
Chapter 3
The Setting: A Continuous-time
Process of Autocorrelated Asset
Returns

Without loss of generality, this research considers the underlying asset to

be a stock and denotes the underlying stock price including dividends as S.

The current time is t0, the expiration date of the options considered here

is T , and the time to maturity is τ , where τ = T − t0 and τ > 0. As the

stock returns of a first-order moving average process are a common finding

in empirical research studies, this research introduces a continuous-time

MA(1) process (MA(1)-type process) and assumes the dynamics of the

stock price for all t0 ≤ t ≤ T as follows:

dSt

St
= µdt + σdWt + βσdWt−h, (3.1)
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where µ is a constant expected appreciation rate of the stock price, σ > 0

is a constant volatility coefficient, dt > 0 is an infinitesimal time interval,

and h > 0 is a fixed, but arbitrary, small constant. The coefficient β rep-

resents the impact of the past shock, which is assumed to satisfy | β |< 1.

As the condition of | β |< 1 is a standard assumption for a discrete-

time invertible MA(1) representation, there is no loss of generality when

imposing the assumption here. In addition, Wt is a one-dimensional stan-

dard Brownian motion defined on a naturally filtered probability space

(
Ω , F, P, (Ft)t∈[0,T ]

)
and dWt−i, i = 0, h, are the increments of the stan-

dard Brownian motion at time t − i. In empirical works, h is restricted

by the frequency of historical data.

The dynamics of stock prices in (3.1) are equivalent to the following

Itô integral equation:

St = St0 +

∫ t

t0

µSudu +

∫ t

t0

σSudWu +

∫ t

t0

σβSudWu−h, ∀ t ∈ [t0, T ],

(3.2)

where St0 ∈ R+ (R+ denotes the set of all strictly positive real numbers)

is the current stock price.

Since the sample path of a Brownian motion is known, this research

assumes the underlying filtration (Ft)t∈[0,T ] is the standard augmentation
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of the natural filtration FW of the underlying Brownian motion, i.e., Ft =

FW
t holds for every t ∈ [0, T ]. Furthermore, for any fixed t, Equation

(3.2) shows that St = f (Wt) for some invertible function f : R → R+.

Thus, it is clear that FW
t = σ{Wu | u ≤ t} = σ{Su | u ≤ t} = FS

t , where

σ{Iu | u ≤ t} is the σ-field generated by the evolution of It, t ∈ [0, t]. In

other words, the filtration generated by the stock price coincides with the

natural filtration of the underlying noise process W , and thus FS = FW =

F. This means that the information structure of the model is based on

the observations of the stock price only.

The main statistical properties of Equation (3.1) can be considered

by the conditional variance and autocorrelation coefficient of this process.

The conditional variance of stock returns at time t conditional on the

information set up to time t0 is

V art0(Rt) = σ2dt, ∀ t ∈ [t0, t0 + h);

V art0(Rt) = (1 + β2)σ2dt, ∀ t ∈ [t0 + h, T ],

and the conditional autocorrelation coefficient is given by

Corrt0(Rt, Rt+h) =
β√

1 + β2
, ∀ t ∈ [t0, t0 + h);

Corrt0(Rt, Rt+h) =
β

1 + β2
, ∀ t ∈ [t0 + h, T ],
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where Rt denotes the stock return at time t, i.e., Rt ≡ dSt/St. Based on

the conditional variance and autocorrelation coefficient, the main proper-

ties of stock returns specified as in (3.1) can be clearly observed. Obvi-

ously, the stock returns are independent and (3.1) reduces to a geometric

Brownian motion when β = 0. For the case of β �= 0, the stock returns

specified in (3.1) exhibit non-zero autocorrelation, which can be positive

or negative depending upon the sign of β. Consequently, this process is

more flexible than the usual geometric Brownian motion.

Many studies like Bollerslev (1987), French, Schwert, and Stambaugh

(1987), and Hamao, Masulis, and Ng (1990) employ the MA(1) process

as an empirical model for stock returns Rt. Some of them (e.g., Hamao,

Masulis, and Ng (1990)) find that the impact of past shocks, such as β in

Equation (3.1) herein, is significant. Hence, the continuous-time MA(1)-

type process specified in (3.1) is empirically justified.

It is worth noting that Lo and Wang (1995) assume the log-price dy-

namics of the underlying stock to be a trending O-U process and hence

the autocorrelations in the stock returns are caused by the drift term. In

contrast, as shown in Equation (3,1), the current article proposes a differ-

ent model for autocorrelated returns, where the autocorrelated behavior

comes from the diffusion term.
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One modeling issue concerning Equation (3.1) have not been discussed

until now: (i) Is the price process specified in (3.1) conceivably used to

represent security price fluctuations? (ii) Does the price process specified

in (3.1) admit arbitrage opportunities? For the first issue, Harrison and

Pliska (1981, p.222) show that as long as the price process S satisfies the

condition that the discounted price process is a martingale under some

probability measure Q equivalent to P, then the price process can be used

to represent security price fluctuations. As for the second issue, it is a

well known result that there exist no arbitrage opportunities when S sat-

isfies the preceding condition.1 For expositional purposes, the preceding

condition will be checked in the next chapter.

1The proof of this property appears in many mathematical finance books; for example,

Klebaner (1998, p.258).
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