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Ⅳ. Simulation results 

In this section we use the pricing model developed in the previous section to 

undertake simulations of interest rate futures options. By means of simulations, we 

can understand how each factor of HJM model under jump-diffusion processes affects 

the prices of interest futures options. 

The HJM model given by Equation (3-1) is determined once the volatility 

functions associated with the diffusion and jump processes are specified. For the 

diffusion component, we adopt the hump-volatility specification, 

))(exp()]([),( 10 tTktTTt −−−+= σσσ  

which has the merits of the exponential model (Hull & White, extend Vasicek Model), 

the linear absolute model considered in Amin and Morton, and the absolute model of 

Ho and Lee. As for the jump component, we distinguish between two types of jumps. 

The first one is the positive jump that will cause the whole yield curve to move up. 

The second one is the negative jump that may induce the whole yield curve to move 

down. We utilize the exponential form for both jumps’ volatilities to scale up the two 

assumed constant jump intensities. Clearly, I have set M=2, 1λ and 2λ constant, 

))(exp(),( 11 tTkTt −−=δ  and ))(exp(),( 22 tTkTt −−=δ . Under these specifications, 

both the diffusion volatility and the jump volatility are functions of time-to-maturity 

tT − , but not functions of a specific time t . 
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Table 1 shows the simulation results of European call and put option prices of 

interest rates with various exercise prices and various times to maturity. 

Table 1 
European call and put option prices of interest rate futures with 

Various exercise prices and various times to maturity 

 τ=0.25 year τ=0.5 year τ=1 year 

X Call Put Call Put Call Put 

94.5 0.5012 0.0025 0.5304 0.0205 0.5492 0.0657 

94.75 0.2764 0.0247 0.3283 0.0621 0.3740 0.1282 

95 0.1092 0.1043 0.1724 0.1501 0.2364 0.2285 

95.25 0.0267 0.2688 0.0734 0.2949 0.1392 0.3691 

95.5 0.0032 0.4921 0.0240 0.5093 0.0752 0.5429 
Note: The initial term structure is flat at 5%. The current futures price is 95. X is the exercise price, and τ is the 

time to maturity (year). 0σ =0.005, 1σ =0.005, k =0.3, 1γ =0.001, 1k =0.35, 1λ =2. 2γ =-0.001, 2k =0.35, 

and 2λ =2. The simulation is based on 50,000 paths for interest rate futures. In this article, I assume that there are 

360 business days in a year. 

From Table 1, we can see that both European call and put option prices under 

jump-diffusion increase with the time to maturity. We also observe that the 

European call option prices are positively related to exercise prices and the 

European put option prices are negatively related to exercise prices. 

Next, the price sensitivity of European call options to parameters for diffusion 

component is shown in Table 2.  
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Table 2 
Sensitivity of European interest rate futures call option prices  

to parameters of diffusion component of HJM model 
    k =0.3 

    0σ =0.004 0σ =0.005 0σ =0.006 

1σ   X  τ =0.25 τ =0.5 τ =1 τ =0.25 τ =0.5 τ =1 τ =0.25 τ =0.5 τ =1 

  94.5  0.4977 0.5027 0.5132 0.5014 0.5126 0.5319 0.5061 0.5242 0.5528

0.004  95  0.1125 0.1487 0.1906 0.1266 0.1688 0.2192 0.1407 0.1890 0.2481

  95.5  0.0034 0.0152 0.0399 0.0066 0.0245 0.0581 0.0107 0.0356 0.0791

             

  94.5  0.5009 0.5098 0.5229 0.5055 0.521 0.5427 0.5110 0.5335 0.5642

0.005  95  0.1248 0.1638 0.2048 0.1389 0.1839 0.2334 0.1530 0.2042 0.2624

  95.5  0.0062 0.0220 0.0490 0.0102 0.0326 0.0684 0.0152 0.0447 0.0903

             

