
Chapter 2

Uncovering Preference Parameters with

the Utilization of Relations between

Higher-Order Consumption Moments

2.1 Introduction

The estimation of the preference parameters in the utility function has been a long stand-

ing goal of empirical research on consumption behavior. Despite the many efforts devoted

to uncover these parameters, there has been no lack of empirical failures in estimating

these parameters. Recent contributions from Carroll (2001b) and Ludvigsion and Paxson

(2001) provide explanations for such failures. They argue that the approximation bias

from estimating a log-linearized or second-order approximated version of the consumption

Euler equation may be responsible for the anomalous estimating results.

The need to linearly-approximate the essentially nonlinear Euler equation results from

the substantial measurement error in consumption data (Shapiro, 1984; Runkle, 1991).

The presence of measurement error constitutes a sever obstacle in consistent nonlinear

GMM estimation of the structural parameters (Amemiya, 1985). Log-linearization or

second-order approximation to the consumption Euler equations seems to be a popular

“solution” to this problem (see Attanasio (1999) for a review). While potentially being

capable of resolving the measurement error problem, this linear-approximation technique

presents new problems by introducing error components that lead to violations of the
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orthogonality condition. Specifically, when estimating the approximate Euler equations,

the omitted higher-order consumption moments are all included in the error terms in the

regression. As these higher terms are all endogenously determined with the second-order

moment, they are destined to be correlated with the regressor. This renders consistent

estimation of the structure parameters impossible, even if the instrumental variable esti-

mation is used. The reason is that valid instruments can hardly be found in this situation.

Based on this observation, we seek to ‘purge’ the error terms of the approximate Euler

equation from implementing higher-order approximations in the previous chapter. Our

Monet-Carlo simulations reveal that, in contrast to the second-order approximation ap-

proach, the bias can be significantly reduced when the higher-order consumption moments

are included in estimation, if the instrumental variable estimation technique is employed.

Nevertheless, this reduction in bias does come at the cost of efficiency loss.

This loss in estimation efficiency results from the inadequacy of the instrumental vari-

ables in capturing the variations in higher-order consumption moments. In the previous

chapter, we follow the conventional traditions in empirical work that use variables such

as the occupation and education that are plausibly related to the consumption risk (Dy-

nan, 1993; Luehlwein, 1991; and Merrian and Normandian, 1996). Specifically, in the

Monte-Carlo experiments, 16 occupational/educational group dummies are used as the

instrument set. While it proves successful to instrument the second-order consumption

moments with these group dummies, their explanatory power declines dramatically when

predicting higher-order moments. The inclusion of these poorly fitted higher-order con-

sumption thus provides little additional information and lead to the multi-collinearity

problem, when the two-stage least squares estimation is conducted.

In this chapter, we seek to find quality instruments for higher-order moments, to

deliver a more robust estimation on the structural consumption parameters with higher-

order approximation to the Euler equations. Our idea is to better capture variations in the

higher-order terms with the relation between the second and higher-order consumption

moments. The intuition behind this idea is that since these consumption moments are all

endogenously and simultaneously determined in the agent’s decision process, there must
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be some uncovered equilibrium relationships among these consumption moments. And

since we have been capable of predicting the consumption risk (the second-order moment)

with the group dummy instruments, utilizing the relation between consumption risk and

higher-order consumption moments thus shed light on better instrumenting these higher

terms, given there are few other instrumental variables available.

The relation between consumption moments is investigated with the numerical analysis

technique. With a general intertemporal consumption decision model, we solve numeri-

cally for the consumption functions that relate consumption to wealth and the realized

income shock in each year of the consumer’s life. We then use these consumption functions

to calculate the higher-order conditional moments corresponding to each combinations of

the wealth level and income states. The relation between consumption risk and higher-

order moments are then investigated by matching the same wealth-income state pairs.

We find the apparent nonlinearity between consumption risk and the higher-order

consumption moments, which has never been investigated in previous literature at least

to our knowledge. This explains why our group dummies are not capable of capturing

variations in the higher-order moments. The reason is that these group dummies only

take care of the linear components in the conditional mean of higher-order consumption

moments, but leave the non-linearity disregarded.

A novelty of this chapter then lies on utilizing this nonlinear relation to form quality

instruments. We propose a very simple transformation of the group dummy instruments

that is easy to obtain in practice to cope with this nonlinearity. Our simulation results

clearly demonstrate that, for a comparable amount of the bias corrected, applying the

nonlinear instruments does entail the inclusion of fewer higher-order moments in estima-

tion. As the estimation efficiency declines with the inclusion of higher moments, a smaller

MSE that reveals the improvement over the linear IV estimation performance can thus

be achieved.

The rest of this chapter is organized as follows. Section 2 describes the model’s setup

and the method of the numerical solution. Section 3 establishes the nonlinear relation

between consumption risk and higher-order consumption moments, comparative statics
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of varying the income process parameters are also conducted. Section 4 then provides

Monte-Carlo simulation results on the performance of the proposed nonlinear instrumen-

tal variable estimation. Section 5 deals with the optimal approximation order and the

usefulness of the model selection criteria in choosing the appropriate order; Section 6 then

concludes.

2.2 Model Setup and Its Numerical Solution

2.2.1 The Model

In this chapter, we start with a simple but general consumption model that is perfectly

identical to that in the previous chapter. We assume that consumers make consumption

and saving decisions in each period so as to maximize their expected lifetime utility.

Specifically, consumers’ optimization problem can be described by equation (1.1). In

addition, the income process facing consumers is also the same as that in Chapter 1.

That is, we assume that income growth evolves according to equation (1.2).

The utility function is assumed to be a CRRA one. The preference parameter of

interest is ρ, as it governs the curvature of the utility function. The value of ρ thus de-

termines many consumer’s characteristics such as the coefficient of relative risk aversion

and the elasticity of intertemporal substitution, 1/ρ. As in the previous chapter, our aim

is therefore to uncover the value of this preference parameter through higher-order ap-

proximations to the consumption Euler equation. What differs from the previous chapter

is that we now try to improve the estimation efficiency with the utilization of relations

between higher-order consumption moments.

2.2.2 Numerical Solution to the Model

Again, the numerical solutions to the model are solved in the same way as described in

Section 1.2. To narrow down the state space, we first normalize the model by dividing each

variable bye period income Yt. Discretiziations of the state variables are then conducted

to speed up the calculation.
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The optimal consumption rules are solved recursively from the normalized Euler equa-

tion (1.6). In the terminal period T , the optimal consumption plan is to consumer ev-

erything. Given this, we can then solve for the optimal consumption level corresponding

to every possible combinations of state variables in period T − 1. By linear intrepolation

between these points, a numerical consumption function can thus be constructed. Again,

given this optimal consumption function of period T −1, the same method can be applied

to construct the optimal consumption function of period T − 2. Working backwards, the

optimal consumption rules of the consumer’s entire life can then be traced out. A more

detailed description of the solution algorithm can be found in Section 1.2.2.

