
5 Experiments

In this section we illustrate the application of our method by simulation studies and a

real US GDP growth data. For the known threshold, we compare the confidence sets

of the slope parameters by our method and the bootstrap method. For the unknown

threshold, we compare the confidence sets of the threshold parameter by our approach

and Hansen’s approach.

5.1 Simulation

Conder a time series model

yt = fθ(yt−1, · · · , yt−q) + εt, (61)

where εt follows independent N(0, σ2) distribution, fθ is a known function and θ =

(θ1, · · · , θp)
′ is an unknown parameter. For example, in the TAR model (1), we have

q = 1 and p = 2; in the AR(2) model (62), we have p = q = 2. In the simulation

we choose a number of parameter values. For each parameter value θ, the coverage

probability of T †n in (29) is estimated using the following steps :

(1) We generate {y1, · · · , yn} from model (61) with initial conditions y0 = y−1 =

· · · = y−q+1 = 0, and obtain the maximum likelihood estimate θ̂n = (θ̂n1, · · · , θ̂np).

(2) Generate p+1 time series, each of size m, from model (61) with parameter ϕ̂n,

where ϕ̂n = θ̂n and θ̂n + ηej, for j = 1, ..., p, and η and ej are as in (22) of

Section 3.2.1.

(3) Obtain A(m)(ϕ̂n) = [a
(m)
ij (ϕ̂n) : i, j = 1, · · · , p], where a

(m)
ij (ϕ̂n) are the usual

moment approximation of aij(ϕ̂n) base on the series generated in step (2).
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(4) Obtain Q(m)(ϕ̂n) by solving Q(m)′(ϕ̂n)Q
(m)(ϕ̂n) = [A(m)(ϕ̂n)]

−1. This can be

achieved by Cholesky decomposition of [A(m)(ϕ̂n)]
−1.

(5) From theseQ(m)(ϕ̂n) matrices we estimate qij,k(θ̂n) by difference quotient method.

These estimates are termed q̃ij,k (see Section 3.2.1).

(6) Repeat steps (1)-(5) s times and calculate the coverage probability.

We try to choose m large enough so that the approximations q̃ij,k of qij,k(θ̂n) in step

(5) are stable. The choices of η, m, and the number of replicates will be given in

each example below.

5.1.1 An AR(2) example

An AR(2) model can be expressed as

yt = θ1yt−1 + θ2yt−2 + σεt, t = 0,±1, · · · , (62)

where εt are independent standard normal random variables, and θ = (θ1, θ2)
′ ∈ Ω and

σ is unknown. The parameter space Ω is determined by the inequalities: θ1 + θ2 < 1,

θ1− θ2 > −1, and θ2 > −1; see, for example, Brockwell and Davis [3, chapter 8]. For

corrected confidence sets of parameters in AR(2) using very weak type approximation,

Woodroofe and Coad [30] studied the case with fixed initial values y0 = y−1 = 0,

while Weng and Woodroofe [26] considered the stationary case, where y0 and y−1

were assumed to follow the limiting distribution of the process. In both papers the

simulation results for coverage probabilities of renormalized approximate pivots are

very well. Here we assume y0 = y−1 = 0. Clearly, this model is of the form of (21)

with xt = (yt−1, yt−2)
′, and the limit of

∑n
t=1 xtx

′
t/n can be easily obtained. Below
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we discuss confidence intervals for θ2 only. The treatment for θ1 is similar and hence

omitted.

By (24), the A(θ) matrix in this model is

∑n
t=1 xtx

′
t

n
→ A(θ) =

(

EθW
2
1 EθW1W2

EθW1W2 EθW
2
2

)

, (63)

where {Wt}∞t=−∞ follows the stationary AR(2) process (62), and the analytic form of

A(θ) is easy to derive. Let Qθ be a lower triangular matrix satisfying Q′
θQθ = A−1(θ)

as in (33), then

Qθ =





√

1− θ2
2 −

θ2

1
(1+θ2)2

1−θ2

2

0

− θ1(1+θ2)√
1−θ2

2

√

1− θ2
2



 .

From this, the earlier two papers derived ∂qij/∂θk analytically, and from which the

mean and variance corrections are readily available.

