
III. Methodology 

Recurrent event data analysis is applied in our study to investigate the 

relationship between bankruptcy probability variations and the covariates of interest, 

and to estimate the possibility of recurrences of events. This model has been utilized 

extensively in fields like biomedicine, public health, and clinical trials. In this article, 

we try to employ recurrent event model into our analysis. The definition and concept 

of a BSM-probability will be presented first. Moreover, the basic model settings and 

their extensions will be introduced and then we will further specify our empirical 

models in analyzing the recurrent events of significant jumps in bankruptcy 

probability for a company.     

 

3.1 BSM and the Probability of Bankruptcy 

In addition to the financial statements, the stock market provides an alternative 

and potentially superior source of information regarding probability of bankruptcy 

because it aggregates information from other sources. In addition, option-pricing 

models provide a natural starting point to extract the related information from market 

prices.  

Based on the approach developed by Black and Scholes (1973) and Merton 

(1974), the company’s equity can be viewed as a call option on the value of the 

company’s assets. Under this framework, the strike price of the call option is equal to 

the face value of the company’s liabilities, and the option expires at time T  when 

the debt matures. At timeT , equity holders will exercise their option and pay off the 

debtholders if the value of the firm’s assets is greater than the face value of its 

liabilities. Otherwise, the equity holders will let their call option expire when the 

value of the assets is not sufficient to fully repay the firm’s debts, in which case the 

firm files for bankruptcy, and the payoff for equity holders is zero. The probability of 



bankruptcy, therefore, is embedded in the option-pricing model. We refer to this 

probability as the “Black–Scholes–Merton Probability of Bankruptcy”, or 

“BSM-probability” in short.  

To find the estimate of this probability, we can start by valuing the equity as a 

European call option in the following equations 
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where EV  is the current market value of equity; AV  is the current market value of 

assets; X is the face value of debt maturing at time T ; r  is the continuously 

compounded risk-free rate. )( 1dN  and )( 2dN  are the standard cumulative normal 

of 1d  and 2d , respectively, and 
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where Aσ  is the standard deviation of asset returns. Under the BSM model, the 

probability of bankruptcy is simply the probability that the market value of assets, AV , 

is less than the face value of the liabilities, X , at time T . The BSM model assumes 

that the natural log of future asset values is distributed normally as follows  
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where μ  is the continuously compounded expected return on assets. As shown in 

McDonald (2002), the probability that )(TVA  < X will thus be 
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We can know from this equation that the probability of bankruptcy is a function 

of the distance between the current value of the firm’s assets and the face value of its 

liabilities )/( XVA  adjusted for the expected growth in asset values  ))2/(( 2
Aσμ −  

relative to asset volatility )( Aσ . Note here that the probability of bankruptcy depends 

upon the actual distribution of future asset values, which is a function of μ , instead 

of the risk-free rate. 

To empirically estimate BSM-Probability, however, we must estimate the market 

value of assets, AV , asset volatility, Aσ , and the expected return on assets, μ , in the 

first place, since these values are not directly observable. Hillegeist, Keating, Cram, 

and Lundsedt (2004) provided the SAS codes for the estimation of AV  and Aσ  by 

simultaneously solving the call option equation and the optimal hedge equation 

through iterative process, and then use these values to estimate μ . Finally, we can 

gain the BSM-probability. 

 

3.2 Cox Proportional Hazard Model 

Proposed by Cox (1972), proportional hazard model is originally used for 

survival data analysis, where there is only one single event for each study subject, and 

no specification on data distribution is required when modeling the relationship 

between events and models. In order to study processes in which the single subject 

experience more than one identical event, other modified models were derived. One 

of them is the WLW Model, introduced by Wei, Lin, and Weissfeld (1989) to analyze 

a bladder cancer data set with multiple recurrences per subject. Such a stratified 

marginal data model, however, suffers the problems like heterogeneity among 

individuals and dependence of events, leading to correlation among recurrent data. 

These factors violate the fundamental assumptions of Cox model and cause bias and 



inefficiency in estimation process. Therefore, revised model settings including 

variance-corrected model and frailty effects were developed to address the correlation 

among recurrent data.  

3.2.1 Cox Model 

Let *
iT  denote the time when an event occurs, and let )(tX ij  be the j th 

covariate of the i th subject, where i =1,2,…, n , and j =1,2,…, n . Then the Cox 

proportional hazard model that specifies the hazard rate for company i  as 
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where 0λ  is an unspecified nonnegative function of time called the baseline hazard, 

that is, the hazard function in the absence of covariates; β  is a 1×p  column vector 

of coefficients. For untied failure time data, the estimation of β  is based on the 

partial likelihood function introduced by Cox, i.e. 
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The maximum partial likelihood estimator 
∧

β  for β  will be the solution to the 

partial likelihood equation ∂ log )(βPL / )(β∂ = 0. 