2.3 Relations between Consumption Moments

Higher-order approximation to the consumption Euler equation (1.4) implies the following

relationship among various consumption moments:
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where we have approximated the Euler equation to the kth order. Since we are interested

in enhancing the estimation performance by utilizing the relationships of these moments,

we try to untangle these relationships through numerical solutions of the model.

2.3.1 The Baseline Model

To facilitate the analysis, here we setup a baseline model to assess the relationship between

consumption moments. Again, parameter values of our baseline model are set following

Ludvigson and Paxson (2001). Specifically, for the income process, equation (1.2) , we

set µ = 0.02, φ = 0.444, and σ = 0.2. Our baseline interest rate r is set to 0.03, and the

subjective preference discount rate δ is set to 0.05. The relative rate of risk aversion, ρ,

is set to 3.

For this baseline model, we set T = 60, and the optimal consumption functions are

then solved numerically by backward recursion from this terminal period of life. Figure
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Figure 2.1: Optimal Consumption Function of the Baseline Model

2.1 graphs the consumption functions of the 30-year-old consumers, c30(x30, ε30).
1 We plot

the ratio of optimal consumption to income corresponding to the cash on hand to income,

with each line represents different realizations of the income growth shock , ε. Since we

model 10 possible realizations of ε, there are 10 consumption functions depicted in the

figure. The consumption function of the lowest value of ε is labeled “k=1”, and the one

labeled “k=10” therefore represents the consumption function with the highest income

growth shock.

As is shown in the figure, consumers increase their consumption as their cash on hand

increases, for any given income growth shock. On the other hand, given a level of cash on

hand, the optimal consumption is greater for a lower value of income growth shock. This

results from that good shocks raise cash on hand by more than they raise consumption.

We also find that the consumption function does exhibit concavity, and this nonlinearity

is more prominent when the cash on hand is relatively low. Moreover, the consumption

functions are more close to each other at middle value of ε, reflecting the fact that ε enters

1Consumption functions of other periods are qualitatively similar.
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exponentially into the consumption function in equation (1.7) and that the grid points

are denser here.

2.3.2 The Precautionary Saving

We now turn to the relationship between the first and second moment of the consumption

growth rate. That is, we investigate the effect of precautionary saving on consumption

growth, as what have been discussed extensively in Ludvigson and Paxson (2001), Carroll

(2001b), and Attanasio and Low (2004).

In Figure2.2, we have depicted a figure that is almost identical to that of Ludvigson

and Paxson (2001). This figure is presented here to facilitate our further analysis on

the higher-order consumption moments that has not been conducted in the consumption

literature. In the figure, the top-left panel graphs the consumption function that we just

discussed. The top-right and panel shows the relationship between the ratio on cash on

hand to income and the expected consumption growth rate.2 In the lower-left panel, the

expected squared consumption growth is plotted against the ratio of cash on hand to

income. These two panels show that a consumer with lower cash on hand would have

higher expected consumption growth and expected squared consumption. The reasons is

that the less wealthier consumers have less resource to buffer future income shock, they

thus expect themselves to have a higher conditional variance of their consumption growth.

The precautionary saving motive then deters their current consumption, which gives rise

to a higher expected consumption growth rate.

Given these relations, we then plot the relation between the first and second con-

sumption moments in the lower-right panel of Figure2.2. Since these two moments both

decline with the cash on hand to income, the result that they are positively correlated

is thus expectable. The line labeled ‘true’ justifies this expectation. In addition, we also

plot the relationship implied by the second-order approximation to the consumption Euler

2For any given (xt, εt), the expected consumption growth can be calculated in the following way:
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Expected higher-order consumption moments are calculated in the similar way.
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Figure 2.2: The First and Second Consumption Moment

equation (which can be easily derived by setting k = 2 in equation (1.9)). This linear

relationship is labeled ‘linearized’ in the figure, with a slope of (1 + ρ)/2. Apart from

the fact that this equation is used so extensively in empirical work, it is apparent from

the figure that the implied relationship between the first and second moments is quite

different from the true one. The result is that relying on this relationship to uncover the

value of preference parameters leads severe bias.

2.3.3 Consumption Risk and Higher-Order Moments

The above analysis demonstrates that the precautionary saving behavior results in a

positive relation between the expected consumption risk and the expected consumption

growth rate. Nevertheless, this relation is not a linear one, as higher-order moments that

are simultaneously and endogenously determined with the second-order moments also

affect the expected consumption growth. The departure of the true relationship from the

second-order linearized one justifies the importance of these higher-order consumption

moments.
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Properties of the higher-order moments of consumption growth rate have not yet

been investigated in detail until now. Our previous attempt to incorporate higher-order

consumption moments in the regression proves that, the incorporation of these higher-

order terms does help reduce the approximation bias, but the cost of the efficiency loss

does not seem to be negligible. This results form the sharp decline in explanatory power

of the instrument variables in predicting these higher-order moments. The individual-

specific group dummies of the various occupation/education groups have been proved to

be successful in instrumenting the consumption risk. But as these very instruments are

used to explain higher moments, say the fourth-order moment, the R2 of these group

dummies reduces dramatically from 0.276 to 0.004, when a sample of 10,000 consumer

are used.

Finding quality instruments that are capable of explaining sample variability of higher-

order consumption moments seems to pave a way for better estimation performance.

Specifically, in the situation where few alternative instrumental variables are available,

we wish to utilize the relations between the the second-order moment and higher moments

to better characterize variations in these higher-order consumption moments. The reason

for utilizing these relations is quite intuitive. From previous simulations, we find that the

group dummies can well explain the consumption risk. We also know that the higher-

order consumption moments are determined simultaneously with this second-order term

in the decision-making process. There might therefore exist some transformations of these

very instruments that can make the higher-order moments better explained. To achieve

this, we now try to explore this relationship with our baseline model through numerical

analysis technique.

In Figure2.3, the first through the fourth consumption moments are plotted against

the cash on hand to income. We find that in addition to the first and second moment

we discussed earlier, the lower two panels also exhibit negative relationships between the

moment of interest and the cash on hand to income, although quantitatively different.

This means that in addition to higher consumption risk, consumers who are less wealthier

also expect higher skewness and kurtosis in their consumption growth. This result is
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Figure 2.3: Consumption Moments and Cash on Hand to Income

originally striking to us. But when we related this result to the literature on the investor’s

diversification behavior, we find it understandable and is directly related to consumer’s

consumption smoothing behavior.

