelihood (ML) estimator for β is the weighted 

least-squares estimator, namely 

 

yΘXXΘXΘβ 111
0  ) ()(ˆ −−− ′′= .                                 (32) 

 

Substitution into (31) gives 
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where 

)}(ˆ{ })(ˆ{)( RSS 0
1
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is the residual sum of squares. Now, differentiation of (33) with respect to σ2 gives 

the maximum likelihood estimator for σ2, again for fixed Θ0, as  

 

)(
)(RSS)(ˆ 0

0
2

nm
ΘΘ =σ .                                      (35) 

 

Substitution of (33) and (35) into (31) now gives a reduced log-likelihood for Θ0 

which, apart from a constant term, is  
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Finally, maximization of Lr (Θ0) yields 0Θ̂  and, by substitution into (32) and (35), 

the maximum likelihood estimators, )ˆ(ˆˆ  and  )ˆ(ˆ  ˆ
0

22
0 ΘΘββ σσ ≡≡ . 

Note that in using maximum likelihood for simultaneous estimation of β, σ2  

and Θ0, the form of the design matrix X is involved in the estimation of σ2 and Θ0. 

One sequence of this is that if we assume the wrong form of X, we may not even 

get consistent estimations for σ2 and Θ0. To combat this problem, a sensible strategy 

is to use an over-elaborate model for the mean response profiles in estimating the 

covariance structure of the data. When the data are from a designed experiment 

with no continuously varying explanatory variables, we recommend incorporating a 

separate parameter for the mean response at each time within each treatment, so 

defining a saturated model for the mean response profile. This guarantees consistent 

estimates of the covariance structure. However, when the data include one or more 

continuously varying covariates which are thought to affect the mean response, the 

strategy is not feasible. 

Moreover, the saturated model strategy runs into another problem. For g 

treatments and n times of observations it requires p=ng parameters to define the 

mean structure, and if this number is relatively large, the maximum likelihood 
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estimators for σ2 and Θ0 may be seriously biased. Take an example, when Θ0=I, an 

unbiased estimator for σ2 requires a divisor (nm-p) rather than nm in (35). 

ML estimation therefore presents us with a conflict that we may need to use a 

design matrix with a large number of columns as to obtain consistent estimates of 

the covariance structure, whereas approximately unbiased estimation requires a 

small number of columns. We need to consider other methods of estimation and one 

such is the method of restricted maximum likelihood. 

The restricted maximum likelihood or REML estimations, is introduced by 

Patterson and Thompson (1971) as a way of estimating variance components in a 

general linear model. The objection to the standard maximum likelihood procedure 

is that it produces biased estimators. This is well known in the case of the general 

linear model with independent errors 

 

),(~ 2 IXβY σMVN ,                                        (37) 

 

and in such case, the MLE for σ2 is nm/RSSˆ 2 =σ , whereas the usual unbiased 

estimator is )/(RSS~ 2 pnm −=σ , where p is the number of elements of β. In fact, 
2~σ  is the REML estimator for σ2 in the model (37). 

Again, for model (30), the REML estimator is defined as a maximum 

likelihood estimator based on a linearly transformed set of data Y* = AY such that 

the distribution of Y* does not depend on β. One way to achieve this is by taking 

A to be the matrix which converts Y to ordinary least squares residuals,  

 

XX)XX(IA ′′−= −1 .                                        (38) 

 

Then, Y* has a singular multivariate normal distribution with  mean zero, whatever 

the value of β. To obtain a non-singular distribution, we could use only nm-p rows 

of the matrix A. It turns out that the resulting estimators for σ2 and Θ do not depend 

on which rows we use, nor indeed on the particular choice of A: any full-rank 
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matrix with the property that E (Y*) = 0 for all β will give the same answer. 

Furthermore, from an operational viewpoint we do not need to make the 

transformation from Y to Y* explicit. The algebraic details can be found in Diggle et 

al. (1996, pp. 65~67). 

For the theoretical development, it is convenient to re-absorb σ2 into Θ, so that 

model (30) has the form as  

 

),(~ HXβY MVN ,                                          (39) 

 

where H≡H(α), the variance matrix of Y, is characterized by a vector of 

parameters α. Now, let A be the matrix defined in (38), and B the nm × (nm-p) 

matrix defined by the requirements that IBBABB =′=′   and  , where I denotes 

the (nm-p)×(nm-p) identity matrix. Finally, let YBZ ′= . 

For fixed α, the ML estimator for β  is the generalized least squares 

estimator, 

 

GYYHXX)HXβ =′′= −−− 111(ˆ .                                (40) 

 

Also, the respective probability density functions (pdf) of Y and β̂  are  
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Furthermore, βZZ ˆ  and    and  0)( =E are independent, whatever the value of β. 

Therefore, the algebraic form of the multivariate normal pdf of Z, expressed in 

terms of Y, is proportional to the ratio  
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(41) 

where the omitted constant of proportionality is the Jacobian of the transformation 

from Y to )ˆ  ,( βZ (Harville, 1974). 

The practical implication of (41) is the REML estimator, α~ , maximizes the 

log-likelihood 
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whereas the MLE α̂  maximizes 
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2
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It follows from this last result that the algorithm to implement REML 

estimation for the model (30) incorporates only a simple modification to the ML 

algorithm. Recall that we consider m units with n measurements per unit and that 

σ2Θ is a block-diagonal matrix with non-zero n×n blocks σ2Θ0 representing the 

variance matrix of the measurements on any one unit. Also, for given Θ0 we will 

get )(ˆ
0Θβ  and RSS(Θ0) as (32) and (34). Then, the REML estimator for σ2 is  

 

,
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where p is the number of elements of β. The REML estimator for Θ0 maximizes 

the reduced log-likelihood 
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Finally, substitution of the resulting estimator 0
~Θ  into (32) and (42) gives the 

REML estimators )~(ˆ~  and  )~(ˆ~
0

22
0 ΘΘββ σσ == . 

To compare with )(  and  )( 0
*

0 ΘΘ LL defined as (36) and (43), respectively, the 

difference is the addition of the term ||log
2
1 1 XΘ X −′  in (43). Note that XΘ X 1−′  

is a p×p matrix, so this term is typically of order p, whereas L(Θ0) is of order nm 

suggesting, correctly, that the distinction between ML and REML estimation is 

important only when p is relative large. Also, the order-of-magnitude argument 

breaks down when Θ is near-singular, that is, when there are strong correlations 

amongst the responses on an individual experiment unit. Many authors have 

discussed the relative merits of ML and REML estimators for covariance 

parameters (Patterson and Thompson, 1971, and Harville, 1974). Gullis and 

McGilchrist (1990) and Verbyla and Cullis (1990) apply REML in the longitudinal 

data setting. In summary, ML and REML estimators will often give very similar 

results. However, when they do differ substantially, the REML estimators are 

preferable. 

 