3.2.2 WLW Model 

The WLW model that specifies the hazard rate for the k th event of the i th 

subject can be defined as: 
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where )(tikλ  is an unspecified baseline hazard function. Then the k th failure-specific 



partial likelihood will be  
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The maximum partial likelihood estimator k

∧

β  for kβ  will be the solution to 

the partial likelihood equation ∂ log )(βkPL / )(β∂ = 0. The estimator k

∧

β  is 

consistent for kβ  if equation (8) is correctly specified. 

3.2.3 Robust Variance 

When the same event occurs for multiple times on a single subject, the 

assumption of Cox proportional hazard model might not hold due to unobservable 

heterogeneity among individuals and dependence of events. Thus, we replace the 

standard variance estimate with one which is corrected for the possible correlation. 

First step is to calculate parameter estimates based on assumption of independence 

among data, and then modify the correspondent variance using sandwich estimator 

adopted by Greene (2002).  

Robust variance assumes that the data among the clusters is independent and 

there may be dependence inside the cluster. Therefore, under some mild regularity 

condition and with large enough sample size, the estimated 
∧

β  will be consistent and 

asymptotically normal with zero mean and a covariance matrix 
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3.2.4 Frailty Effect 



Individuals have different frailties and those who are most frail will tend to 

perish earlier than others. The frailty effect exists in heterogeneous individuals will 

add excess risks, or frailties, to distinct categories. Hence there have been several 

significant researches concerning the addition of frailty effect to Cox model.  

Computationally, frailties are viewed as an unobservable covariate. Assume that 

for subject i , i =1,2,…, n , iZ  is a vector of indicator variables that equals 1 if 

subject i  contains unknown random effects of frailties, 0 otherwise. We can write 

the proportional hazards model as 
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where the elements of iZ  are independent and follow log(gamma(1/θ , 1/θ ). 

Estimates of 
∧

β  under frailty effect can be derived given a known θ . This model 

can be also extended to include time-varying covariates. 

 

3.3 Semiparametric General Model  

3.3.1 The Model 

Peña and Hollander (2004) proposed a general class of models, which specifies 

the baseline hazard function semiparametrically in its estimation process, for 

analyzing recurrent event data. This model incorporates an effective age function 

encoding the effect of changes after each event occurrence, i.e. the impact of 

accumulating event occurrence on the unit, as well as a link function in which the 

effect of possible time-dependent covariates. 

In their settings, an observable unit is monitored over a study period [0,τ ], 

where τ  is some right-censoring variable with unknown probability distribution 

function. Let ...0 3210 <<<<≡ TTTT be a successive calendar times of event 



occurrences, and  1S , 2S , 3S ,… be the times between successive event occurrences. 

Thus, for i =1, 2, 3,…, iS = 1−− ii TT  and iT = iSSS +++ ...21 . Also, let 

K =max{ ∈k {0, 1, 2,…} τ≤kT: } be the number of event occurrences, which is 

informative with regards to their distribution properties. Suppose the realization of the 

covariate process is observable, we can denote this process by 

{X( t )= ( ) τ≤≤ ttXtXtX q 0:)(),...,(),( 21 }. 

Still, denote { }∑∞
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j jj TtTItN τ  as the process counting the number of 

events observed on or before calendar time t  during the study period. Furthermore, 

define { }sItY >=+ τ)(  as the at-risk process which indicates whether or not the 

subject is still under observation at calendar time s . Now, for the general class of 

models for recurrent events, we can let Z= ( )nZZZ ,...,, 21  be a vector of independent 

and identically distributed positive-valued random variables that are unobservable 

factors affecting the event occurrence for the subjects, and F= ( )τ≤≤ tFt 0:  be a 

filtration or history on some probability space such that X and +Y are predictable. 

    When 1≡iZ , the semiparametric general model without frailty is 

ρελλ )]([)( 0 tXt iii = [ α);( −+ tNi ]ψ [ )(tX iβ ]                     (11) 

where ( )⋅0λ  is an non-parametrically specified unknown baseline hazard rate 

function; ( )⋅ε  is the effective age processes, which act on the baseline hazard rate 

function and may have nonlinear forms; ρ [ α;⋅ ] is the component that implants 

effects to the accumulating event occurrences for a subject; ( )⋅ψ  is a nonnegative 

link function, which incorporates simultaneously the effects of covariates. There is a 

potential interplay between the effective age process ( )⋅ε  and the ρ [ α;⋅ ] function. 

