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CHAPTER 6.  

OPTIMAL-PRICE ESTIMATION DESIGN 

6.1. Introduction 

The optimal-price estimation module (OPE Module) is the most important 

component in iPrice system for estimating optimal price. The OPE module combines 

prospect theory (PT) and mental accounting. The inputs for the OPE module are 

bundle data (e.g., the number of bundles delivered, duration of the collaborative 

process, and the maximum utility among all prototypes.) and the user profile. The 

output is the optimal price that combines various inputs. 

 

6.2. Theoretical Foundation 

6.2.1. Prospect Theory 

Prospect theory, developed by Kahneman and Tversky (1979), addresses 

decision-maker behavior in the context of risk. Kahneman and Tversky (1979) stated 

that “decision making under risk can be viewed as a choice between prospects or 

gambles.” Unlike expected utility theory (EUT), which is concerned with how 

decisions under uncertainty should be made (a prescriptive approach), PT is 

concerned with how decisions are actually made (a descriptive approach). 

Prospect theory has been successfully utilized to explain a range of economic 

puzzles, particularly in behavioral finance. Psychology is the foundation of behavioral 

finance. Behavioral finance is employed to explain market anomalies that cannot be 

explained using a conventional efficient market hypothesis. 

 Thus, the difference between EUT and PT how realistic decisions are made 

(descriptive standpoint), not how decisions should be made under uncertainty 

(normative standpoint). The EUT is based on three tenets—expectation (i.e., overall 

utility is the expected utility of  outcomes), asset integration (i.e., the utility function 

domain is the final state rather than gains or losses), and risk aversion (i.e., a person is 

risk averse when he/she prefers a particular prospect to any risky prospect with an 

expected value). 

Nevertheless, several phenomena, such as certainty effect, reflection effect, and 

isolation effect, violate these EUT tenets. For instance, if there a person has a problem 

making a decision.  

(A). $2400 with certainty 

(B). $2500 with a probability of 0.33, 2400 with a probability of 0.66, and 0 with a 

probability of 0. 
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The result indicates that 82% of people chose (A). However, a rational decision maker 

is supposed to choose (B) with maximum utility (i.e., 2500 × 0.33 + 2400 × 0.66 = 

2433) based on EUT. This finding demonstrates the certainty effect, in which people 

tend to weigh and choose outcomes with certainty. 

 Furthermore, the reflection effect comprises the second critique of EUT. The 

preference between negative prospects is the mirror image of the preference between 

positive prospects. Thus, the reflection of prospects near 0 reverses the preferred order. 

The reflection effect, based on empirical data, implies that risk aversion in the 

positive domain is accompanied by risk seeking in the negative domain. Moreover, 

the preferences between the positive (Table 6-1 Preferences between positive and 

negative prospects  are inconsistent with EUT, which states that risk aversion is 

likely the best known generalization regarding risky choices.  

For instance, problem 3investigates the positive prospect using two possibilities, 

which are winning 3000 with certainty and winning 4000 with a probability of 0.8. 

Most people choose the first one based on the certainty effect. However, when the 

prospect is negative, which means 3000 is lost with certainty and 4000 is lost with a 

probability of 0.8, most people choose the second one. This experimental result 

implies that the reflection effect reverses the outcomes for positive and negative 

prospects. Restated, the reflection effect eliminates aversion for the uncertainty 

addressed in the certainty effect. 

Table 6-1 Preferences between positive and negative prospects 

Positive Prospects Negative Prospects 

Problem 3 

N=95 

(4000, 0.8) < (3000) 

 [20]       [80]* 

Problem 3’ 

N=95 

(-4000, 0.8) > (-3000) 

[92]*       [8] 

Problem 4 

N=95 

(4000, 0.2) > (3000, 0.25) 

[65]*      [35] 

Problem 4’ 

N=95 

(-4000, 0.2) < (-3000, 0.25) 

[42]       [58]* 

Problem 7 

N=66 

(3000, 0.9) > (6000, 0.45) 

[86]*      [14] 

Problem 7’ 

N=66 

(-3000, 0.9) < (-6000, 0.45) 

[8]        [92]* 

Problem 8 

N=66 

(3000, 0.02) < (6000, 0.01) 

 [27]       [73]* 

Problem 8’ 

N=66 

(-3000, 0.02) > (-6000, 0.01) 

[70]*      [30] 

 

 Ultimately, the isolation effect indicates that people frequently disregard 

components shared by alternatives and focus on components that distinguish them. 