In the early work of Hirshleifer (1970) and Simkowitz and Beedles (1978), they find

that although the primary purpose of diversification is to reduce the variance of portfolio’s

return, it also tends to eliminate the skewness of the return distribution. We extend this

point to what we have found in the consumption behavior. The idea is that although the

main purpose of the consumption smoothing behavior is to reduce the variation of the

consumption distribution, it also reduce the skewness of the consumption distribution, as

well as higher-order moments such as the kurtosis. Consequently, for wealthy consumers

who have abundant resources available to maintain a smoothed consumption pattern, the

consumption smoothing behavior reduces their expected consumption risk, and at the

same time eliminates their expected third and fourth consumption moments. On the

other hand, since less wealthier consumers have less ability to smooth shocks to income,

their third and fourth consumption moments are expected to be greater.
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Figure 2.4: Consumption Risk and Higher-Order Moments

This then leads to the relationship depicted in Figure2.4. Again, higher consump-

tion risk is related to greater skewness and kurtosis, because the consumption smoothing

behavior also reduces the expected higher-order moments. What draws most of our at-

tention is the nonlinear relations between these moments. These relations will be used

later on to form instruments that can better explain the consumption moments.

2.3.4 Comparative Statics

In our Monte Carlo analysis that follows, consumers share common preferences and face

the same interest rate. Among groups of consumers, they only differ in the parameter

values of their income process (1.2). Specifically, they face different intercept term, µ,

different moving-average parameter, φ, and different standard deviation of the innovation

to income growth rate, σ. These differences in income pattern will affect consumption

decisions and thus produce differences in various consumption moments. Since we are

going to uses these differences in consumption moments to uncover the value of structural

parameters, we therefore seek to understand how these differences in income pattern will
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Table 2.1: Parameter Values

Model µ φ σ

baseline 0.02 0.444 0.2

mu 0.01 0.444 0.2

phi 0.02 0.222 0.2

sigma 0.02 0.444 0.1

affect consumption decision, and how higher-order consumption moments are affected by

them.

To isolate the effect of change in one specific parameter, we construct three alternative

models, where only one of the parameter values in the income process is different from

the baseline one. For example, in ‘Model sigma’, we halve the value of σ from 0.2 to 0.1.

Detailed parameter values are shown in Table2.1. Again, as analytical solutions are not

attainalble, numerical solutions to the consumption function are derived, and the effects

of change in parameter values are analyzed with the numerical technique.

We begin by showing the change in the decision rule (the consumption function) in

Figure2.5. We depict consumption function for one particular period, t = 30, with the

lowest value of ε (k = 1). Results for other time periods and other values of ε are

qualitatively similar. For ‘Model mu’, we see that when µ is halved, the consumption

function shifts downwards, meaning that given any possible combinations of (xt, εt), the

optimal ratio of consumption to income declines. This results directly from the decrease

in the expected permanent income when µ is smaller. Given this decline in expected

permanent income, the optimal consumption reduces as a result.

When the standard deviation of the innovations to income growth, σ, is lowered from

0.2 to 0.1, ‘Model sigma’ in the figure shows that the optimal consumption shifts upwards

relative to the baseline case. This increase in consumption can be directly linked to the

precautionary saving behavior. As consumers expected less uncertainty in their future

income, they are less conservative and thus consumes more. For ‘Model phi’, we halve the

moving-average parameter, φ, from 0.444 to 0.222. The resulting decline in consumption
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Figure 2.5: Comparative Statics of the Consumption Function

level is significant. The decrease in φ implies that income innovations are more persistent,

so that a given shock will translate into a greater change in the permanent income.

Lowering φ thus produces similar results with increasing σ. That is, the increased volatility

in future income depresses current consumption in order to leave more resources available

for buffering great changes in income level.

Given these new consumption rules, we can then investigate the effect on various

consumption moments. In Figure2.6, the first through the fourth consumption moments

are plotted against cash on hand to income. Our first observation is that ‘Model mu’

lines almost coincide with those of the baseline model. This means that for one given

combination of (xt, εt), consumers with different value of µ hold the same expectation on

future consumption moments, although their choices of consumption level are essentially

different. The reason is that change in µ only changes consumer’s expected level of

permanent income, while the volatility of future income remains unaltered. This results

in parallel shifts in consumption in each period, holding consumer’s expectation on future

consumption risk, skewness, kurtosis, and hence the consumption growth unchanged.

For a lower value of σ, as in ‘Model sigma’, consumers face income streams that are

less riskier. This dramatically drives down the consumers’ expected consumption risk, as
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Figure 2.6: Comparative Statics of Consumption Moments
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Figure 2.7: Comparative Statics on the Relation between Consumption Risk and Higher

Moments
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well as the skewness and kurtosis of their consumption distribution. The result is a lower

expected growth rate in consumption. On the other hand, when the income innovations

are more persistent, which is the case in ‘Model phi’, consumers expect a riskier income

stream, and thus expect a higher consumption risk, higher consumption growth rate, and

higher-order consumption moments.

We now turn to look at the relations between consumption risk and higher-order

consumption moments. In Figure2.7, the third and the fourth consumption moments

are plotted against the consumption risk, with the ratio of cash on hand to income lies

between -1 and 8. Since the expected consumption risk is greater for consumers who

are less wealthier, for each line depicted in the figure, points on the right side of the

figure correspond to lower cash on hand. We find that though facing different income

streams, the equilibrium relationship between consumption moments remain unaltered.

As is evident from the figure, the relations between consumption risk and higher-order

moments are almost identical for the baseline model and ‘Model mu’. When the value of

σ is lowered, it is evident from Figure2.6 that all the consumption moments decline in

value dramatically, and the variations in these moments are also driven down. They then

constitute relatively short lines depicted in Figure2.7, reflecting the lower level and lower

variations in these consumption moments.

When the shocks to income growth are more persistent (such as ‘Model phi’), since

any given income shock will translate into greater change in lifetime wealth, the expected

consumption risk and higher-order moments all shift up. Moreover, the slopes depicted in

Figure2.6 are also greater in absolute value, reflecting that these consumption moments

vary in a greater rage. We thus observe from Figure2.7 that, the relation between con-

sumption risk and higher-order consumption moments such as the skewness and kurtosis

constitutes a longer line that lies to the upper-right part of the figure.

The comparative static analysis we have conducted so far have import empirical im-

plications. From Figure2.7, we find that though facing different parameter values in the

income process, the relationships between consumption risk and higher-order consumption

moments seem to be unaltered. These relationships happen to lie in the different regions
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of one identical curve. That is, there do exist nonlinear relations between consumption

risk and higher-order consumption moments. Varying the income process parameters

thus constitutes different part of this very same relationship. This justifies the use of

group dummies that correspond to different parameter values in the income process in

empirical work. Nevertheless, as these relationships are all nonlinear in their nature, the

low explanatory power of these linear instruments in the previous chapter is therefore not

surprising.