  94.5  0.5049 0.5180 0.5333 0.5102 0.5301 0.5539 0.5167 0.5436 0.5761

0.006  95  0.1372 0.1790 0.2194 0.1512 0.1992 0.2480 0.1653 0.2195 0.2769

  95.5  0.0096 0.0298 0.0588 0.0145 0.0415 0.0793 0.0206 0.0542 0.1018

     

    k =0.03 

    0σ =0.004 0σ =0.005 0σ =0.006 

1σ   X  τ =0.25 τ =0.5 τ =1 τ =0.25 τ =0.5 τ =1 τ =0.25 τ =0.5 τ =1 

  94.5  0.5062 0.5191 0.5335 0.5135 0.5343 0.5576 0.5224 0.5512 0.5835

0.004  95  0.1408 0.1812 0.2194 0.1586 0.2061 0.2523 0.1766 0.2310 0.2856

  95.5  0.0107 0.0309 0.0588 0.0175 0.0455 0.0827 0.0261 0.0616 0.1085

             

  94.5  0.5125 0.5304 0.5470 0.5212 0.5469 0.5719 0.5313 0.5648 0.5987

0.005  95  0.1564 0.2002 0.2375 0.1743 0.2251 0.2704 0.1923 0.2501 0.3036

  95.5  0.0166 0.0418 0.0718 0.0250 0.0575 0.0965 0.0348 0.0749 0.1232

             

  94.5  0.5201 0.5427 0.5611 0.53 0.5603 0.5869 0.5409 0.5791 0.6142

0.006  95  0.1722 0.2192 0.2559 0.1901 0.2442 0.2887 0.2081 0.2692 0.3220

  95.5  0.0239 0.0535 0.0855 0.0336 0.0704 0.1110 0.0442 0.0891 0.1383

Note: The initial term structure is flat at 5%. The current futures price is 95. X is the exercise price, and τ is 

the time to maturity (year). 1γ =0.001, 1k =0.5, 1λ =3. 2γ =-0.001, 2k =0.5, and 2λ =3. The simulation is 

based on 50,000 paths for interest rate futures. In this article, I assume that there are 360 business days in a year. 

 



 33

From Table 2, we can find that option prices are positively related to the 

parameter 0σ  and 1σ . At the same exercise price and parameter k , the options with 

longer time to maturity are especially sensitive to the parameter 0σ  and 1σ . For 

example, when X = 95, τ = 0.25, 0σ = 0.004, and k = 0.3, the option price increases 

from 0.1125 to 0.1407 when the 1σ goes from 0.004 to 0.006, and the option price 

changes about 25%. However, when X = 95, τ = 1, 0σ = 0.004, and k = 0.3, the 

option price increases from 0.1906 to 0.2481 when the 1σ goes from 0.004 to 0.006, 

and the option price changes about 30%. We can also find that OTM options are more 

sensitive to the parameter 0σ  and 1σ  than ITM options. When the parameter 0σ  

and 1σ  have the same increment, the option prices are more sensitive to the 

parameter 0σ  but are less sensitive to the volatility parameter 1σ . For example, when 

X = 95, τ = 1, 0σ = 0.005, 1σ = 0.005, and k = 0.3, option price change about 12%, 

when 1σ  increase from 0.005 to 0.006 and option price change about 6.2%, when 

1σ  increase from 0.005 to 0.006. For the same exercise price (X = 95) and time to 

maturity (τ = 1), if we fix the parameter 0σ  and 1σ  at 0.005, and let the k decrease 

from 0.3 to 0.03, the option price changes about 25%, increases from 0.1248 to 

0.1564.  

The sensitivity of European interest rate futures call options to parameters of 

jump component is shown in Table 3. Part a shows the call option prices under 
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different jump sizes. Part b displays the percentage of price changes under different 

sizes compared with ( 1γ , 2γ ) = (0.001, -0.001). We can find that the call option prices 

are negatively correlated to the jump size of parameter 1γ , but positively correlated to 

the jump size of parameter 2γ . This is because that we assume that the first type of 

jump will cause the yield curve to move up and the second type of jump will let the 

whole yield curve to move down. When the interest rate goes up, the bond price goes 

down, therefore the interest rate futures price decreases and vice versa. The call 

option value increases with the jump size of parameter 2γ , but deceases with 

increasing jump size of parameter 2γ . From Table3.b, we can discover that when 

parameter 1γ  and 2γ  have the same variation, the price changes induced by the 

parameter 2γ are much more than the parameter 1γ . For example, when the jump size 

of 2γ increases from –0.001 to -0.005, the price changes about 190.44%. However, 

when the jump size of 1γ increases from 0,001 to 0.005 as the same amount as 2γ , the 

price changes about –37.11%. This phenomenon may be explained by the convexity 

of interest rate. The price changes caused by the decrease of interest rate are more 

than the increase of interest rate. Second, if we let the parameter 1γ and 2γ increase the 

same amount in the same tine, the price changes are dominated by the parameter 2γ . 