That is, prospects can be decomposed into common and distinctive components using 

many methods, and different decompositions typically lead to different preferences. 

For example, two scenarios exist for a two-stage game with different combinations of 

decision and chance (Figure 6-1).  

 When people decide to make the decision first, they always choose the prospect 
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(4000, 0.2) which states ((a) in Figure 6-1); however, the two prospects are both risky. 

That is, the following two possible prospects are derived in (a): (3000, 0.25) and 

(4000, 0.2). The best choice would be (4000, 0.2) with a better value (i.e., 4000 × 0.2 

> 3000 × 0.25) based on EUT. Nevertheless, both prospects are risky, which indicates 

that people actually have two probabilities for each decision. 

Conversely, when people decide to take a chance prior to making a decision, they 

will finally choose prospect (3000, 0.25) ((b) in Figure 6-1). In this situation, the two 

stages are separated for decision making, meaning that people have choose to make a 

decision of choose not to make a decision during the first stage. Subsequently, two 

prospects emerge—winning 3000 with certainty and winning 4000 with a probability 

of 0.8. Thus, the prospect 3000 with certainty is the best choice according based on 

certainty; the probabilities in the first stage can be ignored with isolation effect. 

The utility values for the final state are the same as those for the two scenarios 

according to EUT; nevertheless, the decisions are entirely unique. The reversal of 

preferences is significant as it violates the basic supposition of a theoretical decision 

analysis indicating that choices are determined solely by the probabilities of final 

states. 

 

Figure 6-1 The isolation effect with different representation of the problem 

Moreover, PT distinguishes between two phases, an early phase of editing and a 

subsequent phase of evaluation, during the choice process. The editing phase, which 

consists of a preliminary analysis of offered prospects, frequently generates a simple 

representation of prospects. During the second phase, the edited prospects are 

evaluated and the prospect with the highest value is chosen. 

The editing phase organizes and reformulates the options to simplify subsequent 

evaluations and choice. The evaluation phase estimates the highest value among the 

prospects. The editing phase utilizes several operations that transform the outcomes 

and probabilities associated with the offered prospects. The primary operations in the 

editing phase are as follows. 

(1) Coding: People generally perceive outcomes as gains and losses rather than a 
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final wealth state. Thus, gains and loses are defined relative to a neutral reference 

point that corresponds to the current asset position. 

(2) Combination: Prospects can be simplified by combining the probabilities 

associated with identical outcomes. For instance, the prospect (300, 0.25; 300, 

0.25) will be combined into prospect (200, 0.5). 

(3) Segregation: Some prospects contain a riskless component that is segregated 

from the risky component. For example, the prospect (300, 0.8; 200, 0.2) is 

decomposed into a sure gain of 200, and the risky prospect is (100, 0.8). 

(4) Cancellation: The preceding operations are applied to each prospect 

independently. Cancellation indicates that the respondents discard certain 

common constitutes (i.e., isolation effect). For example, the choice between (200, 

0.2; 100, 0.5; -50, 0.3) and (200, 0.2; 150, 0.5; -100, 0.3) can be reduced by 

cancellation to a choice between (100, 0.5; -50, 0.3) and (150, 0.5; -100, 0.3). 

Hence, the final prospects depend on sequence of editing operations. Moreover, a 

decision maker is assumed to evaluate prospects and choose the prospect with the 

highest value during the evaluation phase. The overall value of an edited prospect is 

denoted as V using the scales π and υ.  

The first scale, π, is associated with each probability p and a decision weight π(p), 

which reflects the impact of p on overall prospect value. The second scale, υ, assigns 

x a number υ(x) to each outcome, which reflects the subjective outcome value. 

Outcomes are defined relative to a reference point that serves the zero point of the 

value scale. Therefore, υ measures the value of deviations from the reference point as 

gains and losses. 

The present formulation is concerned with simple prospects in the form (x, p; y, 

q), which have at most two non-zero outcomes. In such a prospect, one receives x 

with probabilities p, y with probability q, and nothing with probability 1-p-q, where 

p+q ≤1. An offered prospect is strictly positive when all outcomes are positive (i.e., if 

x,y>0 and p+q=1) or strictly negative when all outcomes are negative (i.e., when 

x,y<0 and p+q=1). A prospect is regular when it is neither strictly positive nor strictly 

negative. The basic equation of prospect theory describes the method for combining π 

and υ to determine the overall value of regular prospects. 

