
1 Introduction

Threshold autoregressive (TAR) models are popular nonlinear extension of the linear

autoregressive (AR) models; see Tong [25] for a detailed account of this model. The

inference of parameters in the TAR model has been studied by many authors. For

approximate confidence intervals of the slope parameters, the conventional procedure

is by the standard asymptotic theory, which states that if the threshold parameter is

known, then the slope parameter estimates are asymptotically normally distributed.

For the threshold parameter, it is known that the inference is more difficult and the

sampling error in the estimated threshold is likely to affect the sampling distribution

of the slope parameters. In Chan [4], it was shown that the least-squares estimator

of the threshold parameter is rate-n consistent; however, its limiting distribution is

too complicated to form confidence intervals. Hansen [16] showed that if the thresh-

old effect diminishes as the sample size increases, then one can invert a likelihood

ratio test to construct confidence intervals for the threshold parameter. In the case

of a fixed, non-diminishing threshold effect, these intervals are asymptotically con-

servative. There are also sampling approaches to construct confidence intervals; see

Gonzals and Wolf [14] and Enders, Falk and Siklos [13]. In general, the sampling

methods are very time-consuming.

Though many have developed the asymptotic theory for parameter estimates in

the TAR models, there have been less studies about the finite sample properties.

Recently, Woodroofe [28] and Woodroofe and Coad [29] developed an approximation,

termed very weak expansions and used it to construct corrected confidence sets for

parameters in an adaptive linear model, accurate to order o(1/n). In simulation

studies they showed that the corrected confidence sets improve coverage probabilities
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when the sample size is moderate. This approximation was further developed by

Woodroofe and Coad [30] and Weng and Woodroofe [26], who derived the corrected

confidence sets for parameters in the AR(p) models and other adaptive models. This

approach starts with an approximate pivot, and employs the very weak expansions

to determine the mean and variance corrections of the pivot. Then, the renormalized

pivot is used to form corrected confidence sets. The correction terms have simple

forms, and for AR(p) models it involves only the first two moments of the process

and the derivatives of these moments. Consider a simple TAR model

yt =

{

α1yt−1 + σεt if yt−1 > 0
β1yt−1 + σεt if yt−1 ≤ 0,

(1)

where εt’s are independent standard normal random variables. As this model can

be written in a linear form (see (30)), one may expect to apply the above correction

procedure. However, for TAR models the analytic forms for moments are known only

in some cases when the autoregression function has special structures; see for example,

Anděl and Bartoň [1], Tong [25], and Loges [18]. The goal of this thesis is to extend the

very weak approximation to the TAR models to form corrected confidence sets when

sample size is moderate. We propose using the difference quotient method and Monte

Carlo simulations to approximate the derivatives. For known threshold parameter

case we prove that under mild conditions the obtained confidence intervals for the

slope parameters are accurate also to order o(1/n). The experimental results are

satisfactory. For unknown threshold parameter case, we slightly modify the likelihood

to be differentiable with respect to the parameters. Then we proceed to obtain

correction terms using this smooth likelihood. However, the simulation results are

not well for some parameter values. So, we give detailed investigations and suggest

some directions for future work.
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We organize the remainder of this thesis as follows. The next section gives brief

review of the very weak expansions and the bootstrap methods. In Section 3 we

introduce the self-exciting threshold autoregressive (SETAR) model and describe our

method to construct the confidence sets for the slope parameters; and we conduct error

analysis for our approach. In Section 4 we review earlier work on the SETAR model

with unknown threshold parameter, and propose a smoothing approach. In Section

5 we compare our approach, bootstrap method, and Hansen’s [16] method in both

simulated examples and a real US GDP data. Section 6 contains some discussions.
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