
 
4 The Sieve Bootstrap

4.1 The AR-Sieve Bootstrap Procedure

For time series data, it is a general method to fit an ARMA model to capture the

structure of data. Based on this idea, the sieve bootstrap is to fit an autoregressive

process with order p for original data and generate bootstrap samples by resampling

the rescaled residuals randomly. Since there is no serial correlation between residuals

from the autoregressive model, it is reasonable to resample these residuals randomly

like the original bootstrap approach. Similar to the choice of block lengths of the

block bootstrap, the sieve bootstrap needs to select the order p of autoregressive

model in a way that the lag length increases with extended sample size. In practice,

we can rely on the Akaike information criterion (AIC) to select the order p.

Since the sieve bootstrap imposes more structure on the DGP, it is expected to

have better performance than the block bootstrap. When researchers have prior infor-

mation about the time series properties in a linear model, the sieve bootstrap often fits

data better than the block bootstrap (Bühlmann, 1997, 2002; Härdle, Horowitz, and

Kreiss, 2003). In this paper, we extend the original sieve bootstrap into the AR-sieve

bootstrap for GMM estimators, and expect to improve the accuracy of asymptotic

approximations as well as that of the block bootstrap in the GMM context.

The detail of the AR-sieve bootstrap procedure in our Monte Carlo experiment

takes the following steps:
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Step 1. Select the order p by the Akaike information criterion. Since it is inefficient to

estimate an autoregressive model with high lag length in the small sample size,

we set the maximum lag length of autoregressive model for different sample

sizes. The criterion in our simulation is that for the sample size 27, 64, and 125,

the maximum lag length is 3, 5, and 7 respectively. Our criterion is based on

empirical experience of most academic studies, which the maximum lag length

is 6 for sample size 100. Besides, in our Monte Carlo experiments, the average

lag length selected by the Akaike information criterion is no more than two.

Therefore, in our automatic selection procedure, the order selected by the AIC

is not sensitive to our criterion for maximum order.

Step 2. Fit an autoregressive process for xt and ût. In order to calculate the efficient

bootstrap GMM estimator, we need bootstrap samples of yt and xt. Therefore,

it is straightforward to fit autoregressive models for both yt and xt. However,

if we fit autoregressive models for yt and xt separately, it will generate two

independent time series of bootstrap samples for yt and xt, and the structure of

original data can not be replicated by AR-sieve bootstrap procedure. Therefore,

in order to generate bootstrap samples with similar data generating process of

yt and xt, it is proper to fit an autoregressive process for xt and ût, residuals of

the GMM estimation from original data, and then construct bootstrap samples

of yt.
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The autoregressive models of xt and ût is estimated by

xt = a1xt−1 + a2xt−2 + a3xt−3 + · · · + apxt−p + εx,t, (17)

ût = b1ût−1 + b2ût−2 + b3ût−3 + · · · + bpût−p + εu,t, (18)

where the coefficients {â1, â2, . . . , âp} and {b̂1, b̂2, . . . , b̂p} are estimated by the

Yule-Walker method. After fitting the autoregressive models, we obtain the

residuals

ε̂x,t = xt − â1xt−1 − â2xt−2 − â3xt−3 − · · · − âpxt−p, (19)

ε̂u,t = ût − b̂1ût−1 − b̂2ût−2 − b̂3ût−3 − · · · − b̂pût−p. (20)

Step 3. Generate the bootstrap sample. First, rescale the residuals

ε̃x,t = ε̂x,t − 1

T − p

T∑
t=p+1

ε̂x,t, (21)

ε̃u,t = ε̂u,t − 1

T − p

T∑
t=p+1

ε̂u,t, (22)

where t = p+1, p+2, . . . , T and then resample ε̃x,t and ε̃u,t randomly to construct

sieve bootstrap samples as follows:

(ε̃∗x,t, ε̃
∗
u,t) = (ε̃x,i, ε̃u,i),

x∗
t = â1x

∗
t−1 + â2x

∗
t−2 + · · · + âpx

∗
t−p + ε̃∗x,t, (23)

û∗
t = b̂1û

∗
t−1 + b̂2û

∗
t−2 + · · · + b̂pû

∗
t−p + ε̃∗u,t, (24)

y∗
t = β̂GMMx∗

t + û∗
t , (25)
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where i is iid uniform random variable on {p + 1, p + 2, . . . , T}. In practice, we

select an initial value, such as sample mean, and generate bootstrap samples

according to equation (23) and (24). If the order p of autoregressive process for

xt is different from the order p of autoregressive process for ût, we will choose the

maximum between these two order, say p∗, and resample ε̃x,t and ε̃u,t randomly

on uniform random variables {p∗ + 1, p∗ + 2, . . . , T}2.

Step 4. Calculate the efficient bootstrap GMM estimator and the test statistic. Here we

follow the same procedures as the step 3 of the block bootstrap. First, estimate

the bootstrap TSLS estimator

β̂
∗
TSLS = (X∗′Z∗(Z∗′Z∗)−1Z∗′X∗)−1(X∗′Z∗(Z∗′Z∗)−1Z∗′y∗), (11)

and use the residual ê∗t = y∗
t − x∗

t β̂
∗
TSLS to construct the efficient weighting

matrix

W ∗
T = (

1

T

T∑
t=1

ĝ∗
t ĝ

∗′
t )−1, (12)

where ĝ∗
t = z∗t ê

∗
t . Second, calculate the efficient bootstrap GMM estimator and

the bootstrap variance with re-centering the moment function

β̂
∗
GMM = (X∗′Z∗W ∗

T Z∗′X∗)−1(X∗′Z∗W ∗
T Z∗′Y ∗ − Z ′û)), (15)