If (x, p; y, q) is a regular prospect (i.e., either p + q < 1 or x≥0≥y, or x≤0≤y), then 

V(x, p; y, q) = π(p) υ(x) +π(q) υ(y), where V is simply defined as the same as utility in 

utility theory, and υ is defined on outcomes. Two scales coincide for sure prospects, 

where V(x,1.0)=V(x)= υ(x). This equation generalizes expected utility theory by 

relaxing the expectation principle.  

Conversely, the evaluation of strictly positive and strictly negative prospects 

adheres to a different rule. During the editing phase, such prospects are segregated 
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into two components, riskless and risk. The equation for describing such prospects is 

V(x, p; y, q) = υ(y) +π(p)[ υ(x)- υ(y)] if p+q=1 and either x>y>0 or x<y<0. The value 

of a strictly positive or strictly negative prospect equals the value of the riskless 

component plus the value-difference between outcomes, multiplied by the weight of 

the most extreme outcome.  

Furthermore, a feature central to PT is that changes in wealth or welfare, rather 

than final assets, carry value. This assumption is compatible with the basic principles 

of perception and judgments. Value must be treated as a function in two 

arguments—the asset position (i.e., a reference point) and the magnitude of change 

(i.e., positive or negative from the reference point). Thus, the value function for 

changes of wealth is typically concave above the reference point and generally convex 

below it (Figure 6-2).  

 

Figure 6-2 The different value function between two works 

Moreover, a salient characteristic of attitudes toward changes in welfare is that 

losses loom larger than gains. For instance, the experience of losing a sum of money 

appears to be greater than that associated with gaining the same amount 0. In other 

words, the value function for losses is steeper than that for gains. In short, the value 

function is (1) defined according to extent of deviation from the reference point, (2) 

generally concave for gains and convex for losses, and (3) steeper for losses than for 

gains. Finally, the S-shaped value function is steepest at the reference point ((a) in 

Figure 6-2), in marked contrast to the utility function that is relatively shallow in that 

region ((b) in Figure 6-2), as postulated by Markowitz. 
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Figure 6-3 A hypothetical weighting function 

In PT, the value of each outcome is multiplied by a decision weight. Decision 

weights are inferred from choices between prospects much as subjective probabilities 

are inferred from preferences. Decision weights measure the impact of events on the 

desirability of prospects, and not merely the perceived likelihood of such events.  

Figure 6-3 presents a hypothetical weighting function that satisfies 

overweighting and subadditivity for small values of p. That is, people amplify the 

decision weight when the probability of a prospect is markedly lower than the 

objective probability distribution. They reduce the decision weight when the 

probability of a prospect is significantly higher (<1) than the objective probability 

distribution. Consequently, πdoes not behave well near endpoints. 

  

6.2.2. Mental Account 

To examine and extract the value function, the concept of mental accounting is 

utilized to move toward a behavior-based theory of consumer behavior. The value 

function in mental accounting describes how events are perceived and coded when 

making decisions. Given the value function shape (i.e., from PT ((a) Figure 6-2)), one 

can easily derive the following principles, which are a way of evaluating joint 

outcomes (x, y) and maximizing utility: 

(1) Segregate gains Let x>0 and y>0. Since υ is concave, then υ(x) + υ(y) > υ(x+y); 

thus, segregation is preferred. For example, do not wrap all the Christmas presents 

in one box. 

(2) Integrate losses Let outcomes be -x and -y, where x and y are positive. Since υ is 

convex, then υ(-x) + υ(-y) < υ(-(x+y)); thus, integration is preferred. For example, 

one desirable feature of a credit card is that it pools many small losses into one 
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larger loss thereby reducing total value cost. 

(3) Integrate smaller losses with larger gains Consider outcome (x, -y), where x > y 

for a net gain. Since the loss function is steeper than that for the gain function, υ(x) 

+ υ(-y) < υ(x-y); thus, integration is preferred. For example, if someone wins $50 

in a lottery, but needs to pay for lunch and dinner, each costing $15, it is better to 

integrate losses into $30 to attain a net gain of $20. 

(4) Segregate small gains from larger losses Consider outcome (x, -y), where x < y 

for a net loss. Since the gain function is steepest at the origin, the utility of a small 

gain can exceed the utility of slightly reduced large loss. For example, framing a 

sale as a rebate rather than a temporary price reduction may facilitate gain 

segregation. 

