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CHAPTER 3

HEURISTICS FOR FLEXIBLE FLOW LINE SCHEDULING PROBLEMS

Three bottleneck-based heuristics are proposed to solve FFL scheduling problems

with minimizing makespan, number of tardy jobs, and total tardiness, respectively.

Due to the unrelated parallel machines at each stage of problems considered in this

study, three machine selection rules will be used in the study. The three machine

selection rules used in this research are as follows: given a job at a stage, the first

machine selection rule, EAAM, is to select the machine with the earliest available time

among the available machines. The second selection rule, ECAM, is to select the

machine with the earliest completion time when the job is assigned to the available

machines. The third selection rule, ECALLM, is to select the machine with the earliest

completion time when the job is assigned to all the machines at the stage, including

available and unavailable machines. This rule may cause an idle period of the job.

However, since unrelated parallel machines are considered at the stage, an unavailable

but more efficient machine may produce an earlier completion time for the job. The

three machine selection rules will be employed in all algorithms.
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The notations, assumptions, and details of the proposed heuristics will be presented

in the following sections.

3.1 Notations and Assumptions

3.1.1 Notations

To describe the proposed method, we use the following notations:

i = job index, i =1,2,3,…,n

j = stage index, j =1,2,3,…,J

s = machine index at stage j, s=1,2,3,…,mj

b = bottleneck stage index, b[1,2,3,…,J]

jm = number of unrelated parallel machines at stage j

ibsR = ready time for job i on machine s at bottleneck stage b

ibsP = processing time of job i on machine s at bottleneck stage b

ijp = average processing time of job i at stage j

p = average processing time of all jobs in the queue

ibC = completion time of job i at bottleneck stage b

iJC = completion time of job i at last stage J

iJC


= estimated completion time of job i at last stage J

min
ifP = total minimal processing time required for job i after the bottleneck stage b

min
ilp = total minimal processing time required for job i before the bottleneck stage b
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min
ibw = minimum remaining processing time of job i after bottleneck stage b

iw = remaining average processing time of job i

id = due date of job i

id̂ = estimated operational due date of job i

ija = arrival time of job i at stage j

t = the decision time when the schedule is made

a, c = parameters used in the dispatching rule

Zi = priority index of job i

TJi


 


otherwise0

0)d-(Cif1 iiJ

3.1.2 Assumptions

The FFL deterministic scheduling model is considered in the study. The FFL

manufacturing system considered in this paper assumes that there are J stages and

include a bottleneck stage b. There are mj unrelated parallel machines in stage j and

the number mj may vary from stage to stage. There are n jobs to be processed and each

job has the same routing and must visit all the stages consecutively. All jobs are

available at time zero. The processing time of an operation of a job at a stage depends

on the assigned machine at the stage, and it is known in advance. A machine can

process only one job at a time, and jobs cannot be preempted. There are unlimited
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buffers between stages. There is no machine breakdown and no set-up time required

before jobs are processed on any machine.

The workload is used as an indicator to identify the bottleneck stage. Since the

machines are unrelated at each stage, the processing time of an operation at a stage is

dependent upon the machine assigned to the operation. The workload of stage j is

computed by the sum of the average processing times of all the operations processed at

the stage divided by its number of machines, denoted as Rj= j
n

i ij mp /)(
1

. The stage

with the largest Rj, is defined as the bottleneck stage.

3.2 Proposed Heuristics to Minimize Makespan

Garey et al. (1976) proved that minimizing the makespan for flow shop scheduling

problems with three machines are NP-hard in the strong sense and Hoogeveen et al.

(1996) proved that minimizing the makespan for two-stage FFL problems with stage 1

with one machine and stage 2 with two machines or with stage 1 with two machines and

stage 2 with one machine are strongly NP-hard, even when preemption is allowed.

Therefore, the problems considered in this study are at least NP-hard. A

bottleneck-driven heuristic is proposed to solve the FFL problems with unrelated

parallel machines and a bottleneck stage. The proposed heuristic belongs to the
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classification of the solution construction phase and the job selection decision will be

decided according to a variant of Johnson’s rule (SPT-LPT rule) (Johnson 1954).

This objective can be defined as follows:

Objective = Minimize (Maximum ( iJC )).

The details of the proposed heuristic will be described in the subsection.

