
II. CDO and CDO-related Models 

2.1 CDS and CDO Structure 

    Credit default swaps (CDSs) and collateralized debt obligations (CDOs) provide 

protection against default in exchange for a fee. A typical contract (CDS or CDO) has 

a life of 5 years during which the seller of protection receives periodic payments at 

some rate, s, times the outstanding notional. A Basket Default Swap (BDS) is like a 

CDS but it contains a group of underlying assets. Exhibit 1 and Exhibit 2 show the 

structures of CDSs and CDOs (Yao, 2006). 

Exhibit 1 
The Structure of Credit Default Swaps (CDSs)

 
 
Exhibit 2 
The Two Types of Structures of Collateralized Debt Obligations (CDOs)   
(1) Cash CDO   

 

(2) Synthetic CDO 
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When valuing CDSs or CDOs is considered, two events will be triggered if 

default occurs. First, there is an accrual payment to bring the periodic payments up to 

date. Second, the seller of protection makes a payment equal to the loss to the buyer 

of protection. The loss is the reduction in the notional principal times one minus the 

recovery rate, rec, where the recovery rate is generally a function of hazard rate, λ. 

 The value of a contract is the present value of the two expected payment, one is 

received by the protection seller, called premium leg (PL) and the other is paid by the 

protection seller, called default leg (DL). The two payments have different payment 

dates, where the premium leg is usually paid quarterly while the default leg is paid as 

default occurs. We calculate the premium leg as regular payment (A) plus accruals (B), 

and default leg equals the payoff arising from defaults (C). Expressions for A, B, and 

C for a CDS are 
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:  the time point that payment is made
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The same equations apply to CDO tranches. The total value of the contract to the 

seller of protection is sA + sB – C. The value must be zero at initiation, so the 

breakeven spread of the contract is C/(A + B). To determine the expected notional 

principal is the key in pricing the contract. We discuss this later in Chapter 3. 

 

2.2 Structural Models 

 In structural models the firm defaults if its total assets, which are modeled by a 
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geometric Brownian motion process with jumps, are below the barrier point of its 

outstanding debt (Merton, 1974). Black and Cox (1976) extended this framework by 

modeling the borrower’s balance sheet directly. Structural models are very intuitive 

with clear financial interpretation. However, their estimation is subjective due to the 

necessity of extracting a default barrier from accounting statements with complex 

liability structures. Moreover, the structural models do not take current market data 

into account. Hence, pricing applicability of the models is limited because CDOs are 

often hedged with CDSs. 

 

2.3 Reduced-form Models 

 Reduced-form models assume that an exogenous random variable, which is 

modeled as the first arrival of a point process, drives firm’s default while the 

probability of default is nonzero over any time interval. These models have been first 

considered by Literman and Ibel (1991), and then Jarrow and Turnbul (1995,1997) 

and Hull and White (2001). They are suitable for pricing single-name credit 

derivatives like bond spreads and CDSs, as they are calibrated on observed market 

data. 

 

2.4 Credit Barrier Models 

 Credit barrier models (CBMs) estimate the distance to default (DD) of an obligor, 

which is a measure of the obligor’s leverage relative to the volatility of its asset value. 

The literature on the CBMs is more recent than structure and reduce-form models, 

such as Hull and White (2001), Avellaneda and Zu (2001), Albanese et al (2003), 

Albanese and Chen (2005).  

The CBM functional calculus framework can be used to find prices and hedge 

ratios for CDOs with more than hundred names, by establishing a dynamic correlation 

among the distance to default processes of the individual obligors and macroeconomic 

financial observables. The CBMs are much more difficult to use than structure models, 
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reduce-form model and copula models. However, for small or medium forms with no 

CDS issued, CBMs are suitable to be used as they can take financial statement into 

account and make the probability of default more precise than using the one of a 

similar company. 

 

2.5 Copula Model 

 Copula is a method of combining given marginal distributions of probability of 

default for individual obligors to a single variable or a common multivariate 

distribution, which is usually a Gaussian or Student-t and reflects the dependencies 

between single default times. However, copulas might generate both unrealistically 

low correlations and inconsistent calibrations on CDS spreads, when the number of 

reference names is large (Duffie and Singleton, 1999; Bielecki and Rutkowski, 2000). 