 Thus, mental accounting uses two kinds of utility when making a 

purchase—acquisition utility and transaction utility. Acquisition utility is a measure of 

the value of a good purchased relative to its price, a concept similar to the economic 

concept of consumer surplus (i.e., the value a consumer places on receiving a product 

minus the price paid). Transaction utility measures perceived deal value (i.e., the 

difference between the amount paid and regular price for a product).  

 The following analysis uses three price concepts. Let p be the actual price 

charged for a product, z. Afterward, p  is the value equivalent of z for  an 

individual. Finally, let p* be the reference point for z. Thus, acquisition utility is the 

net utility that accrues from the trade of p to obtain z, which is designated as υ( p , -p). 

Conversely, the measure of transaction utility depends on the price an individual pays 

compared to a given reference price (p*). Formally, it is the reference outcome, which 

is the value of paying p when the expected or reference price is p*, and is designated 

as υ(-p: -p*).  

Hence, the total utility from a purchase is the sum of acquisition utility and 

transaction utility. The value of buying product z at price p with reference price p* is 

defined as w(z, p, p*), where w(z, p, p*)=υ( p , -p) + υ(-p: -p*). Additionally, the most 

important factor in determining p is fairness, which depends in large part on seller 

cost. 

 In summary, PT is derived from behavioral finance of economics. Prospect 

theory is a descriptive theory explaining risky choices. In PT, the mapping of real 

probabilities onto subjective decision weights is described by a special function, the 

“π” function. Furthermore, the mapping of real value onto subjective value is 

described by a special curve, the “S” curve, which is defined in terms of losses and 
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gains  relative to the status quo.  

Additionally, mental accounting applies PT to move toward consumer behavior. 

Mental accounting comprises other features of PT, such as the concavity of gains and 

loss aversion. The total utility is estimated most accurately from acquisition utility 

and transaction utility, which incorporates the notion of a reference price. Thus, PT 

can be linked with numerous other psychological and cognitive theories. That is, PT 

does not break down the notion of action at all. Essentially, PT attempts to extend 

psychophysics to the realm of values and beliefs. 

 

6.3. Model 

Generally, obtaining equilibrium with a bundle price is difficult which may result 

in market inefficiency. Inefficiency (i.e., deadweight loss) is a loss of economic 

efficiency that occurs when a product or service is not at equilibrium. An equilibrium 

price is optimal without any deadweight loss and equilibrates the supply and demand 

curve. 

A difference between conventional products and information goods is found in 

the processes for generating an equilibrium price. For information goods, we assume a 

bundle price PB exists at equilibrium within a linear combination of utility, testing 

efforts and costs. This price can be generated through a collaborative process that 

allows a customer and a provider to participate and interact when determining a price, 

with the underlying objectives of maximum WTP and optimal profit. 

 

Figure 6-4 Deadweight loss of over-estimated and under-estimated prices 

Theoretically, PR is consumer reservation price, PO is over-estimated price, PU is 

under-estimated price, PB is optimal (equilibrium) price, PA is producer acceptable 

price, PF is the price floor the producer is willing to accept when the price is 

over-estimated,  PC is the price ceiling the consumer is willing to pay when the price 

is under-estimated, n is the number of services in a bundle at optimal price, and m is the 

number of services in a bundle at an over-estimated/under-estimated price. 
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Social welfare is the sum of consumer surplus (CS) and producer surplus (PS); 

we assume SW for PO and PU are SWPo and SWPu: 

(a) SWPo = CSPo+PSPo = ( )FAOR PPPP
m

−−+
2

                   (6.1) 

(b) SWPu = CSPu+PSPu = ( )CAUR PPPP
m

+−−
2

              (6.2) 

(c) SWPB = CSPB+PSPB =
2

)( nPP BR − +
2

)( nPP AB − = ( )AR PP
n

−
2

       (6.3) 

 

Theorem 2. Social welfare is optimized at a equilibrium price; otherwise, SW has a 

deficiency of deadweight loss31 (either for an over-estimated or under-estimated 

price); 

Theorem 1 proves that bundle (collaborative) price is optimal for either a 

consumer or service provider. Additionally, Theorem 2 provides evidence that SW is 

optimal when bundle price is at equilibrium. Lemma 3 and lemma 4 indicate that 

deadweight loss exists when the price is either over-estimated or under-estimated.  

Lemma 3. Compared with an over-estimated price PO, offering an optimal price PB 

enhances SW by a deadweight loss ( )( ) ( )[ ]FOAR PPmPPmn −−−−
2

1
. 

Proof. 