2.4 Nonlinear Instruments toward Better Estimation Perfor-

mance

We conduct Monte Carlo simulations to access the usefulness of utilizing the relation

between consumption risk and higher-order consumption moments in providing better

performance in higher-order approximations to the Euler equation. Our strategy is first

to generate artificial consumption data, where we form occupational/educational groups

of consumers who differ in their income pattern. We then try to use the nonlinear rela-

tionships we found in the previous section to better capture variations in the higher-order

consumption moments. That is, with nonlinear transformations of the original instrument

set, we seek to better fit these higher-order terms in the first-stage regression. Monte

Carlo experiments are then conducted to investigate the performance of these nonlinear

instrumental variables.

2.4.1 The Artificial Consumption Data

We use the very consumption data we have generated in the previous chapter. Specifically,

the artificial consumption data are simulated from groups of individuals who share a

common preference and face the same interest rate. These groups of consumers differ

only in their income generating processes, which is to say that the only heterogeneity

among groups lies in the parameter values of income processes, i.e. µ, φ, and σ2. The

complete procedures to simulate the consumption data are contained in Section 1.5. In
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the end, we now have a population of 300,000 individual consumption time series, with

the proportion of each occupational/educational groups calibrated from the PSID.

Our Monte Carlo experiments then proceed as follows. For each simulation of sample

size N, we draw N consumers randomly from the 300,000 available in our simulated data

set. Consumption data for these N consumers are then used to perform regressions and

estimate the preference parameter, ρ. This simulation is replicated for 1,000 times to

obtain a distribution of parameter estimates and standard error estimates. To assess the

effect of varying sample size, we set N=1000, 2000, 5000, 8000, 10000, 20000, 50000,

80000, 100000 in the Monte Carlo analysis.

2.4.2 Nonlinear Transformations of the Instruments

The Monte Carlo simulation results in the previous chapter demonstrate that in con-

trast to the second-order approximation approach, higher-order approximations to the

consumption Euler equation do significantly drive down the approximation bias. But

this reduction in bias does come at the cost of efficiency loss. We attribute this loss in

efficiency to the difficulty in identifying independent variations in the higher-order mo-

ments by the occupation/group dummy instruments. While these group dummies can

well predict the second-order consumption moment, their use as the only instrument

set has produced multi-collinearity problem among the predicted higher-order moments

in the second-stage regression. These poorly predicted higher-order moments thus offer

little additional information of the preference parameter, but reduce the estimation effi-

ciency. Quality instruments for the higher-order moments is thus a prerequisite to deliver

desirable estimates of the structural parameters.

The inadequacy of relying group dummies to fit higher-order consumption moments

is evident from Figure2.8.3 In the figure, we draw a random sample of 10,000 consumers

3The j-th order consumption moment for individual i, CGji, is calculated from the following equation:

CGji =

(
1

T

) T∑

t=1

CGj
it.

That is, unconditional consumption moments are used to proxy for the conditional moments, as in Dynan

(1993).
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Figure 2.8: Fitting Consumption Moments with IV

from the simulated data set. The fitted values of the second- through the fifth-order

moments are graphed against the corresponding realized consumption moments. Note

that if the fitted value coincides with the realized value, it will lie on the dotted 45 degree

line in the figure. Note also that since we are using group dummies to predict various

consumption moments, we are essentially fitting these moments with their respective

group means. Consequently, for each consumptioin moment to be instrumented, there are

only 16 predicted values that correspond to the 16 group means of this very consumption

moment.

For the second-order consumption moment, these group dummies yield a explaining

power of adjusted-R2 of 0.35. This reveals that 35% of the variations in the consump-

tion risk can be explained by these group dummy instrumental variables. Although a

great amount of individual-specific variations in the consumption remain unexplained by

these instruments, R̄2 = 0.35 is often sought to be acceptable in most empirical studies,

especially those that deal with cross-sectional data.

The explanatory power fades away dramatically, however, when these very group dum-
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mies are used to predict higher-order moments. The R̄2 now declines to 0.08, 0.07, and

0.05, when the third through fifth consumption moments are to be fitted. As is evident

from the figure, except one specific group (which is those who are professional, technical,

and kindred that have received more than 12 years of education) that yields a predicted

moment that is more distinguishable from other groups, other groups seem to have pre-

dicted values that cluster together. Moreover, as the fitted values of different moments,

say CG4 and CG5, yield such similar patterns in the figure, including these fitted mo-

ments in the second-stage regression produces multi-collinearity problem is therefore not

surprising.

The incapability of the group dummies in capturing the variations in the higher-order

moments results from the neglected nonlinearity between consumption risk and higher-

order consumption moments. These group dummies only take care of linear component

in the conditional mean of higher-order moments, but leave the non-linearity unattended.

We have uncovered the apparent but neglected ex ante non-linearity between the second

and higher-order consumption moments with the numerical technique in the previous

section. This nonlinear relationship can now be justified with our simulated ex post data.

Figure2.9 and Figure2.10 depict the ex post relation between consumption risk and the

third and the fourth consumption moment, respectively. In each figure, again, a sample

of 10,000 consumers are drawn from the simulated data set. The upper-left panel of the

figure plots the relation from the whole sample. The other three panels then plot the

relation within three specific occupational/educational groups. Specifically, the upper-

right panel stands for the professionals with more than 12 years of education (Group 2);

the lower-left panel represents the clerical and sales with 12 years of education (Group

6); the relation of laborers with less then 12 years of education is then depicted in the

lower-right panel (Group 14).4

These two figures justify the nonlinear relations we have just documented in the pre-

vious subsection. Moreover, this nonlinear relation still exists within the group, and the

differences in income pattern then constitute different part of the nonlinear relation. From

4A total of 16 panels can have been plotted here. We choose only 3 of them to avoid cluster.
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Figure 2.9: Ex Post Relation between Consumption Risk and the Third-order Moment
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Figure 2.10: Ex Post Relation between Consumption Risk and the Fourth-order Moment
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the parameter values reported in Table A1 in the appendix, we know that the standard

deviations of the income growth shock, σ, are quite close to each other for these 3 groups.

Although the difference in the value of µ seems to be greater, as what we have demon-

strated previously, it will not induce significant difference in the realized consumption

risk and higher-order moments. What seems to be most relevant is the moving-average

parameter, φ. As consumers in Group 2 face a smallest value of φ, which implies a most

persistent income shock, these consumers thus expect (and experience) greater levels and

variations in various consumption moments. We therefore observe a longer band that is

to the upper-right of the nonlinear curve.

Before utilizing these nonlinear relations to form our nonlinear instruments, we now

seek to find complementary instrumental variables that are capable of capturing individual-

specific variations in the consumption risk, while potentially being orthogonal to the ex-

pectation errors in the Euler equation. These instruments are used to capture variations

in the second-order consumption moment that cannot be captured by the group dummies.

We add two instrumental variables into the original instruments set, the difference between

the median and the mean consumption growth rate during the entire life of individual i,

and the difference between the 9/10 quantile and the 1/10 quantile of the distribution

of the consumption growth rate of individual i. These two variables are chosen because

these individual-specific characteristics are linked to higher-order consumption moments

that might provide information on the consumption risk the individual will encounter.