 

2.5.1 One Factor Copula Model 

 A one-factor copula model is a way of modeling the joint defaults of n different 

obligors. The structure for this model was suggested by Vasicek (1987) and it was first 

applied to credit derivatives by Li (2000) and Gregory and Laurent (2005). 

    The first step is to define variables xj (1≤ j ≤ n) by 

   21j j j jx a M a Z= + −                            (2) 

: factor loading of company j

: Common factor of default 
: Individual factor of default of company j

j

j

where
a

M
Z

 

where M and the Zj’s have independent probability distributions with mean zero and 

standard deviation one. The xj can be thought as a default indicator variable for the jth 

obligor, the lower the value of the variable, the easier a default is likely to occur. In 

equation (2), M is the same for all xj while Zj is an idiosyncratic component which 
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only affects xj
’s. 

 Suppose that tj is the time to default of the jth obligor and Qj is the cumulative 

probability distribution of tj. The copula model maps xj to tj. In general, the point tj = t 

is mapped to xj = x where 

1 ( )j jx F Q t− ⎡ ⎤= ⎣ ⎦                            (3) 

0

j

: the time period from now (t )
( ) : the cumulative default probability of company j

: the cumulative probability distribution for x
j

j

where
t
Q t

F

 

 The copula model defines a correlation structure between the tj’s while 

maintaining their marginal distributions. The essence of the copula model is that we 

do not define the correlation structure between the variables of interest directly. We 

map the variables of interest into other more manageable variables (the xj’s) and 

define a correlation structure between those variables. 

From Equation (3) 
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j:  the cumulative probability distribution of Zj

where
H   

 
It follows from Equation (3) and (4) that 
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         (5) 

We can see from Equation (5) that conditional on M, defaults are independent to 

each other. Therefore, we can obtain the expected nominal principal in Equation (1) 

and we can further get the cash flows of the two legs. Then, we integrate over M to 
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obtain the unconditional values. 

 

2.5.2 The Standard Market Model 

 In the standard market model M and the Zj are assumed to be standard normal 

distribution and all aj are the equal. The time to default, Qj(t), is the same for all j and 

is usually determined by assuming a constant hazard rate that matches the CDS spread 

for the index. Moreover, the recovery rate is assumed to be constant at 40%. The only 

free parameter in the model is therefore a, the common value of the aj. 

 

2.5.3 Probability Bucketing 

 Hull and White (2004) provides us a fast way called probability bucketing to 

construct loss distribution without Monte Carlo simulation. First we use Gaussian or 

student-t copula to calculate for the  

1

2

( )
( | ) Prob(  | )

1
j

j j j
j j j

F Q t a M
Q t M t t M H

a

−⎧ ⎫⎡ ⎤ −⎪ ⎪⎣ ⎦= < = ⎨ ⎬
−⎪ ⎪⎩ ⎭

 

 Since the jQ  is independent of  foriQ i j≠ . We can construct the cumulative 

loss probabilities by putting the default probability into divided bucket from the first 

name to the last one. The probability in each bucket is determined to be the likely 

cumulative loss probability for the average amount of the bucket. 

 

2.6 The Implied Correlation 

 In this section, we explain the two measures of implied correlations, tranche and 

base correlation. The implied correlations are introduced into the market by many 

market anticipants and researchers. The recent one is Nicole Lehnert et al (2005). As 

the standard market model is considered, we may obtain an implied correlation from 

the market quotes of CDOs.  
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The relationship between implied correlation and copula models for CDOs is like 

the one between implied volatility and Black-Scholes Model for stock options. As the 

assumption of the models changes, the value of the implied correlation may be 

different from the original ones. Therefore, we need a market standard to keep the 

implied correlation the same from others’. The market standard is to use the 

assumption made by JP Morgan, and sometimes the quotes of a CDO are made as the 

type of implied correlation.  