First, we assume the following conditions: PR>PO>PB>PU>PA and n>m>0 To 

simplify, we also assume that supply and demand curves are straight lines. Thus, 

deadweight loss is the subtraction of SW at a bundle price and over-estimated price;  

SWPB- SWPO = ( )( ) ( )( )FOAR PPmPPmn −−−−
2

1
                          (6.4) 

We assume ( )( ) ( )( )FOAR PPmPPmn −−−−
2

1
 < 0, meaning that deadweight loss is 

positive (i.e, SWPB < SWPO). Notably, PF > PA holds when price is over-estimated 

according to PR>PO>PB>PU>PA.; thus, PR -PA > PR – PF is true. That is,  

PR -PA > PO – PF holds since (PR > PO) and PR - PA > PO – PF                (6.5) 

Here the proof is separated into the following two conditions: ≧
2

n
 and m <

2

n
. 

(a) If m≧
2

n
 (i.e., m n≧ -m), the original assumption is 

( )( ) ( )( )FOAR PPmPPmn −−−−  < 0. The equation can the be reduced to 

                                                 
31 Deadweight loss is a loss of economic efficiency that can occur when a good or service is not at 
equilibrium. The equilibrium price is the optimal price that equilibrates the supply and demand curve. 
The price that is higher than equilibrium price is called over-estimated price; a price that is lower than 
equilibrium price is called under-estimated price. 
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m

mn −
(PR - PA) < (PO – PF)                                           (6.6) 

Condition m≧
2

n
 can be replaced in Eq. (6.6); 

 

2

2
n

n
n −

(PR - PA) < 
m

mn −
(PR - PA) < (PO – PF) ( if m≧

2

n
)                 (6.7) 

Equation (6.7) suggests that (PR - PA) < 
m

mn −
(PR - PA) < (PO – PF); however, (PR - 

PA) < (PO – PF) contradicts Eq. (6.5). Thus, the original assumption is false, and 

( )( ) ( )( )FOAR PPmPPmn −−−−  > 0 is true. 

(b) If m <
2

n
, then m < n-m. The original assumption can be reduced to 

(n-m)(PR - PA) < m(PO – PF).                                         (6.8) 

The condition m <
2

n
 can be replaced in Eq. (6.8); 

(n-m)(PR - PA) < m(PO – PF) < (n-m)(PO – PF) if m < n-m                  (6.9) 

Equation (6.9) demonstrates that (PR - PA) < (PO – PF), which contradicts Eq. 

(6.5). Thus, the initial assumption is false, and ( )( ) ( )( )FOAR PPmPPmn −−−−  > 0 is 

true. In summary, SWPB > SWPo is true, and deadweight loss is 

( )( ) ( )[ ]FOAR PPmPPmn −−−−
2

1
. 

 

Lemma 4. Compared with an under-estimated price PU, offering an optimal price PB 

improves SW by a deadweight loss ( )( ) ( )[ ]CUAR PPmPPmn −+−−
2

1
. 

Proof. 

We assume deadweight loss is the subtraction of SW at a bundle price and 

under-estimated price;  

SWPB- SWPu= ( )( ) ( )[ ]CUAR PPmPPmn −+−−
2

1
                          (6.10) 

We assume ( )( ) ( )[ ]CUAR PPmPPmn −+−−
2

1
 < 0, meaning that deadweight loss 

is positive (i.e., SWPB < SWPu); supposedly, PC > PA holds when the price is 

under-estimated.  

As PR -PA > PR - PA’ exists; thus, PR -PA > PU - PC since (PR > PU) is true. 

( )( ) ( )[ ]CUAR PPmPPmn −+−−  < 0 contradicts the constraints, which are n-m>0, PR 
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-PA > 0, PU – PC > 0;  

Thus, the assumption is false, and ( )( ) ( )[ ]CUAR PPmPPmn −+−− >0 is true. 

That is, SWPB > SWPu is true and deadweight loss is 

( )( ) ( )[ ]CUAR PPmPPmn −+−−
2

1
. 