3.2.1 Bottleneck-Driven Multiple Insertion Heuristic (BDMIH)

The main idea of this proposed heuristic is that we think the schedule of jobs at

bottleneck stage may affect the performance of a heuristic for scheduling jobs in all

stages. Therefore, in this heuristic we let jobs' entering the sequence at the first stage

be driven by their sequence entering at the bottleneck stage. This heuristic consists of

three steps: (1) Identifying the bottleneck stage, (2) Generating an initial sequence of

jobs by an effective bottleneck-based initial sequence generator, and (3) applying a

bottleneck-based multiple insertion procedure (BBMIP) to find the best schedule.

Applying the Johnson’s ruleto solve the scheduling problem for minimizing the

makespan for a flow shop with two machines in series with unlimited storage in

between the two machines can obtain an optimal sequence. There are many studies

extending the idea ofJohnson’s ruleto construct several variant heuristics (Gupta 1997,
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Chen and Lee 1998, Kurz and Askin 2003). The bottleneck-based initial sequence

generator also is a variant of Johnson’s rule (SPT-LPT rule). The FFL can be divided

into three subsystems, namely, upstream subsystem (the stages ahead of the bottleneck

stage), bottleneck subsystem (the bottleneck stage), and downstream subsystem (the

stages after the bottleneck stage).

The bottleneck-based initial sequence generator (BISG) is described as follows:

Step 1. SetΩ to .

Step 2. Divide the system into three fictitious subsystems. Compute each job’s minimal 

processing time of the upstream subsystem ( min
ifP ) and the downstream

subsystem ( min
ilp ).

Step 3. Assign jobs to set S where the jobs show the following conditions: minmin
ii lPfP  .

Assign jobs to set L where the jobs show the following conditions: minmin
ii lPfP  .

Step 4. Select the job with the smallest value of min
ifP for each job Si . If there are

more than two jobs having the same smallest value of min
ifP , select the job

with the maximum processing time at the bottleneck stage ( ibp ). If S = ,

select the job with the maximum value of min
ilp for Li .

Step 5. Append the selected job i to Ω. Remove job i from set S or L. If both S and L

are  then go to Step 6, else go to Step 4.
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Step 6. Obtain an initial sequence of jobs inΩ.

Step 7. Stop.

BBMIP based on the initial sequence generated by BISG, a multiple insertion

heuristic is applied to generate partial sequences iteratively. Since there are n jobs

considered, n-1 iterations will then be performed. In each iteration, say iteration k, k

partial sequences are generated by inserting the k-th job in the initial sequence into the

positions before, after, and between every two consecutive jobs in the best partial

sequence found in the k-1-th iteration, which includes the first k-1 job in the initial

sequence. The partial sequence with the smallest makespan is the best partial

sequence in the k-th iteration.

Note that to calculate the makespan of a partial sequence, since the FFL problem is

a flow shop problem, we can schedule jobs to machines stage by stage. In the first

stage, jobs enter the stage according to the partial sequence and the machine with the

machine selection rule is chosen for each job. The completion time of each job in the

first stage becomes the arrival time of the job at the second stage. This determines the

jobs entering sequence at the second stage, which may not be the same as the partial

sequence. The same machine selection rule is used to assign machines to jobs. This
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procedure continues until the last stage and the completion of the last job in the stage is

the makespan of the partial sequence. In this research, we modify this procedure by

controlling the job entering sequence at bottleneck stage to be the same as that of the

first stage.

The steps of BBMIP are presented as follows.

Step 1. Select the first job in the initial sequence obtained from BISG and let it be the

current partial sequence.

Step 2. Select the next job in the initial sequence and insert the job into the positions

before, after and between every two consecutive jobs of the current partial

sequence.

Step 3. Calculate makespan for each partial sequence produced in Step 4 by

controlling the job entering sequence at the first stage and the bottleneck stage

to be the same as the partial sequence.

Step 4. Select the partial sequence with minimum makespan and let the partial

sequence be the current partial sequence.