 

2.6.1 The Compound Correlation 

 The compound correlation is directly implied from market quotes. The 

compound correlation can be easily calculated by choosing a correlation which makes 

s*PL equal to DL. Since the price of a CDO tranche is a function of the default 

correlation between the assets in the reference portfolio, O’Hare et al (2003), the 

implied correlation can be found if the spread of a CDO tranche is known. The way to 

calculate an implied compound correlation is to calculate the flat correlation that 

reprices each tranche to fit market quotes.  

 

2.6.2 The Base Correlation 

 The main problem of the compound correlation is that each tranche has its own 

correlation so there is no way for comparison with other tranches or pricing other 

similar tranches with compound correlation. Sometimes there are two values for 

compound correlation. Hence, the base correlation is needed. 

 Base correlation is an approach proposed by JP Morgan. In opposition to 

compound correlations, base correlations consider the values of several tranches 

simultaneously by applying a procedure which is called bootstrapping process by JP 

Morgan. According to McGinty and Ahluwalia (2004), base correlation is defined as 

the correlation inputs required for a series of equity tranches that give the tranche 

values consistent with quoted spreads, using the standardized large pool model. 
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 The fundamental idea behind the concept of base correlation is that we 

decompose all tranches into combinations of equity tranches, which are also called 

base tranches. The word “base” means that the subordination of a base tranche is 

always zero. For base correlation, we value any tranche as the difference between two 

base tranches. Thus, we can calculate the base correlations by two steps. 

 First, we solve for the base correlation of the base tranche with {AP, DP} equal 

to {K1, K2}. The base correlation of the base tranche is the same with the compound 

correlation of it. Thus, we solve for the base tranche by finding the value of the base 

correlation ( 1Kρ ) of the base tranche with the equation (6),  

1 1 1 0,(0,  ,  , ) 0equity tranche K KPV K s ρ =                (6)               

1 1 1

1

 1 0, 0 0,

0

0,

(0,  ,  , )

: the upfront payment (the upfront fee) at time 0
 :  constant running spread of 500 basis points

:  the premium leg of the equity tranche
:

equity tranche K K K

K
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U
s
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ρ = + × −

 the default leg of the equity tranche

DL

 

 Then, we take the second step to calculate the other four tranches by using the 

base correlation of the equity tranche. For the next tranche, we solve for the value of 

2Kρ  with the equation (7). 

1 2
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Equation (7) can also be written as 
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2
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We then continue in the same manner through the higher tranches. Consequently, 

assuming that the base correlation is the same between different CDOs, we can price 

other CDOs with the set of base correlations. 
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2.7 Correlation Trading 

 Correlation trading is a market activity for different purposes like earning profit 

or hedging. According to Kakodkar et al (2003), credit correlation trading by using 

Greeks is a crucial issue in the future.  

 An important factor for credit derivatives is default correlation; however, it may 

be hard to estimate. Thus, the trade made for profit or hedging needs some target to 

adjust the position traders hold. Generally, trading correlation can be thought as 

trading deltas and gammas of equity and senior tranches. For instance, because of the 

relationship between the equity tranche or the senior tranche and default correlation, 

an investor can be long correlation by being either long the equity tranche or short the 

senior tranche. In the other hand, an investor can be short correlation by being either 

short the equity tranche or long the senior tranche. 

 Considering gamma, delta-hedged investors who are long correlation (and 

therefore generate a gain from positive realized correlation) will also be long Gamma 

and short iGamma; in the other hand, delta-hedged investors who are short correlation 

(and therefore generate a gain from negative realized correlation) will also be short 

Gamma and long iGamma. Here, Gamma: is defined as the portfolio convexity 

corresponding to a uniform relative shift in all the underlying CDS spreads. Moreover, 

iGamma (individual Gamma): is defined as the portfolio convexity resulting from one 

CDS spread moving independently of the others, i.e. one spread moves and the others 

remain constant. 

 Some factors impacting the default correlation include tranche subordination, 

average level of credit spreads in the underlying portfolio, and actual level of 

correlation. For some mezzanine tranches with different attachment and detachment 

points, the impact can be different. Consequently, the equity and senior tranches have 

inflexible characteristics for trading, while the mezzanine tranche can be traded only 

if the deltas and gammas are analyzed in detail. In our study, we will show the 

analysis of deltas and gammas for five tranche for CDX IG in June 8, 2007, in chapter 

V. 
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