
 
2 Model for the GMM Estimator

Consider a simple linear model with one endogenous regressor:

yt = βxt + ε1t, t = 1, 2, . . . , T, (1)

xt = φxt−1 + ε2t, (2)

where yt and xt are stationary time series and xt is the endogenous variable which

follows an AR(1) process. In our model, we assume that the orthogonality condition

for the ordinary least squares (OLS) is violated, that is E(xtε1t) �= 0, and εt =

(ε1t, ε2t)
′ iid∼ N(0, Ω) where all of nondiagonal elements of variance-covariance matrix

Ω are nonzero. Here in this model there exists contemporaneous correlation between

ε1t and ε2t, that is cov(ε1t, ε2t) �= 0, ∀t = 1, 2, . . . , T, but there is no serial correlation

for disturbance terms ε1t and ε2t respectively, that is cov(ε1s, ε1t) = cov(ε2s, ε2t) = 0,

∀s, t = 1, 2, . . . , T, but s �= t. Therefore, based on these assumptions, we can infer

that cov(ε1s, ε2t) = 0, ∀s, t = 1, 2, . . . , T, but s �= t.

The OLS estimator of β in equation (1) is not an unbiased and consistent estimator

with the problem of endogeneity. To estimate the regression coefficient β consistently,

we require additional information from instrument variables which are correlated

with the explanatory variable but not with the disturbance terms. In our model,

since we can infer that the moment condition E(xt−1ε1t) = 0 and E(xt−2ε1t) = 0,

it is reasonable to choose the lagged variable xt−1 and xt−2 as instruments (zt) in

our model, and then equation (1) can be estimated consistently by the generalized
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method of moment.1

The moment equation for our model is gt(β) = zt(yt−βxt), where zt = (xt−1, xt−2)
′.

Hence the GMM estimator in the linear model can be obtained by minimizing

[
1

T

T∑
t=1

zt(yt − βxt)

]′
WT

[
1

T

T∑
t=1

zt(yt − βxt)

]
, (3)

where WT is a 2× 2 weighting matrix. Solving the first-order condition for the GMM

estimator, we get

β̂GMM = (X ′ZWT Z ′X)−1(X ′ZWT Z ′y). (4)

Under some regularity conditions, GMM estimators are consistent and asymptotically

normal:

√
T (β̂ − β)

d→ N(0, (Q′Ω−1Q)−1), (5)

where Q = E(ztxt) and Ω = E [gtg
′
t].

The GMM estimator of β depends on WT . For different weighting matrices, we will

obtain different estimators with different asymptotic variance-covariance matrices.

Suppose WT = (Z ′Z)−1. Then the GMM estimator can be interpret as the two-

stages least-squares (TSLS) estimator:

β̂TSLS = (X ′Z(Z ′Z)−1Z ′X)−1(X ′Z(Z ′Z)−1Z ′y). (6)

As the name “two-stages” indicates, the TSLS estimator can be computed for two

successive applications of OLS as follows:

1Based on cov(ε1s, ε2t) = 0, ∀s, t = 1, 2, . . . , T, but s �= t, we can infer that E(xt−1ε1t) =

E [(φxt−2 + ε2,t−1) ε1t] = E (φxt−2ε1t) + E (ε2,t−1ε1t) = E (ε2,t−1ε1t) + φE (ε2,t−2ε1t) +

φ2E (ε2,t−3ε1t) + · · · + φn−1E (ε2,t−nε1t) + · · · = 0. And E(xt−2ε1t) = 0 can be proved silimarly.
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1. To get rid of possible correlation between explanatory variable (xt) and distur-

bance term (ε1t), regress explanatory variable (xt) on instrument variables (zt),

and then obtain the least squares predictions x̂ = Z(Z ′Z)−1(Z ′x) = Pzx.

2. Estimate β by least squares regression of yt on x̂t and obtain β̂TSLS which is

the same as formula (6).

Although, it is easy to calculate the consistent GMM estimator by TSLS, in gen-

eral, the TSLS estimator is asymptotically inefficient. In order to obtain the efficient

GMM estimator, we can use the residuals of the TSLS estimation to construct the

consistent and efficient weighting matrix (Hansen, 2004). The way to compute the

efficient GMM estimator and the test statistic in our model is as follows:

Step 1. Estimate β by two-stage least-squares and use the residual êt = yt − β̂TSLSxt to

construct the efficient weighting matrix

WT = (
1

T

T∑
t=1

ĝtĝ
′
t)

−1, (7)

where ĝt = ztêt.

Step 2. Use the efficient weighting matrix (WT ) to calculate the efficient GMM estimator

(β̂GMM) and variance (σ̂2):

β̂GMM = (X ′Z(ĝ′ĝ)−1Z ′X)−1(X ′Z(ĝ′ĝ)−1Z ′y), (8)

σ̂2 = (X ′Z(ĝ′ĝ)−1Z ′X)−1. (9)
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Step 3. Construct the test statistic for the hypothesis testing. In our simulations, we

test the simple null hypothesis

H0 : β̂GMM = β against H1 : β̂GMM �= β,

and the test statistic is

t =
β̂GMM − β

σ̂
. (10)

Under null hypothesis, the test statistic is asymptotically distributed as N(0, 1).

However, there is considerable evidence that first-order asymptotic theory often pro-

vides a poor approximation to the sampling distributions of test statistics, and it is

usually for the nominal and the empirical rejection rates of t tests to differ greatly

from one another when asymptotic critical values are used (Hall and Horowitz, 1996).

Depending on Monte Carlo experiments, the empirical distribution of GMM estima-

tors can be skewed and can have heavy tails and test statistics of parameter values

can exhibit substantial size distortions (Stock and Wright, 2000). In the following

section and onwards, we resort to bootstrap methods for improvements to the GMM

estimators.
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