Step 5. If the current partial schedule includes all the N jobs, then stop; otherwise go

to Step 2.
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3.3 Proposed Heuristics to Minimize Number of Tardy Jobs

Lenstra et al. (1977) proved that minimizing the number of tardy jobs for flow

shop with two machines is NP-hard in the strong sense, so the candidate problem is a

NP-hard problem as well. It therefore requires much computational time to find an

optimal solution. A heuristic is an acceptable practice to finding a good solution. In

this study, two bottleneck-based heuristics are proposed to solve the candidate problem

with unrelated parallel machines. The proposed heuristics belong to the classification

of index development. The objective can be defined as below:

Objective = Minimize


n

i
iTJ

1

.

The details of the proposed heuristics will be presented in the subsection.

3.3.1 Bottleneck-Based Due Date Decision Heuristic (BBDDDH)

The proposed heuristic consists of three steps:

Step 1. Identify the bottleneck stage.

Step 2. Schedule jobs at the bottleneck stage and upstream stages.

Step 3. Schedule jobs at downstream stages.

When scheduling jobs at the bottleneck stage, the arrival times of the jobs to the

bottleneck stage must be determined. Since the bottleneck stage may not be the first
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stage, the arrival times of the jobs to the bottleneck stage may not be zero. The sum of

the processing times of the operations at the upstream stages of a job is commonly used

as the arrival time to the bottleneck stage of the job (Lee et al. 2004). However, since

it will produce an infeasible schedule, complicated procedures are needed to modify the

schedule at the bottleneck stage until a feasible and promising schedule is obtained.

This method of determining a job’s arrival time to the bottleneck stage will be even

more difficult for the candidate problem because the processing time of an operation at

a stage is not a constant in an unrelated parallel machine environment.

In this research, we propose a new approach to iteratively schedule jobs at the

bottleneck stage and upstream stages. At the initial iteration, let all the jobs be

unscheduled jobs; for each unscheduled job, three machine selection rules are used to

assign the job to a machine at each of the upstream stages and determine the arrival time

of the job to the bottleneck stage. When the arrival times of all the unscheduled jobs

to the bottleneck stage are determined, two decision rules are used to select the best job

for the bottleneck stage. The schedule of the selected job at the upstream stages and

the bottleneck stage is then fixed. This job becomes a scheduled job, and the next

iteration follows to schedule the remaining unscheduled jobs under the constraint of the

scheduled jobs. This procedure will continue until all the jobs are scheduled. Since,
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in each iteration, the new approach constructs the schedule at each of the upstream

stages and the bottleneck stage by adding only one job to the schedule of the stages

constructed in the previous iteration, it clearly will produce feasible schedules. This

procedure neatly overcomes the difficulty of determining feasible arrival time of a job at

the bottleneck stage, especially when unrelated parallel machines are considered.

When the arrival times of all the jobs at the bottleneck stage are determined, any

heuristics for unrelated parallel machines can be applied to schedule the jobs at the

bottleneck stage.

When the machine selection rules are used in bottleneck-based heuristics to

determine the arrival time of a job to the bottleneck stage, the application is

straightforward. Since only one job is considered at a time, when the job arrives at

each of the upstream stages, it is easy to calculate its completion time on each available

machine and each unavailable machine and determine the machine that the job will be

assigned to according to the machine selection rules. However, when the machine

selection rules are applied with dispatching rules, the procedure will become more

complicated. Since the candidate problem is a flow shop problem, we can schedule

jobs stage by stage. At each stage, an array is set to record the updated machine

available time for each machine, and an array is set to record the updated arrival time of
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each job. Also, a time clock is set to record the updated decision time for schedule

making; the updated decision time is the smallest updated machine available time.

The initial available times of all the machines are zero, and the initial arrival time of a

job is its completion time at the previous stage. When the time clock runs to time t,

the machine or machines whose updated available time(s) are earlier than time t will be

identified, and the job or jobs whose updated arrival times are earlier than time t will be

identified. Then, the dispatching rules will be used to select the best available job, the

machine selection rules will be used to assign an appropriate machine to the selected job,

and the completion time of the job on the machine will be used to update the available

time of the machine.

The two decision rules at the bottleneck stage are derived by considering a

variation of Moore’s algorithm (Moore 1968), which minimizes the total number of

tardy jobs for single machine scheduling.  The main idea of Moore’s algorithm is that 

it does not consider a job for scheduling if the job is decided to be tardy. As for

non-tardy jobs, they are scheduled according to the earliest due date (EDD) rule. The

decision rules compare a job’s due date and completion time to justify its tardiness.