For a realization of size n, we first obtain the MLE θ̂n. To implement the proposed

numerical method in the present paper, for each of the parameter values in {θ̂n, θ̂n +

ηe1, θ̂n + ηe2}, we generate an AR(2) series of size m, and use simulated moments

to approximate the matrices A(θ̂n) and A(θ̂n + ηek), k = 1, 2. Then, the derivatives

qij,k(θ̂n) are approximated as described following equation (33) (see steps (3) (4) (5)

following (61)).

The values of η in (22) and m, the sample size of Monte Carlo simulation, should

be determined. In the experiment, we chose η =0.001 and 0.005 and m =1000 and

10000. The results are close for these combinations of η and m, so we report just

the case (η, m) = (0.001, 1000). Tables 1.1 and 1.2 show the simulated values of

Pθ(T
∗
n2 ≥ cn), Pθ(T

∗
n2 ≤ −cn) and Pθ(|T ∗n2| ≤ cn) for σ = 1 and n = 30 and 50,

based on 10,000 replicates; and similarly for T †n2. Here cn is the 2.5th percentile of

the standard univariate t-distribution with n degrees of freedom. The selected slope

parameters are the same as those in Weng and Woodroofe [26]. The results show that
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all the coverage probabilities of P̄θ(T
†
n2 ≥ cn), P̄θ(T

†
n2 ≤ −cn) and P̄θ(|T †n2| ≤ cn) are

within 1.96 standard deviations, where P̄θ denotes the joint probability distribution

of the data and the simulated sample (see Section 3.2.2).

5.1.2 SETAR(2;1,1) examples with known threshold parameter

Consider the SETAR model in (30). For {yt} to be ergodic, the parameter space

is determined by the inequalities: α1 < 1, β1 < 1, and α1β1 < 1; see, for example,

Petrucelli and Woolford [19] and Chen and Tsay [8]. Let θ = (α1, β1). Recall the Qθ

matrix in (31): q11 = (Eθ(S
+)2)−1/2, q12 = q21 = 0 and q22 = (Eθ(S

−)2)−1/2. So, δij(θ)

and µn(θ) in (8) and (10) have simpler forms: µn(θ) = (−q]
11(θ)/

√
n,−q]

22(θ)/
√

n)′

and δij(θ) = qii,j(θ)qjj,i(θ).

Below we briefly describe the procedures of bootstrap methods. For parametric

bootstrap, we form a bootstrap sample {y(b)
1 , · · · , y

(b)
n } by

y
(b)
t = α̂n1(y

(b)
t−1)

+ + β̂n1(y
(b)
t−1)

− + ε
(b)
t , (64)

where y
(b)
0 = 0, t = 1, ..., n, and {ε(b)

1 , · · · , ε
(b)
n } is a random sample from standard

normal distribution. Then, the bootstrap percentile and bootstrap-t intervals are

constructed based on B bootstrap samples. That is, the (1 − γ) × 100% confidence

interval of α1 by the bootstrap-t is

ᾱn1 ± sn1 · t1−γ/2(n),

where ᾱn1 =
1
B

∑B
b=1 α̂

(b)
n1 and sn1 =

√

1
B−1

∑B
b=1(α̂

(b)
n1 − ᾱn1)2, and that by the boot-

strap percentile is

(α̂(1,l(γ)), α̂(1,u(γ)))

where α̂(1,j) is the jth order statistic of {α̂(1)
n1 , · · · , α̂

(B)
n1 }, l(γ) = [B · γ/2] and u(γ) =

[B ·(1−γ/2)]. The (1−γ)×100% confidence interval of β1 are similar. The procedures
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of non-parametric bootstrap are the same as the parametric one except that the ε
(b)
t in

(64) are obtained by bootstrapping the residuals. In the experiment we set B = 1000.

In related work, Enders, Falk, and Siklos [13] compared the coverage probabilities

in SETAR models by the uncorrected pivot and Bootstrap methods. They reported

the actual coverage attained and a measure of the symmetry of the intervals. The

symmetry measure was constructed as follows. For the ideal 90% confidence interval,

we expect the true parameter to fall below the lower bound of the interval five percent

of the time and above the upper bound of the interval five percent of the time. Let

A1 denote the actual percent of time that the parameter falls above the upper bound

and A2 denote the actual percent of time it falls below the lower bound. Then the

symmetry is set as the value [(A1 − 5)2 + (A2 − 5)2]1/2.