The departure of the median from the mean of the consumption distribution partly

measures the extent to which the distribution is distributed toward the positive consump-

tion growth. If the median is greater than the mean, the distributions is prone to be

positively skewed. From Figure 2.4, we would expected a greater consumption risk facing

this consumer. A positive coefficient with an average p-value of 0.057 in the first-stage

regression in the Monte Carlo studies that follow justifies this argument. 5

The difference between the 9/10 and the 1/10 quantiles measures the extent to which

5That is, among the 1,000 replications, if we regress the consumption risk on the new instrument set,

the average coefficient of this term (the difference between the median and the mean) is positive, and the

average p-value is 0.057.
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Figure 2.11: Fitting the Consumption Risk with New Instrument Sets

the distribution is distributed toward its tails. It therefore provides information on the

kurtosis of the consumption distribution. Since our numerical analysis documents a pos-

itive relation between consumption risk and the fourth-order consumption moment, a

positive correlation between this difference and the consumption risk can thus be ex-

pected. A positive coefficient in the first-stage regression with a p-value of 0.002 strongly

confirms our idea.

With these two instruments included in the instrument set (hereafter IVA), the R̄2

now raises from 0.35 to 0.53. This dramatic increase in the explanatory power can be

justified from the upper panel of Figure2.11, as the fitted values are now much closer to

the dotted 45 degree line.

To accommodate the group-specific effect of these two instruments, we also include the

interaction terms between these two instruments and the group dummies in the first-stage

regression. These interactive terms are jointly significant with average p-value of 0.055

and 0.003, respectively among 1,000 replications. With the inclusion of these interactive

terms, the R̄2 can be further raised from 0.53 to 0.59. This increase in explanatory power
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of the instrument set (hereafter IVB) is also evident from the lower panel of Figure2.11,

as the fitted second-order moments are now clustering around the 45 degree line.

Being capable of explaining about 60% of the variations in the squared consumption

growth rate, we now seek to better predict higher-order consumption moments with the

nonlinear relationship we have found so far. The nonlinear relations between the con-

sumption risk and higher-order consumption moments have been demonstrated with the

numerical analysis in the previous section, and also from the scattered diagram Figure

2.9 and Figure2.10. To utilize these nonlinear relations, we fit higher-order consumption

moments with polynomials of the ĈG2. Specifically, we first fit the second order consump-

tion moment with IVB. The fitted moment is denoted ĈG2. The ĈG2 is then raised to

different powers to form the new instrument set, NIV.6 Note that by using these polyno-

mials as the instrumental variables, we are actually performing nonlinear transformations

of the original instrument set, IVB.

We now investigate the predicting power of our nonlinear instruments. With 1,000

replications, the average R̄2 is now 0.29, rather than a R̄2 of only 0.08 when the original

IV is used in predicting CG3. For the fourth-order moment, CG4, the R̄2 is now 0.30,

which is more than four times of the original R̄2 (0.07). The gain in explanatory power

in predicting CG5 is also significant, as the R̄2 now increases from 0.05 to 0.25. These

increases in the predicting power are also apparent from the scattered diagram, Figure

2.12. Rather than relying on 16 group means of the specific moment that cluster together,

our nonlinear instrumental variables do produce fitted moments that are closer to the

45 degree line, with greater variations in the predicted values. This then leads to the

possibility that using these fitted moments in the second-stage regression can provide

better estimation performance of the structure parameters.

2.4.3 Monte Carlo Evidence

With the adoption of nonlinear instruments that capture the nonlinearity between con-

sumption moments, we can now better explain the higher-order consumption moments

6Details on the raised power and the included nonlinear terms will be elaborated in the next subsection.
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Figure 2.12: Fitting Consumption Moments with NIV

in the first-stage regression of the 2SLS estimation. Whether this enhanced predicting

power in the first-stage regression will translate into improvements in the second-stage

regression estimation performance remains unanswered. We now resort to Monte Carlo

simulations for the answer.

For the kth-order approximated Euler equation (1.9), the following regression equation

is estimated:

CGi = β1 +

k∑

j=2

βjCGji + ηi, (2.1)

where the j-th order conditional moment in equation (1.9) is now replaced by its uncon-

ditional counterpart, CGji =
(

1
T

)∑T

t=1 CGj
it.

To allow the comparison between the linear group dummy instruments (hereafter IV)

and the NIV, equation (2.1) is estimated respectively with these two sets of instruments.

The sample size is set at N=1000, 2000, 5000, 8000, 10000, 20000, 50000, 80000, 100000, to

better understand the effect of varying sample size. The coefficients in equation (2.1) are

estimated with two-stage least square estimation technique, with IV and NIV being the

instrument sets. Specifically, for the IV estimation, 16 occupational/educational group

76



dummies are used as the instrumental variables. All the consumption moments are fitted

with these group dummies. The fitted moments then serve as the regressor in the second-

stage regression. The estimation results among the 1,000 replications are reported in the

upper part of Table 2.2.7

The second set of our simulation deals with the estimation with NIV. The estimation

is conducted with the following procedures. We first regress the second-order consump-

tion moment, CG2, on the instrument set IVB. In IVB, besides the 16 group dummies,

individual-specific characters that can help predict the consumption risk such as the de-

viation of individual’s lifetime mean consumption growth rate from its median, and the

difference of the 9/10 and 1/10 quantiles of his consumption distribution are also included.

In addition, we also include interactive terms between these two additional instruments

and the group dummies in this very instrument set. Fitting CG2 with IVB, we then have

fitted value of the second-order consumption moment, ĈG2. Our nonlinear instrument set

is composed of is composed of the following variables: {ĈG2
0.5

, ĈG2, ĈG2
1.5

, ĈG2
2
, . . .},

which are equivalent to nonlinear transformations of IVB.8

The first-stage regression of the NIV estimation then proceeds by fitting various con-

sumption moments with this instrument set. To avoid the use of irrelevant instruments

that may drive down the estimation efficiency, sequential tests are conducted to form

the instrument set.9 The fitted values of these consumption moments then serve as the

regressor in the second-stage regression. The estimation results are presented in the lower

part of Table2.2.

We first find that when the Euler equation is approximated to the second order, the

average β2 estimates from the NIV estimation are now even more biased away from the

7These IV estimation results are extracted from Table1.6. We present them here to facilitate compar-

ison.
8The increment of the raised power of ĈG2 is set at 0.5 rather than 1, to better capture the odd

consumption moments.
9We first choose a maximum power p, the nonlinear instrument set is therefore

{ĈG2
0.5

, ĈG2, ĈG2
1.5

, ĈG2
2
, . . . , ĈG2

p
}. The CGk is then regressed against this instrument set.