Two types of due dates and two types of completion times are considered. Given a job,

say job i, the two types of due dates are the given due date (di) and the estimated
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operational due date ( id


= min
ibi wd  ), and the two types of completion times are the

completion time at the bottleneck stage b ( ibC = }{min ibsibss
pR  ) and the estimated

completion time at the last stage J ( iJC


= min
ibib wC  ). Note that Ribs is the ready time of

job i to be processed on machine s at the bottleneck stage, which is the larger value

between the arrival time of job i at the bottleneck stage and the available time of

machine s at the bottleneck stage. Also, since unrelated parallel machines exist at the

bottleneck stage, job i can be assigned to any machine s at the stage. Its completion

time ( ibC ) is defined to be the smallest of the completion times on all the machines at

the stage ( }{min ibsibss
pR  ). When the tardiness of all the jobs is justified, the

non-tardy jobs will be scheduled according to the decision rules. The first decision

rule selects the job with the smallest due date, }min{ iiJi dCd 


. The second decision

rule selects the job with the smallest estimated operational due date,

}min{ minmin
ibiibibi wdCwd  . If there are no non-tardy jobs present, the job with the

minimum completion time at the bottleneck stage will be chosen.

The decision rules using the minimum remaining processing time of job i after

bottleneck stage b is based on a thorough experiment. Since there are unrelated

parallel machines in the stages, a job’s remaining processing time after the bottleneck

stage (the downstream stages) is not a constant. We defined the remaining processing



30

time in three ways: the minimum, the average, and the maximum. The minimum

remaining processing time of a job was to sum up the minimum processing time of the

job on every one of the downstream stages. Similarly, the average and maximum

remaining processing times were found the same way as the minimum remaining

processing time. A large number of test problems were developed to evaluate the

performance of the decision rules with minimum, average, and maximum remaining

processing times. In terms of the average number of tardy jobs, computational results

showed that the rules with minimum remaining processing time performed slightly

better than the rules with average remaining processing time, and it significantly

dominated the rules with maximum remaining processing time. Therefore, decision

rules with minimum remaining processing time were chosen in this research.

The procedures, up to the bottleneck stage, of the proposed bottleneck-based

heuristics are presented with respect to each of the decision rules:

Procedure 1: Bottleneck with due date (BDD)

Step 1. Assign all jobs to set Ω, where Ω= {1, 2, 3, …, n}. Set the schedule for

bottleneck stage S = .

Step 2. IfΩ is, then stop.

Step 3. Compute the arrival time for each job i at bottleneck stage b ( iba ).

Step 4. Compute the completion time for each job i at bottleneck stage b ( ibC ).
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Note that ibC = }{min ibsibss
pR  .

Step 5. Compute the estimated completion time iJC


, where iJC


= min
ibib wC  for each

job i .

Step 6. Let U = {i| iiJ dC 


} and V = {i| iiJ dC 


}.

Step 7. If U, select the job with the smallest due date. If there are more than one

job with the same smallest due date, select the one with the smallest estimated

completion time, iJC


. If U = , select the job with the smallest value of

ibC for iV. Let the selected job be job k.

Step 8. Save the schedule of job k at the bottleneck stage to schedule S and remove k

from Ω. Fix the schedule of job k at upstream stages and the bottleneck

stage.

Step 9. Go to step 2.

Procedure 2 is identical to Procedure 1 except for Step 5 to Step 7 to implement

different decision rules.

Procedure 2: Bottleneck with estimated operational due date (BODD)

Step 5. Compute the estimated operational due date, id


, where id


= min
ibi wd  , for each

job i .

Step 6. Let U = }{ min
ibiib wdCi  and V = }{ min

ibiib wdCi  .

Step 7. If U, select the job with smallest estimated operational due date. If there

are more than one jobs with the same smallest estimated operational due date,

select the one with the smallest completion time at the bottleneck stage, ibC .
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If U = , select the job with the smallest completion time at the bottleneck

stage, ibC for iV. Let the selected job be job k.