We conduct simulation study with (α1, β1)=(0.3, 0.3), (0.3, 0.6), (0.3, 0.9), (0.3,

0.95), (0.6, 0.6), (0.6, 0.9), (0.6, 0.95), (0.9, 0.9), (0.9, 0.95), (0.95, 0.95). These

parameter values are the same as those in Table 2 of Enders, Falk, and Siklos [13].

For each selected parameter value, 10,000 realizations of y1, ..., yn were generated for

n=100. The initial value y0 was set to be 0 and εt’s were drawn from the stan-

dard normal distribution. For each realization, the model was fitted using maximum

likelihood estimate (MLE), equivalent to least squares estimate in this case. The

estimates were used to construct the 90% confidence intervals for θ1 and θ2 using the

uncorrected pivot Tn in (3) and the corrected pivot T †n in (29), and to generate 1000

bootstrap samples to form the bootstrap percentile and bootstrap-t intervals. We

chose (η, m) = (0.001, 50000) when constructing T †n.

In simulating SETAR processes, it is possible that the constructed series never

crosses the true threshold, especially when the slope parameter is close to 1. In such

cases, the X ′
nXn is not positive definite and it is impossible to fit a SETAR model. In
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Enders, Falk, and Siklos [13], if a simulated series did not contain at least three points

on each side of the threshold, it was discarded and replaced with another simulated

sample. They applied this rule also for bootstrap simulation. In our experiments,

instead of discarding such series, we add a small positive quantity in the diagonal

of the matrix X ′
nXn, and then the whole procedure can be executed. Due to this

different setting, the results produced here are somewhat different from Enders, Falk,

and Siklos [13].

Table 2 gives simulated coverage probabilities and the symmetry measures (in

parentheses). In the table, the terms boot-t and boot-p represent bootstrap-t and

bootstrap percentile, respectively; and the (n) stands for nonparametric and (p) for

parametric. When the slope parameters are small, the coverage probabilities are

satisfactory for all methods; but when the slope parameters are closer to 1, the per-

formances vary. Overall, the corrected intervals have coverage probabilities closest to

the nominal value 0.9 and symmetry measures closest to zero. The uncorrected confi-

dence interval is slightly inferior to the corrected one in terms of coverage probabilities

and symmetry. The coverage probabilities by bootstrap percentile are reasonably well

when the slope parameters are small, but deteriorate seriously when the parameters

are closer to 1. The symmetry measures by bootstrap-t are good, but the coverage

probabilities tend to be too large when the slope of parameters are close to 1.

5.1.3 SETAR(2;1,1) examples with unknown threshold parameter

We study the confidence intervals for the threshold parameter. In Enders, Falk, and

Siklos [13] they found that the bootstrap method is very time-consuming because

of the need to apply the nonlinear least squares estimator to each of the bootstrap
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samples, and that when the threshold parameter is unknown, both the standard

normal and bootstrap approximations of the finite sample distributions do not lead

to satisfactory coverage probabilities. So, here we compare our approach only with

Hansen’s [16].

To begin, we examine some basic properties of the LSE r̃n in (44) and our modified

estimator r̂n in (57)-(59), using the SETAR(2;1,1) model (30) with r = 0, σ = 1, and

various choices of (α1, β1). The LSE θ̃n = (α̃n1, β̃n1, r̃n) is derived by the procedures

described in Section 4.1. To obtain θ̂n = (α̂n1, β̂n1, r̂n), we set b = 0.5 in (52) and

optimize it by Matlab’s fminsearch function. Our experiments show that different

initial values may lead to different maxima. Therefore, we use two initial values,

(0,0,0) and LSE, and choose the one with larger function value. Table 3.1 gives the

estimated mean and standard deviation of the estimates based on 1,000 replicates with

sample size n = 100 and 200, tuning parameter b = 0.5, and ten sets of parameter

values for (α1, β1, r). Overall, θ̂n is less biased and has smaller standard deviation.

However, the bias becomes large if one of the slope parameters is close to 1. It is

interesting to see that when sample size increases to 200 from 100, the LSE r̃n turns

out to be slightly less biased than r̂n. As the threshold effect may play a role in

the distribution of r̂n and r̃n, in Figures 1.1-1.4 we provide the scatter plots of r̃n

versus β̃n1− α̃n1 and r̂n versus β̂n1− α̂n1 for the first four sets of parameter values for

(α1, β1, r). We observe that |β̃n1 − α̃n1| tends to have larger values than |β̂n1 − α̂n1|.