3.3.2 Estimators of Parameters 

Now we need to address the problem of estimating the parameters α , β , and 
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which is a square-integrable martingale with predictable quadratic covariation 

processes. In order to estimate these unknown parameters, first we develop the 

estimator of )(0 ⋅Λ  given (α ,β ). Then, we develop the profile likelihood for (α ,β ), 

form which the estimator of (α ,β ) will be obtained. Such process could also be 

viewed as the partial likelihood process for (α ,β ), which is a generalization of the 

partial likelihood for the Cox model. Using the profile likelihood, the estimator of α  

and β  will be obtained by maximizing the differentiation of the log profile 

likelihood with respect to α  and β , respectively. Upon obtaining the estimators 

∧

α and 
∧

β , the estimator of )(0 ⋅Λ  is obtained by substituting (
∧

α ,
∧

β ) for (α ,β ) 

 

3.4 Empirical Model 

In our study, we examine our model by adopting company-specific and 

macroeconomic covariates used in Duffie, Saita, and Wang (2007), which shows 

substantially improved out-of-sample performance over prior models.  

These covariates include: 

1. The firm’s distance to default, which roughly speaking, is the number of standard 

deviations of quarterly asset growth by which assets exceed a standardized 

measure of liabilities. This covariate has theoretical underpinnings in the 

Black–Scholes–Merton structural model of default probabilities. Formally, for a 

given firm at time t , the distance to default is defined as  
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where tV  is the market value of the firm’s assets at time t  and tL  is the 

liability measure, defined as the firm’s book measure of short-time debt, plus one 

half of its long-term debt, based on its quarterly accounting balance sheet. Here, 

Aμ  and Aσ   measure the firm’s mean rate of asset growth and asset volatility, 

and T  is a chosen time horizon, typically taken to be 4 quarters. 

2. The company’s trailing one-year stock return. 

3. The three-month Treasury bill rate. 

4. The trailing one-year return on the S&P 500 index 

Other than these covariates used by Duffie, Saita, and Wang (2007), we also 

consider adding two more covariates: quarterly industrial production growth in the US 

and company size. The former one was employed by McDonald and Van de Gucht 

(1999) as a covariate for high-yield bond default. And the latter one was statistically 

significant as a determinant of default risk documented in Shumway (2001). He took 

the size covariate to be logarithm of the company’s stock-market capitalization 

relative to the total size of the NYSE stock market. 

Here, we construct four models to estimate the hazard function of recurrent 

events. Under the WLW model with robust variance, we specify the hazard rate of the 

company i  with respect to the aforementioned covariates as in Model 1 
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where 

)(tikλ : the hazard rate for company i  in strata k , indicating that it has experienced 

k -1 times of events. 

)(0 tkλ : the baseline hazard rate for company i  in strata k  



i
tDTD 1)ln( −Δ : the log change in distance to default measured at time t-1 (in percent) 

i
tP 1)ln( −Δ : the trailing one-year stock log return of company i  measured at time t-1 

(in percent) 

i
tS 1)ln( − : the logarithm of company i ’s stock market capitalization, relative to the 

total size of the S&P 500 stock market measured at time t-1.  

1)ln( −Δ tSPX : the trailing one-year log return on S&P 500 index measured at time t-1 

(in percent) 

1)ln( −Δ tIP : the log change in the quarterly average of industrial production measured 

at time t-1 (in percent) 

1)_3( −trmon : the three-month Treasury bill rate at time t-1 (in percent) 

The first three factors are company-specific covariates, while the rest are 

macroeconomic covariates. In general, our macroeconomic covariates can be regarded 

as “external”, and the company-specific covariates are “internal”. The distance to 

default measures individual company’s intensity to bankruptcy in terms of its 

market-based data, which is associated with the growth and volatility of assets and 

liabilities. It was documented by Duffie, Saita, and Wang (2007) that they dominate 

the other covariates in economic importance. Note that we take log change of distance 

to default in correspondence to our event specification, i.e. significant jumps in 

bankruptcy probability, which is measured as log change in BSM-probability. 

Because BSM-probability is just a function of distance to default at some specific 

time, and the log change in bankruptcy probability measured at time t is a function of 

distance to defaults at both time t and time t-1. Therefore, taking log change in 

distance to default at time t-1 as covariate is more reasonable and can avoid needless 

correlations in the model. The trailing stock return represents the operational 

performance of an individual company for a past year; the company size is thought to 



be able to reflect its financial flexibility. As to the macroeconomic covariates, the 

trailing return on S&P500 index illustrates the financial condition during the past year; 

the growth of industrial production works as an indicator of changes in future 

economic prospect. Lastly, the three-month Treasury bill rate determines the interest 

expense of corporations, by which higher rates place companies under more financial 

distress. 

In addition, we established Model 2. When considering the frailty effect, the 

hazard rate of company i  thus becomes 
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where iZ  is the frailty effect for company i . We also denote Model 3 as the model 

that takes the robust variance and the frailty effect in account simultaneously. 

Under the semiparametric general model, which is discussed in the previous 

section, we construct Model 4 specifying the hazard rate of 
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Where 

kα : the accumulating effects that k  already-happened events, i.e. when company i  

has experienced k  significant jumps in probability of bankruptcy, have on its 

hazard rate. 

( )⋅ψ : the effects of covariates through the link function of company i . 

 


