
Chapter 2
Literature Review

The main objective in the research is to derive the closed-form formula for

a European option on an asset with returns following an autocorrelated

MA(1)-type process. Hence, we review the literature that documents the

valuation of European options on assets with autocorrelated returns in

this chapter.

The famous Black-Scholes model is the commonly accepted model for

pricing of claims in Financial Industry. The main assumptions of the

model are: the riskless interest rate is assumed to be a constant, and the

stock price process satisfies a geometric Brownian motion, which implies

stock returns are independent. Except for applying to the case of geo-

metric Brownian motions, the Black-Scholes formula is valid under more

widely assumptions of stock price processes. As shown in Klebaner (1998,
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p.265), the drift of the diffusion process does not affect the dynamics of

Q-measure stock prices (if measure Q exists), even when the drift is an

arbitrary function of stock prices under the original measure. This implies

that the Black-Scholes formula is applicable as long as the underlying as-

set’s log-price dynamics are described by an Itô diffusion process with a

constant diffusion coefficient. Accordingly, Grundy (1991) notes that the

Black-Scholes formula still holds even though the underlying asset returns

follow an autocorrelated Ornstein-Uhlenbeck process.

Along this line of research, Lo and Wang (1995) state that there is a

growing consensus that predictability is a genuine feature of many finan-

cial asset returns. After comparing the polar cases of perfect predictability

(certainty) with the perfect unpredictability ones (the random walk), they

demonstrate that the predictability must have an effect on option prices.

Since the drift is usually where predictability manifests itself, it seems

to be inconsistent with the assertion of the martingale pricing theory: as

long as the underlying asset’s log-price dynamics satisfy an Itô diffusion

process with a constant diffusion coefficient, option pricing formulas are

functionally independent of the drift of the price process.

To answer the apparent paradox, Lo and Wang (1995) claim that the

unconditional variance of returns is usually fixed for any given set of data
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irrespective of predictability—for example, the historical annual standard

deviation of the return on the S&P 500 Index is 19.9 percent. Accord-

ingly, given the unconditional variance of the “true” asset return process,

i.e., the data, as more predictability is introduced via the drift, the popu-

lation value of the diffusion coefficient (σ) must change so as to keep the

unconditional variance constant. Therefore, although the option pricing

formula is unaffected by changes in predictability, option prices do change.

To illustrate the link between predictability and option prices, Lo and

Wang (1995) consider the most parsimonious form of predictability—

autocorrelated asset returns—and show how it affects σ directly in the

specific case of a trending O-U process for log-prices. They assume that

the underlying asset’s price process St satisfy the following stochastic dif-

ferential equation:

d log St ≡ dpt = (−γ(pt − µt) + µ) dt + σdWt, (2.1)

where γ ≥ 0. Since the log-price process is the sum of a zero-mean

stationary autoregressive Gaussian process—an O-U process—and a de-

terministic linear trend, Lo and Wang (1995) call this the “trending O-U”

process. Define the conditional variance of continuously compounded re-
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turns Rt(τ ) by

Rt(τ ) ≡ pt − pt−τ .

Lo and Wang (1995) point out that the parameters (µ, γ, σ2) in the case

of the trending O-U process must satisfy

R̄(τ ) = µτ, (2.2)

s2 (R(τ )) =
σ2

γ

[
1 − e−γτ

]
, (2.3)

ρτ (1) = −1

2

[
1 − e−γτ

]
, (2.4)

where R̄(τ ), s2 (R(τ )) and ρτ (1) denote the unconditional mean, variance,

and first-order autocorrelation of Rt(τ ), respectively. It is observed that

these relations must hold for the theoretical or population values of the

parameters if the trending O-U process is to be a plausible description

of the data-generating process. Thus, while the unconditional variance

of returns is held to be fixed, the particular value of σ2 depends on γ.

Solving Equation (2.3) and (2.4) for γ and σ2, we have

γ = −1

τ
log (1 + 2ρτ (1)) , (2.5)

σ2 = s2 (R(τ )) γ
(
1 − e−γτ

)−1
=

s2 (R(τ ))

τ
·
[
γτ

(
1 − e−γτ

)−1
]
. (2.6)

It is clear that given the unconditional variance of returns, the particular

value of σ2 will depend on the parameter of drift term γ. Denote COU as
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the price of a call option under the trending O-U specification,

d1 =
log(St/K) + (r + 1

2σ
2)(T − t)

σ
√

T − t
,

and

d2 = d1 − σ
√

T − t.

Through some substitutions and simplifications, Lo and Wang (1995) pro-

vide a simple adjustment to the Black-Scholes formula as follows:

COU = StN(d1) − Ke−r(T−t)N(d2),

where σ is given by:

σ2 ≡ s2(R(1))

τ
· log (1 + 2ρτ (1))[

1 + 2ρτ(1)

]1/τ − 1
, ρτ (1) ∈ (−1

2
, 0],

s2(R(1)) denotes the unconditional variance of daily returns, r represents

the short-term interest rate, K is the strike price and T is the expira-

tion date. Accordingly, they conclude that the predictability of an asset’s

returns will affect the prices of options on that asset, even though pre-

dictability is typically induced by the drift, which does not enter the

option pricing formula.

Apparently, before implementing an option pricing formula with the

approach of Lo and Wang (1995), the pricing formula for the used model
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should be known in advance. Based on the findings of empirical research

studies, predictability can also manifest itself in the diffusion term. How-

ever, there is no studies concerning the extent to whether the Black-

Scholes formula still holds when the underlying asset returns are described

by an MA(1) process. Thus, the main objective in the research is to fill

the gap by introducing a continuous-time MA(1)-type process, which is

consistent with the findings in empirical studies, and to price European

options on an asset with the process.
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