We also observe that some of the r̂n and r̃n in Figures 1.3-1.4 are as extreme as

-10, and in such extreme cases β̂n1 − α̂n1 tends to be negative (note that the true

parameter values are β1 ≥ α1). The plots for the last six sets of parameter values can

be interpreted similarly, so we omit these plots.

Next, we give coverage probabilities for the threshold parameter. Hansen [16]
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found that the rejection rates for the likelihood ratio (LR) test Γ̃ (46) are generally

liberal, so he proposed the convexified region Γ̃c. Table 3.2 presents the results given in

Table 2 of Hansen [16], which shows that in general the convexified intervals perform

better than the original LR statistic when the threshold effect is small; however, in

the cases where the threshold effect is large, it may require larger sample sizes to

reach satisfactory results. Table 3.3 gives the coverage probabilities for some C-TAR

models using Γ̃, Γ̃c, Tn3 and T †n3. It shows that for these selected parameter values, Γ̃

and Tn3 tend to be closer to the nominal level than Γ̃
c, and the performance of T †n3 is

worse when slope parameters are large. The main problem with T †n3 is the evaluation

of µ̃n3. Our experimental studies show that the matrices −∇2`∗n(θ̂) and A(m)(ϕ̂n),

where ϕ̂n = θ̂n and θ̂n + ηej, for j = 1, 2, 3, can be non-positive definite, and hence

the Cholesky decomposition is not possible. When such circumstance occurs, we have

to remove the sample from the 1,000 replicates. The numbers in parentheses for T †n3

indicate valid samples out of 1,000. Since Tn3 does not require A(m)(ϕ̂n), we can easily

achieve 1,000 replicates. We give more discussions on T †n3 in Section 6. Table 3.4 gives

coverage probabilities for some D-TAR models. In these models, Γ̃c performs better

than the others.

5.2 Real US GDP

This section considers the logarithmic change in real U.S. GDP over the 1947:Q1 to

2003:Q4, as shown in Figure 2. Enders, Falk and Siklos [13] suggest to fit the data by

a SETAR(2; 3, 3) model. As the AIC values with SETAR(2; 3, 3) and SETAR(2; 1, 1)

are -2083.5 and -2109.7, fairly close, here we report our results using a SETAR(2; 1, 1)

model. First, we fit the data using a SETAR(2;1,1) model with the threshold param-
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eter r = 0. The resulting SETAR(2;1,1) model is:

yt =

{

0.0051 + 0.3720 y+
t−1 + 0.0095εt if yt−1 > 0

0.0053 + 0.2299 y−t−1 + 0.0095εt if yt−1 ≤ 0.
(65)

Table 4.1 reports the 90%, 95% and 99% confidence intervals for the slope pa-

rameters (α1, β1). The results of the uncorrected (using Tn) and corrected (using T †n)

ones are in the first four columns. Then we bootstrap Equation (65) 2,500 times

by parametric and non-parametric methods, and obtain bootstrap estimates of the

slope parameters. Retaining only the middle 90%, 95% and 99% of the ordered slope

parameters yielded the percentile confidence intervals, which are reported in the next

four columns, where (n) and (p) stand for nonparametric and parametric methods.

For each bootstrapped series, we also constructed the bootstrap t-statistic for the

parameters, which are reported in the last four columns. If the threshold parameter

is assumed unknown, the estimated model by LSE (α̃n1, β̃n1, r̃n) is

yt =

{

0.0663− 1.2131 y+
t−1 + 0.0095εt if yt−1 > 0.0284

0.0058 + 0.2995 y−t−1 + 0.0095εt if yt−1 ≤ 0.0284,

and by the modified estimator (α̂n1, β̂n1, r̂n) is

yt =

{

0.0663− 1.2279 y+
t−1 + 0.0095εt if yt−1 > 0.0289

0.0058 + 0.2995 y−t−1 + 0.0095εt if yt−1 ≤ 0.0289.

The confidence sets for the threshold parameter using Γ̃, Γ̃c and our approach are

reported in Table 4.2. The 90%, 95%, 99% confidence intervals by Hansen’s approach

are all (-0.0204, 0.0387). This can be seen from the likelihood ratio statistic given in

Figure 3, where all the values are below the critical value 5.94. In contrast, our 90%,

95%, 99% confidence intervals are all different, and they indicate the possibility of

non-zero threshold.
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