When the jobs for the bottleneck stage and the upstream stages are scheduled, the

jobs will move to downstream stages according to their schedule at the bottleneck stage,

that is the schedule S, and the dispatching rules will be used to schedule the jobs at

downstream stages. Many dispatching rules have been developed for flexible flow line

problems as mentioned in chapter 2. Since the previous researches showed different

conclusions regarding the performance of the dispatching rules on the FFL problems

with due date related objectives, a pilot experiment with a large number of randomly

generated problems will be conducted to evaluate the effect of all the previous

dispatching rules on scheduling jobs at downstream stages in the proposed heuristics.

3.4 Proposed Heuristics to Minimize Total Tardiness

This FFL problem with minimizing total tardiness is obviously NP-hard since

minimizing total tardiness for single machine problem is already known to be NP-hard

(Du and Leung 1990). In this study we present an adaptable multiple insertion

heuristic for this problem. The proposed heuristic belongs to the classification of

solution construction phase and the job selection step will be decided according to
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evaluation all unscheduled jobs. This proposed heuristic can be regarded as a

combination of BDMIH and BBDDDH.

This objective can be defined as follows:

Objective = Minimize )0,(
1




n

i
iiJ dCMaximum .

The details of the proposed heuristics will be presented in the subsection.

3.4.1 Bottleneck-Driven Adaptable Multiple Insertion Heuristic (BDAMIH)

The main ideas of this proposed heuristic are:

1. we think the schedule of jobs at bottleneck stage may affect the performance of a

heuristic for scheduling jobs in all stages, and

2. we use the bottleneck-based modified operational due date decision with arrival

time rule to evaluate all unscheduled jobs in the job selection step.

The bottleneck-based modified operational due date decision with arrival time rule

selects the job with the smallest value, })̂,min{max( ibiib adC  , where id


= min
ibi wd  .

The decision rule includes two components. The first component, )̂,max( iib dC , is

derived by extending the MOD (Modified Operational Due-Date) dispatching rule

(Baker and Bertrand 1982, Baker and Kanet 1983). The MOD rule has been

successfully applied for job shop problems. The priority index of the MOD rule is
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defined as follows: Min }),(max{ iiiii ptpwcdZ  . ibC , ibC = }{min ibsibss
pR  ,

is completion time at the bottleneck stage b. id̂ , id̂ = min
ibi wd  , is the estimated

operational due date at bottleneck stage b and the value is obtained by subtracting the

remaining minimal processing time after its operation from the job’s due date. The

second component, iba , is job i’s arrival time at bottleneck stage b. The rationale for

additional arrival time at the bottleneck stage is based on observations made by

Rajendran and Alicke (2007). They considered the objective of adding the component

of the sum of processing times of a job to the computation of job priority as to enable an

enhanced throughput of jobs in the flowshop, and hence enhanced performance with

respect to tardiness of jobs. Due to this can use trial simulation to obtain the arrival

time at the bottleneck stage. We believe the information can better reflect the current

situation than the sum of processing times of a job before the bottleneck stage. Hence,

we use the arrival time to replace the sum of processing times of a job in the proposed

decision rule.

The steps of BDAMIH are presented as follows.

Step 1. Identify the bottleneck stage b.

Step 2. Assign all jobs to unscheduled job set Ω, where Ω={1, 2, 3, … , n}. Set the

schedule for bottleneck stage S = . Set the available time for all the
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machines to zero (in the bottleneck and non-bottleneck stages).

Step 3. IfΩ is, then stop.

Step 4. Compute the arrival time for each job i at bottleneck stage b ( iba ).

Step 5. Compute the completion time for each job i at bottleneck stage b ( ibC ).

Note that ibC = }{min ibsibss
pR  .

Step 6. Compute the estimated operational due date, id


, where id


= min
ibi wd  , for each

job i .

Step 7. Compute Zi= })̂,min{max( ibiib adC  for each job i.

Step 8. Select the job with smallest value of Zi. If there are more than one job with

the same smallest value, select the one with the smallest value of id .

Step 9. Insert the selected job i into positions before, after and between every two

consecutive jobs of the current partial sequence.

Step 10. Calculate total tardiness for each partial sequence produced in Step 9 by

controlling the job entering sequence at the first stage and the bottleneck stage

to be the same as the partial sequence.

Step 11. Select the partial sequence with minimum total tardiness and let the partial

sequence be the current partial sequence.

Step 12. Remove selected job i fromΩ.Go to Step 3.