(σ̂∗)2 = (X∗′Z∗W ∗
T Z∗′X∗)−1. (14)

2The purpose of this procedure is to make sure of resampling ε̃x,t and ε̃u,t together under which

the structure of original data can be replicated.
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Finally, calculate the bootstrap test statistic

t∗ =
β̂
∗
GMM − β

σ̂∗ . (16)

Step 5. Calculate the bootstrap critical values of the test statistic and test null hypoth-

esis. First, construct the empirical distribution of the test statistic by repeating

steps 2-4 for sufficient amount of times and sorting the bootstrap test statistic

t∗ from the smallest to the largest. The upper bootstrap critical value (q∗n) is

the (1 − α) quantile of the distribution of |t∗|, and the lower bootstrap critical

value is (−q∗n). Then, reject the null hypothesis if the test statistic of original

data is between two bootstrap critical values. Otherwise, we cannot reject null

hypothesis.
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4.2 The VAR-Sieve Bootstrap Procedure

For the AR-sieve bootstrap outlined above, one needs to fit the autoregressive process

for both xt and ût, so it is straightforward to extend the univariate sieve bootstrap

into the multivariate sieve bootstrap for GMM estimators. For our model, we can

rewrite equation (1) as follows:

yt = βxt + ε1t (1)

= β (φxt−1 + ε2t) + ε1t

= βφxt−1 + βε2t + ε1t

= γxt−1 + ηt.

As the above equation shows, it is reasonable to use xt−1 to explain the yt. Hence, we

can approximate the original data generating process by fitting a vector autoregressive

model. Since we use both the lagged dependent variables (yt−1) and the lagged

explanatory variables (xt−1) to explain (yt) under the VAR-sieve bootstrap approach,

we expected it to capture the data generating process of yt better than the AR-

sieve bootstrap. By the same concept, we can fit xt better by using both the lagged

variables of yt and xt.

The VAR-sieve bootstrap is a parametric approach, and is as easy to operate as the

AR-sieve bootstrap. Furthermore, the VAR-sieve bootstrap also requires researchers

to select the order p of vector autoregressive process as the AR-sieve bootstrap does.

In our simulations, we select lag length of VAR model based on the sequential modified

likelihood ratio (LR) test, see Lütkepohl, H (1993) for detail.
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The detail of the VAR-sieve bootstrap procedure in our Monte Carlo experiment

takes the following steps:

Step 1. Select the order p by the sequential modified likelihood ratio test. For the same

reason, we set the maximum lag length of VAR model for different sample sizes.

Here we set a smaller maximum lag length for the VAR-sieve bootstrap than for

the AR-sieve bootstrap because the number of explanatory variables for each

equation become double. The criterion in our simulation is that the maximum

lag length is 3, 4, and 5 for the sample size 27, 64, and 125 respectively. Sim-

ilar to the AR-sieve bootstrap, the order selected by the sequential modified

likelihood ratio test in our automatic selection procedure is not sensitive to our

criterion for maximum order because the average lag length selected by the

sequential modified likelihood ratio test is no more than two.

Step 2. Fit a VAR model for yt and xt. For our model design, the VAR model is

estimated by

yt = γ1
11yt−1 + γ1

12xt−1 + · · · + γp
11yt−p + γp

12xt−p + η1t, (26)

xt = γ1
21yt−1 + γ1

22xt−1 + · · · + γp
21yt−p + γp

22xt−p + η2t. (27)

The compact form is

rt = Γ1rt−1 + Γ2rt−2 + · · · + Γprt−p + ηt, (28)
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where

rt =

 yt

xt

 , Γi =

 γi
11 γi

12

γi
21 γi

22

 , i = 1, 2, . . . , p,

ηt =

 η1t

η2t

 , t = 1, 2, . . . , T.

And then we can obtain the residuals

η̂t = rt − Γ̂1rt−1 − Γ̂2rt−2 − Γ̂3rt−3 − · · · − Γ̂prt−p. (29)

Step 3. Generate the bootstrap sample. After fitting an vector autoregressive process

for yt and xt, we rescale the residuals

η̃1t = η̂1t −
1

T − p

T∑
t=p+1

η̂1t, (30)

η̃2t = η̂2t −
1

T − p

T∑
t=p+1

η̂2t, (31)

where t = p + 1, p + 2, . . . , T . Then the VAR-sieve bootstrap sample can be

constructed by resample η̃1t and η̃2t randomly as follows:

(η̃∗
1t, η̃

∗
2t) = (η̃1i, η̃2i),

r∗t = Γ̂1r
∗
t−1 + Γ̂2r

∗
t−2 + · · · + Γ̂pr

∗
t−p + η̃∗

t , (32)

where i is an iid uniform random variable on {p + 1, p + 2, . . . , T}. Similar to

the approach of AR-sieve bootstrap, we select an initial value, such as sample

mean, and generate the bootstrap sample according to equation (32).
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Step 4. Calculate the efficient bootstrap GMM estimator and the test statistic. This

step is the same as the step 4 in the AR-sieve bootstrap procedure. Firstly, we

estimate the bootstrap TSLS estimator and use the residual to construct the

efficient weighting matrix. Secondly, we use the efficient weighting matrix to

calculate the efficient bootstrap GMM estimator and the bootstrap variance.

Then, we calculate the bootstrap test statistic for the hypothesis testing.

Step 5. Calculate the bootstrap critical values of the test statistic and test null hy-

pothesis. Similar to the AR-sieve bootstrap procedure, we repeat steps 2-4 for

sufficient amount of times and then construct the empirical distribution of the

test statistic. The null hypothesis rejects if the test statistic of original data is

between two bootstrap critical values.
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