We then test whether the coefficient of ĈG2
p

is significant. If it is significant, this is the very

instrument set we are going to use. If not, we then exclude ĈG2
p
. The instrument set is now

{ĈG2
0.5

, ĈG2, ĈG2
1.5

, ĈG2
2
, . . . , ĈG2

p−0.5
}. This sequential test procedure is conducted utile we find

significant nonlinear instrumental variables.
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Table 2.2: β2 Estimates

IV estimation

Order N=1000 N=2000 N=5000 N=8000 N=10000 N=20000 N=50000 N=80000 N=100000

2 1.294 1.296 1.296 1.302 1.303 1.308 1.308 1.309 1.310

(0.158) (0.148) (0.100) (0.071) (0.063) (0.045) (0.032) (0.021) (0.019)

3 1.605 1.584 1.562 1.560 1.552 1.538 1.502 1.483 1.476

(0.192) (0.138) (0.105) (0.095) (0.100) (0.089) (0.084) (0.084) (0.077)

4 1.511 1.662 1.755 1.768 1.768 1.738 1.680 1.674 1.653

(0.460) (0.331) (0.235) (0.210) (0.221) (0.207) (0.161) (0.152) (0.130)

5 1.236 1.495 1.767 1.845 1.865 1.934 1.934 1.913 1.904

(0.491) (0.424) (0.327) (0.293) (0.281) (0.259) (0.293) (0.326) (0.321)

6 1.400 1.476 1.677 1.766 1.892 1.899 2.010 2.046 2.046

(0.506) (0.396) (0.326) (0.298) (0.303) (0.245) (0.285) (0.327) (0.336)

NIV estimation

Order N=1000 N=2000 N=5000 N=8000 N=10000 N=20000 N=50000 N=80000 N=100000

2 0.765 0.775 0.781 0.783 0.784 0.787 0.789 0.789 0.789

(0.128) (0.091) (0.057) (0.046) (0.040) (0.029) (0.018) (0.014) (0.012)

3 1.963 1.987 2.009 2.024 2.027 2.034 2.035 2.035 2.036

(0.269) (0.192) (0.115) (0.087) (0.079) (0.054) (0.033) (0.026) (0.023)

4 1.955 1.980 1.995 2.001 2.001 2.005 2.007 2.006 2.007

(0.291) (0.216) (0.135) (0.104) (0.095) (0.065) (0.040) (0.032) (0.028)

5 1.855 1.857 1.973 1.923 1.910 1.973 2.056 2.095 1.958

(0.868) (0.782) (1.032) (0.542) (0.608) (0.404) (0.299) (0.253) (0.224)

6 1.427 1.293 1.368 1.331 1.367 1.404 1.521 1.583 1.567

(1.851) (1.695) (1.444) (0.822) (0.860) (0.522) (0.434) (0.375) (0.119)

Notes. Figures reported in the table are the average estimates of β2 among 1,000 replications. Standard errors in

parentheses. β2 should be equal to 2 when ρ = 3.
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true value, regardless of the sample size being considered. This increase in bias can be

understood if we take a closer look at the nonlinear instrument set NIV. The instrument

set NIV is composed of nonlinear transformations of the linear instrument set IVB. In

IVB, we add into the original IV variables the deviation of individual’s lifetime mean

consumption growth rate from its median, and the divergence between the 9/10 and 1/10

quantiles of his consumption distribution, as well as the interaction terms of these two

variables with the group dummies. Although we believe that these variables may be

potentially uncorrelated with the expectation error of the Euler equation, this does not

imply that they are uncorrelated with the error terms in the second-order approximated

Euler equation regression. Besides the expectation error, the error terms now also include

the omitted consumption moments such as the skewness and the kurtosis. The difference

between the median and the mean, for example, is found to be correlated with the third-

order consumption moment, with an average correlation coefficient of 0.35. This means

that although being capable of better explaining the consumption risk facing consumers,

our nonlinear instruments are also more correlated with the error terms that contain the

omitted higher-order terms. The NIV estimation of the second-order approximation to

the Euler equation thus yields greater approximation bias, even if a sample size of 100,000

is employed.

When we add the third-order and/or the fourth-order consumption moments into the

regression, however, the NIV estimation does significantly drive down the approximation

bias. The average β2 estimates are now fairly close to the true value of 2. For example,

with a sample size of 10,000, we now have β2 estimate with mean value of 2.001, which

implies a bias of only 0.001. This dramatic reduction in bias is also apparent from Figure

2.13. In the figure, the biases of β2 estimates are plotted against the sample size, with each

panel stands for different approximation order. As if evident from the figure, when the

Euler equation is approximated to the third and fourth order, the NIV estimation can yield

biases in β2 estimates that are quite close to zero. In contrast with the IV estimation, this

reduction in bias is prominent. With greater approximation order, however, the bias of

NIV estimation rises dramatically. Taking the sixth-order approximation as the example,
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Figure 2.13: Bias of β2 Estimates
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Figure 2.14: Standard Deviation of β2 Estimates
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it is evident that the NIV estimation do produce greater bias in the estimation of β2.

We now turn to the comparison of estimation efficiency. As is clear from Table2.2

and Figure2.14, the NIV estimation can provide better estimation efficiency when the

approximation order is less than the fifth one (with an exception on k = 3 and N < 2000).

When the Euler equation is approximated to higher order, however, the efficiency gain

can only be achieved with large sample sizes. This reveals that when the approximation

order is not properly chosen, the efficiency loss in the NIV estimation might be more

serious, especially when the sample size is small. The reason is that as higher-order

consumption moments can now be better fitted, including ‘irrelevant’ terms thus provides

little additional information, but induces the multi-collinearity problem.

We have demonstrated in this section that, for a comparable amount of the bias

corrected, applying the nonlinear instrument we proposed here does entail the inclusion

of fewer higher-order consumption moments. With fewer approximation order, the en-

hanced estimation efficiency can thus be expected. This justifies our previous intuition

that choosing quality instruments may significant improve the estimation performance of

higher-order approximations to the consumption Euler equation.

2.5 Choosing the Approximation Order

It is evident from Table2.2 that, with the introduction of higher-order consumption mo-

ments, the approximation bias documented in Carroll (2001b) and Ludvigson and Paxson

(2001) can be significantly driven down. But the cost of efficiency loss have to be paid,

regardless of whether the IV or NIV estimation technique is employed. Moreover, the use

of NIV estimation does yield estimates that are subject to little bias, if the appropriate

approximation order has been chosen. Nevertheless, a greater efficiency loss may occur

if the approximation order is not carefully chosen. In this section, we thus us the MSE

criterion that accommodates both the concern over biasedness and efficiency, to judge

among various approximation orders. Moreover, as the true value of ρ is rarely known in

empirical work, the MSE criterion is thus not applicable in this situation. We therefore

investigate the usefulness of the model and moment selection criteria that are often em-
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Table 2.3: MSE of β2 Estimates from NIV Estimation

Order N=1000 N=2000 N=5000 N=8000 N=10000 N=20000 N=50000 N=80000 N=100000

2 1.541 1.510 1.489 1.483 1.480 1.473 1.467 1.466 1.466

3 0.074∗ 0.037∗ 0.013∗ 0.008∗ 0.007∗ 0.004∗ 0.002 0.002 0.002

4 0.087 0.047 0.018 0.011 0.009 0.004 0.002∗ 0.001 ∗ 0.001∗

5 0.775 0.632 1.066 0.299 0.378 0.164 0.093 0.073 0.059

6 3.756 3.372 2.484 1.123 1.140 0.628 0.418 0.315 0.306

Notes. Replication for 1,000 times.