For example, when both jump sizes of parameter 1γ and 2γ increase from 0.001 to 

0.002, the price change is positive.  
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Table 3 
a. Prices of European interest rate futures call option 

for different jump sizes under HJM model 

  1γ  

2γ   0.001 0.002 0.003 0.004 0.005 

-0.001  0.2436 0.2018 0.177 0.1617 0.1532 

-0.002  0.3378 0.2677 0.232 0.2047 0.1897 

-0.003  0.4516 0.3642 0.3173 0.2632 0.2393 

-0.004  0.5783 0.4784 0.3949 0.3388 0.304 

-0.005 0.7075 0.6025 0.5084 0.4353 0.3838 

b. The percentage of price changes under different jump sizes 
compared with ( 1γ , 2γ ) = (0.001, -0,001) 

  1γ  

2γ   0.001 0.002 0.003 0.004 0.005 

-0.001  0.00% -17.16% -27.34% -33.62% -37.11% 

-0.002  38.67% 9.89% -4.76% -15.97% -22.13% 

-0.003  85.39% 49.51% 30.25% 8.05% -1.77% 

-0.004  137.40% 96.39% 62.11% 39.08% 24.79% 

-0.005 190.44% 147.33% 108.70% 78.69% 57.55% 
Note: The initial term structure is flat at 5%. The current futures price is 95. The exercise price is 95, and the time to 

maturity is one year. 0σ =0.004, 1σ =0.004, k =0.3, 1k =0.35, 1λ =2, 2k =0.35, and 2λ =2. The simulation is 
based on 50,000 paths for interest rate futures. In this article, I assume that there are 360 business days in a year.  

The Prices of European interest rate futures call option for different parameter 

1k , 2k , 1λ  and 2λ  under HJM model are shown in Table 4. With the increasing 

intensity of the first type of jump, the probability of upward movement of interest rate 

will raise. Consequently, the bond prices and interest rate futures prices fall. So do the 

call option prices and vice versa. As for parameter 1k  and 2k , they can be viewed as 

the scaling functions of jump component. When parameter 1k  decreases, the jump 

volatility function ))(exp(),( 11 tTkTt −−=δ increases and causes the magnitude of 

upward movement of forward rate to broaden. Hence, under the same jump size and 
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jump intensity, the prices of call options with higher 1k  are more than the prices of 

call option with lower 1k . Similarly, when parameter 2k  decreases, the jump 

volatility function ))(exp(),( 22 tTkTt −−=δ increases and causes the magnitude of 

downward movement of forward rate to broaden. 

Table 4 
Prices of European interest rate futures call option 

for different parameter 1k , 2k , 1λ and 2λ under HJM model 

   1λ =2  1λ =4 

2λ  2k   1k =3 1k =0.3 1k =0.03  1k =3 1k =0.3 1k =0.03

 3  0.2552 0.2239 0.2037  0.2344 0.1785 0.168 

2 0.3  0.3038 0.2614 0.2416  0.282 0.2116 0.1943 

 0.03  0.3251 0.2645 0.2583  0.2919 0.217 0.2032 

          

 3  0.2767 0.2376 0.2286  0.2477 0.1877 0.1728 

4 0.3  0.3985 0.3503 0.3372  0.3676 0.2661 0.2465 

 0.03  0.4392 0.3646 0.3675  0.4016 0.2854 0.2665 
Note: The initial term structure is flat at 5%. The current futures price is 95. The exercise price is 95, and the time 

to maturity is one year. 0σ =0.004, 1σ =0.004, k =0.24, 1γ =0.001 and 2γ =-0.001. The simulation is based on 

50,000 paths for interest rate futures. In this article, I assume that there are 360 business days in a year. 

As for the calculation of delta ratio, we can apply the discounted expectation 

approach. The standard European call delta can be expressed as follows: 
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and }{ KFI >  is the indicator function which is one if KFT >  and zero otherwise. So 

to compute delta by Monte Carlo simulation we simulate the asset price as usual and 

compute the discounted expectation of an instrument. Table 5 shows the delta ratio 

under various exercise and time to maturity.  

