
Chapter 2

Experimental Design in Regression

Models

2.1 Designs in linear regression models

The optimality problems of regression have been formulated variously in the literature.

For example, if a classical linear model is considered,

Y = Xβ + ε, where ε ∼ N(0, σ2I).

Then the problem of design is to choose the matrix X which will lead the ”optimal

estimate” for β. The most widely used optimality criteria suggested in the literature

are A- and D-optimality criteria, which entail minimizing the trace, the determinant

of the covariance matrix, respectively. These criteria have also been studied for other

models.

For linear models, optimal designs are independent of the value of β (see Silvey

(1980), St. John and Draper (1975) and Atkinson (1982)). For the nonlinear cases,

the major difficulty is that the criteria of designs depend on the unknown parameters.

Thus, the procedures in linear models cannot be applied without modification. To

solve nonlinear design problems, one possible solution is to perform the experiment

sequentially such that the information about the unknown parameters can be obtained

from previous responses. See Abdelbasit and Plackett (1983), Wu (1985), Kalish and

Rosenberger (1978), Minkin (1987) and Chiang (1990) for more details.
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2.2 Designs in logistic models

Logistic model is one of the most popular models used for analyzing binary response

data. It describes the relationship between a dichotomous response variable and a

set of explanatory variables by

log
P (Y = 1|X)

P (Y = 0|X)
= X ′β,

which implies that

P (Y = 1) =
exp (X ′β)

1 + exp (X ′β)
,

where P (Y = 1) is the probability of correct response in testing. The design problem

here will depend on the unknown parameters of interest — β. To be more specific, the

Fisher information matrix of β depends on both the design X as well as the unknown

parameter β itself.

Let the 100pth percentile of a distribution F is denoted by Lp, i.e.,

F (Lp) = p,

where F is a known cumulative distribution function and F (x) denotes the probability

of response for a given level x. (In a educational testing problem, F (Lp) denotes the

probability of an examinee with ability level Lp to answer the item correctly.) Kalish

and Rosenberger (1978) claim that the D-optimal design for estimating the parameters

of logistic regression models is a two-point design at Lp and L1−p, where p = 17.6.

Abdelbasit and Plackett (1983) consider the optimal allocation problem for the values

of an explanatory variable X when the response is binary with probability of success

modeled as logistic regression. Both of them are studied and compared with other

designs in this dissertation.

2.2.1 Multiple-stage designs

As mentioned before, in a nonlinear model, the information matrix depends on both

the design and the unknown parameters. That is, to locate Lp and L1−p, we will
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need the information about the unknown parameters. A poor initial estimate may

lead to bad designs and to result in bad estimate of the parameters. The multi-

stage method is one of the possible solutions; that is to use an initial estimate of

parameters, and to treat these estimates as the true values. Then, choosing the

second stage designs based on the estimate in the first stage. The stage then can be

repeated until the combined design is optimal. Kalish and Rosenberger (1978) claim

a sequential procedure to determine the corresponding optimal design points, and

Abdelbasit and Plackett (1983) propose a multistage design, which put the design

points symmetrically around L50 and the same number of observations are taken at

each design point. Concerning about the effects of poor initial estimates, Minkin

(1987) propose an unbalanced allocation of observations to correct asymmetries in

the first stage. Sitter and Forbes (1997) adopt the optimal two-stage design that

consists of two points symmetrically placed about L50 with possibly different weights

at each point. In their process, some insight is gained for how the second stage design

corrects skewness in the first stage design, and can further reduce the optimization

problem to a one variable maximization problem.

2.2.2 Sequential sample size for logistic models

In stead of using the pre-fixed sample, here we apply an idea of multiple-stage meth-

ods from sequential analysis to decide the optimal sample size. Suppose we want

to find a confidence set with the prescribed width and converge probability for the

unknown parameter β0. Since the information matrix is unknown, no fixed sample

size procedure is available. Therefore, a sequential procedure is one way to achieve

this goal, asymptotically. Chang and Martinsek (1992) consider the fixed size confi-

dence regions for parameters of a logistic model and show that their stopping rule is

asymptotically efficient as the size of the region becomes small. In this dissertation,

a similar stopping rule will be considered.

8