∗ The ‘optimal approximation order’ with the minimum MSE in the NIV estimation.

ployed in the empirical work. Their performances in selecting the approximation order

are then investigated with the MSE of the β2 estimates selected by each criterion.

2.5.1 The Optimal Approximation Order

In this section, the optimal approximation order is defined as the expansion order of the

consumption Euler equation that yields the minimum MSE of the β2 estimates. Before

exploring the optimal approximation order, we first make some comparisons between the

IV and NIV estimation performance, using the MSE criterion.

Table 1.7 and Table 2.3 summarize the MSE of the IV and NIV estimation results,

respectively. A direct comparison between the two tables reveals that a significantly lower

MSE can be achieved with the nonlinear instrumental variables proposed here. Imple-

menting the third and/or fourth approximation with the NIV estimation technique yields

far less MSE than the IV estimation. Nevertheless, as mentioned earlier, if wrong approx-

imation order is chosen, such as the second-order or the sixth-order approximation, the

MSE of NIV estimation may also be greater than the NIV one. This further strengthens

the importance of selecting an appropriate approximation order when the NIV estimation

is conducted.

We now turn to the optimal approximation order for the NIV estimation. For each

sample size, the approximation order with the minimum MSE is labele ‘∗’ in Table 2.3.

As in the linear instrumental variable case that we have discussed in the previous chapter,
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Figure 2.15: The Optimal Approximation Order of IV and NIV Estimation

we find that the optimal approximation order also increases with the sample size when the

new nonlinear instrumental variables are used. In Figure 2.15, the optimal approximation

order and the corresponding MSE are depicted against the sample size N , both with

IV and NIV estimation. As is evident from the figure, our NIV estimation entails less

approximation order to achieve a minimum MSE. Moreover, this minimized MSE can be

significantly reduced when the NIV estimation is conducted. The superiority of the NIV

estimation is thus clear.

2.5.2 Criteria of Selecting the Approximation Order

Figure2.16 plots the MSE of different approximation orders from the NIV estimation.

The U-shaped MSE curves reveal that if the approximation order is not properly chosen,

the estimation performance would be worsen significantly. It demonstrates the existence

of the optimal approximation order in the consumption Euler equation estimation.

In choosing the approximation order, although the MSE criterion accommodates both

our concern over the unbiasedness and the estimation efficiency, it’s use in empirical
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Figure 2.16: MSE from the NIV Estimation

studies is rarely applicable, because the true value of ρ is rarely known ex ante. Since

choosing among different approximation orders is essentially a model selection problem

among models that encompass various consumption moments, we thus seek to explore the

usefulness of the model selection criteria that have been used quite often in empirical work

in our order selection problem. Specifically, the criteria we are going to discuss contain

model selection based on the goodness-of-fit, such as the GR̄2, AIC, BIC, and the model

and moment selection criteria such as the MMSC-AIC, MMSC-HQIC, MMSC-BIC.10 The

performances of these model selection criteria are then evaluated with the MSE of the β2

estimates.

2.5.3 Evaluation of the Model Selection Criteria

We now evaluate the performance of the 6 model selection criteria in selecting the appro-

priate approximation order to the consumption Euler equation, within the NIV estimation

framework. The Monte Carlo studies conducted in the previous chapter demonstrate that

10Detailed description of these criteria can be found in Section 1.6.3.
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these model selection criteria do provide valuable information on the approximation or-

der. Whether the result is robust to the nonlinear instrument we proposed is investigated

here.

Before we proceed, it is worth mentioning that the environment of our analysis is

different from that of the Andrews (1999) and Andrews and Lu (2001). In selecting the

approximation order, there is actually no ‘correct’ model, because the correct approxi-

mation order is infinity when the utility function is set to be a CRRA one. Yet as we

mentioned earlier, infinitely approximating the Euler equation is infeasible because the

efficiency loss resulting from the multi-collinearity problem would be to huge to be tol-

erable. Despite this difference, we are still interested in investigating the usefulness of

these criteria in selecting the appropriate approximation order. Monte Carlo studies with

different sample sizes are thus conducted. Consistent with the previous studies, the sim-

ulations are replicated for 1,000 times. The MSEs of the β2 estimates chosen by different

criteria are then compared to evaluate the performance of each criterion. Before the com-

parison of the MSE, however, we now present first the information on the distribution of

the approximation order selected by each model selection criterion. This will facilitate

the MSE comparisons.

Table2.4 reports the average order selected from 1,000 replications. Consistent with

the optimal approximation order selected from the MSE criterion, the approximation

orders selected by the six criteria also increase with the sample size. As is the case in

the IV estimation, the GR̄2 and the AIC tend to overfit the model by including too

many higher-order consumption moments. Since the BIC imposes greater penalty on

overparameterization, it therefore selects fewer approximation order. This difference in

the selected order is most apparent for estimations with small sample sizes. When we

increase the sample size, however, the difference becomes very small.

The approximation orders selected by the MMSC procedures seem to be much closer to

the optimal ones. The MMSC-BIC places most reword on the number of over-identifying

restrictions in excess of the number of parameters. This is equivalent to imposing the

most penalty on the inclusion of additional order for a given number of over-identifying
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Table 2.4: Approximation Order Selected by Different Criteria

Criterion N=1000 N=2000 N=5000 N=8000 N=10000 N=20000 N=50000 N=80000 N=100000

GR̄
2 5.221 5.431 5.778 5.851 5.878 5.952 5.975 5.992 5.991

(0.913) (0.858) (0.545) (0.423) (0.351) (0.232) (0.156) (0.089) (0.094)

AIC 4.760 5.041 5.567 5.725 5.786 5.914 5.954 5.983 5.987

(1.051) (1.064) (0.778) (0.592) (0.706) (0.317) (0.219) (0.129) (0.113)

BIC 3.818 3.957 4.318 4.526 4.710 5.281 5.769 5.901 5.954

(0.893) (0.952) (1.090) (1.148) (1.100) (1.002) (0.565) (0.342) (0.223)

MMSC-AIC 3.531 3.750 4.252 4.490 4.576 4.797 4.907 4.955 4.977

(0.960) (0.997) (0.852) (0.714) (0.626) (0.458) (0.297) (0.207) (0.150)

MMSC-BIC 2.679 2.819 3.049 3.178 3.334 3.767 4.539 4.726 4.840

(0.767) (0.824) (0.904) (0.948) (0.949) (1.016) (0.739) (0.549) (0.395)

MMSC-HQIC 2.983 3.133 3.573 3.830 4.018 4.502 4.825 4.889 4.947

(0.877) (0.932) (1.001) (1.017) (0.915) (0.720) (0.425) (0.336) (0.224)

Notes. Figures reported in the table are the average approximation order selected by each criteria. Standard deviation

of the selected order of the 1,000 replications in parentheses.

restrictions. The order selected by the MMSC-BIC thus turns out to be most parsimo-

nious. For the sample size N between 1000 and 100000, Q log(log(N)) lies between 2 and

log(N), the MMSC-HQIC thus selects approximation orders that lie between the order

selected by the MMSC-BIC and MMSC-AIC. It should also be noted that although the

standard deviation of the selected order does decline as the sample size increases, the

MMSC-AIC seems to provide more robust selected order, especially when the sample size

is greater than 5000. This will affect the performance of the post-selection β2 estimation,

which would be evident later.