Table 5 
Delta ratio of interest rate futures call options under various 

exercise and time to maturity 
X  τ =0.25 τ =0.5 τ =1 

94.5  0.9257 0.8515 0.7816 
94.75  0.7594 0.7165 0.6499 

95  0.4783 0.4876 0.4885 
95.25  0.2153 0.2903 0.3161 
95.5  0.0676 0.1268 0.1948 

Note: The initial term structure is flat at 5%. The current futures price is 95. X is the exercise price, and the time to 

maturity is one year. 0σ =0.005, 1σ =0.005, k =0.4, 1γ =0.001, 2γ =-0.001, 1k =0.5, 1λ =2, 2k =0.5, 

and 2λ =2. The simulation is based on 50,000 paths for interest rate futures. In this article, I assume that there are 360 

business days in a year. 

Because of their simplicity, European option models are frequently used for 

theoretical and empirical research, but most interest rate futures options traded on 

exchange are American-style. As for the pricing of American options, Longstaff and 

Schwartz (2001) have presented a simple yet powerful new approach to approximate 

the value of American options. The main idea of their approach is the use of 

least-squares to estimate the conditional expected payoff to the option holders from 

continuation. By their method simulation is readily applied when the evolution of 

underlying asset depends on two factors. Their approach can also be used to value 

derivatives with both path dependent and American exercise feature. Their 
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fundamental concept is that a holder of American option will compare the payoff form 

immediate exercise with the expected payoff from continuation, and then exercise the 

option if the expected payoff is higher. It means that the optimal exercise strategy is 

fundamentally determined by the conditional expectation of the payoff from keeping 

the option alive. The conditional expectation can be estimated from cross sectional 

information in the simulation by using least squares. Concretely, we regress the 

subsequent realized cash flows from continuation on a set of basis functions2 of the 

values of the relevant state variables. By estimating the conditional expectation 

function for each exercise date, we can acquire a complete specification of the optimal 

exercise strategy in every time path.  

It is very evident that for deeply in-the-money options, the American and 

European styles are quite different. This is because the early exercise characteristics 

make the American options mainly determined by the intrinsic value, whereas the 

European options are mainly determined by the whole stochastic process of their 

lifetime. For options deeply out-of-the money, the probability of early exercise is very 

small, and the difference between the European and American is trivial. Because the 

differences between the European and American options deeply in the money or out 

                                                 
2 Longstaff and Schwartz (2001) have suggested some types of basis functions. In this paper, the basis 
functions I use are given as follows: 
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of money are already obvious, here we focus on the options in the money or out of 

money with 50 basis points. Table 6 shows the simulation results of call option prices 

for both American and European options with different exercise prices and different 

times to maturity. 

Table 6 
American and European call option prices of interest rate futures with 

different exercise prices and different times to maturity 

  τ=0.25 year τ=0.5 year τ=1 year 

X  A E △ A E △ A E △ 

94.5  0.5102 0.5026 0.0076 0.5144 0.5029 0.0115 0.5311 0.5193 0.0118

94.75  0.2744 0.2711 0.0033 0.2975 0.2919 0.0056 0.3392 0.3306 0.0086

95  0.1012 0.0989 0.0023 0.1385 0.1351 0.0034 0.192 0.1836 0.0084

95.25  0.020 0.0195 0.0005 0.0490 0.0461 0.0029 0.0928 0.0865 0.0063

95.5  0.0024 0.0022 0.0002 0.0119 0.0104 0.0015 0.0362 0.034 0.0022
Note: The initial term structure is flat at 5%. The current futures price is 95. X is the exercise price, and τ is the 

time to maturity (year). △ is the early exercise premium. 0σ =0.004, 1σ =0.004, k =0.5, 1γ =0.001, 

1k =0.35, 1λ =2. 2γ =-0.001, 2k =0.35, and 2λ =2. The number of simulation is fifty thousand times. In this 

article, I assume that there are 360 business days in a year.  

Consider the options with the exercise price 94.5. From Table 6, we can see that 

the difference between American and European options increases with the time to 

maturity. We also observe that the differences between the American and European 

options are related negatively to exercise prices. The early exercise premiums 

decrease with the increasing exercise price. To sum up, as can be seen from Table 6, 

except for some options with time to maturity less than 0.5 year and are out of money 

within 50 basis points, the difference between American and European styles is 

significant above 0.5 basis point for all other options. 