Based on these criteria, the post-selection estimation results are summarized in Table

2.5 and Table2.6. Our pre-selection estimation results reveal that including too many

higher-order consumption moments may induce great bias and efficiency loss. Since the

three model selection criteria that base on the goodness-of-fit tend to select too many

approximation orders, they thus yield biased post-selection β2 estimates that exhibit great

variations. One exception is in the small sample case when the BIC is used to select the

order. Say, for N=1,000, the BIC can yield mean β2 estimate of 1.924, which is fairly close
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Table 2.5: Post-selection β2 Estimates

Criterion N=1000 N=2000 N=5000 N=8000 N=10000 N=20000 N=50000 N=80000 N=100000

GR̄
2 1.502 1.393 1.382 1.344 1.383 1.405 1.522 1.583 1.567

(1.805) (1.618) (1.445) (0.826) (0.850) (0.523) (0.435) (0.375) (0.344)

AIC 1.671 1.511 1.438 1.375 1.400 1.409 1.523 1.583 1.567

(1.768) (1.434) (1.430) (0.833) (0.858) (0.528) (0.437) (0.377) (0.345)

BIC 1.924 1.876 1.845 1.732 1.732 1.565 1.560 1.596 1.573

(1.062) (1.021) (1.308) (0.742) (0.847) (0.576) (0.473) (0.396) (0.355)

MMSC-AIC 1.733 1.772 1.898 1.954 1.947 1.969 2.022 2.075 2.086

(0.518) (0.482) (0.385) (0.315) (0.316) (0.288) (0.246) (0.240) (0.217)

MMSC-BIC 1.351 1.439 1.556 1.622 1.692 1.792 1.961 2.024 2.045

(0.589) (0.588) (0.580) (0.572) (0.538) (0.466) (0.265) (0.210) (0.188)

MMSC-HQIC 1.521 1.582 1.740 1.822 1.879 1.946 2.001 2.056 2.075

(0.577) (0.571) (0.508) (0.468) (0.396) (0.279) (0.229) (0.223) (0.210)

Notes. Figures reported in the table are the average β2 estimates selected by each criteria. Standard deviation of

the 1,000 replications in parentheses.

Table 2.6: MSE of the Post-selection β2 Estimates

Criterion N=1000 N=2000 N=5000 N=8000 N=10000 N=20000 N=50000 N=80000 N=100000

GR̄
2 3.506 2.987 2.469 1.112 1.103 0.627 0.418 0.315 0.306

AIC 3.235 2.297 2.361 1.086 1.098 0.628 0.418 0.315 0.307

BIC 1.133 1.058 1.734 0.622 0.790 0.521 0.417 0.320 0.309

MMSC-AIC 0.339 0.285 0.158 0.101 0.103 0.084 0.061 0.063 0.054

MMSC-BIC 0.769 0.660 0.534 0.470 0.385 0.260 0.072 0.045 0.037

MMSC-HQIC 0.563 0.500 0.326 0.251 0.171 0.081 0.052 0.053 0.050

Notes. Figures reported in the table are the average β2 estimates selected by each criteria. Standard deviation of

the 1,000 replications in parentheses.

to the true value of 2. But as the order selected by BIC varies in a great deal, the standard

deviation of these post-selection β2 estimates of 1.062 is still too large to be affordable.

Moreover, when the sample size is increased, the BIC criterion then also overfit the model

and therefore yield unsatisfactory post-selection estimation performance.

All three MMSC procedures outperform those that based on the goodness-of-fit, in
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terms of the post-selection MSE. Among the three MMSC procedures, the MMSC-AIC

seems to yield most stable and satisfactory performance. Moreover, the post-selection

estimation performance of MMSC-AIC is also less sensitive to the sample size N, which

is also found in Andrews and Lu (2001). Overall, we conclude that these MMSC model

selection criteria do provide useful guidance on order-selection when we are to linear-

approximate the essentially nonlinear consumption Euler equations.

2.6 Conclusion

In this chapter, we uncover the apparent but neglected nonlinearity between the consump-

tion risk and higher-order consumption moments. By taking advantage of this uncovered

nonlinearity, we propose nonlinear transformations to the group dummy instruments, to

better capture variations in the higher-order consumption moments. Our simulation re-

sults demonstrate that a significantly better-off estimation result can be achieved with

the proposed instruments. This confirms our intuition that choosing quality instruments

can deliver more favorable estimates of the structural parameters.

Despite successfully enhancing the estimation performance of higher-order approxi-

mations to the Euler equations with the proposed nonlinear instruments, we find some

relevant research topics that worth further investigating. First, a consistent criterion to

select the moment order is yet to be found. As is evident from our simulations, choosing

the appropriate approximation order proves to be the key to improved estimation perfor-

mance. Although the MMSC-AIC proposed by Andrews and Lu (2001) seems to provide

favorable information on the approximation order, it is still an inconsistent criterion as the

selected order does not converge to the optimal order, even if a sample size of 100,000 has

been used. The reason is that in contrast to the environment of Andrews and Lu (2001)

that a correct model does exist, in selecting the approximation order, there is actually no

‘correct’ model. Because the correct approximation order is infinity that is not feasible in

applications. A criterion that can both recognize the trade-off between unbiasedness and

efficiency, and yield the asymptotic parameter consistency is called for. The development

of such criterion may well be equally useful for selecting an appropriate moment order
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in asset pricing and portfolio choice problems that as well rely on the Taylor-expansion

technique.

Further theoretical underpinning between higher-order consumption moments is also

yet to be explored. While we have established the nonlinear relations between consump-

tion risk and higher-order consumption moments, economic reasoning on this nonlinearity

still need further investigation. Whether these nonlinearity relations deliver testable im-

plications also deserves discussion. Finally, as the need to linear-approximate the Euler

equation stems from the measurement error problem in the consumption data, the per-

formance of the higher-order approximations to the consumption Euler equation with the

presence of the measurement error then worth further exploration.
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