Table 6-2 Prices, Social Welfare, and Deadweight Loss 

 Over-Estimated Price Under-Estimated Price Optimal Price 

Price PO PU PB 

Social 

Welfare 
SWPo= ( )FAOR PPPP

m
−−+

2
 SWPu= ( )CAUR PPPP

m
+−−

2
 SWPB= ( )AR PP

n
−

2
 

Deadweight 

Loss 

Compared 

to Optimal 

Price 

( )( ) ( )[ ]FOAR PPmPPmn −−−−
2

1
 ( )( ) ( )[ ]CUAR PPmPPmn −+−−
2

1
 

0 

 

6.4. Method 

The three principal components of optimal price estimation are design fee, 

number of bundles, and test efforts. The notion is derived from the work of Terwiesch 

and Loch (2004). They proposed that test effort (the effort a provider should make 

during a collaborative process) and design fee (the outlay for customized prototypes) 

should be incorporated into cost estimation (that is the reverse of the original concept 

of product development that denotes free for charge prototypes) except for bundle 

costs. 

The design fee is the costs of customized prototypes (i.e., bundles) and is 

estimated based on the maximum utility among prototypes. The number of bundles is 

associated with test efforts, which assumes that the collaborative process is worthy 

and needs to be charged for a user. The bundle cost is the costs for a sequence of 

services in a bundle. Accordingly, a formula emerges using the four identified 

components, P ≥ D(U) + T(N) + C, where D is design fee, U is maximum utility, N is 

the number of bundles, T is the test efforts during a collaborative process, and C is 

bundle service costs. 
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Figure 6-5 Three components for optimal price estimation 

 Furthermore, it is essential that the OPE module explores the maximum utility 

among bundles. The operational process for investigating maximum utility is 

separated into two folds (Figure 6-6)—formulated as U=υ(p)π(p) — which are PT 

(the utility is equal to the value function by the weight function) and mental account 

(the value function is the sum of acquisition utility and transaction c). 

As in the foundation of PT, the value function and weight function are dissimilar 

for various users. Supposedly, the value function and weight function initiate from a 

normal distribution and are adjusted by the profile and behaviors of each individual. 

The value function is divided into acquisition utility (the value of a good received 

compared to the outlay) and transaction utility (the perceived merits of the deal). 

 

Figure 6-6 The relationship for prospect theory and mental account 

 Acquisition utility is the net utility that accrues from the trade of p (i.e., the cost 

of a bundle, which is not assumed equal to minimum price to obtain z (which is 

valued at p ), which will be coded as the integrated outcome υ( p - p) ((a) in Figure 

6-7). The transaction utility depends on costs compared to reference price p*. 
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Formally, transaction utility is defined as the reference outcome υ(p- p*) or υ(p - p*), 

where the costs and reference price are p and p*, respectively. The p-p* and p*-p are 

net values that stand for the difference between cost (p) and reference price (p*). Each 

net value is mapped into a net utility according to the distribution of value function 

(Figure 6-7). 

p

p

p

p

 

Figure 6-7 The concepts of acquisition and transaction utility 

However, the sequence of values for cost and reference price may produce 

different outcomes. When cost is higher than the reference price, transaction utility is 

equal to υ(p* - p), and, as a result, p* is shifted and replaces 0 as the reference point. 

For example, when the cost for a sequence of services is $100 and the reference price 

is $80, the net utility is υ(-20) (i.e., one may think that only $20 is lost ((b) in Figure 

6-7).  That is, if one pays $100 for services (i.e., assume it is equal to costs), but the 

market price is $80, the utility is equal to the net loss of $20 (i.e., υ(-20)). 

Conversely, when the reference price exceeds cost, transaction utility is equal to 

υ(p – p*), and, as a result, p* is shifted and replaces 0 as the reference point. For 

instance, if the cost for a sequence of services is $100 and the reference price is $120, 

the net utility will be υ(20) (i.e., one may think that $20 was gained even though $100 

was paid ((c) in Fig. 3-6). That is, if one paid $100 for the services (i.e., assume it is 

equal to costs), but the market price is $120, the utility is equal to a net gain of $20 

(i.e., υ(20)). 

 Moreover, the weight function, in addition to the value function, is another 

essential element in PT. Decision weights measure the impact of events based on the 

desirability of prospects, and not merely the perceived likelihood of such events. 

Typically, π(p) < p, where p is the probability for bundle x; however, the only 

exception is for π(p) > p under the condition of very low probabilities. The reason is 

that people are always limited in their ability to comprehend and evaluate extreme 

probabilities. Restated, highly unlikely events are either ignored or 

over-weighted—the difference between high probability and certainty is either 

neglected or exaggerated. Consequently, π is not well behaved near the endpoint 



 99

(Figure 6-8). 
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Figure 6-8 Decision weight function 

Furthermore, the design fee function (D), test effort function (T), and cost 

function (C) are three functions in the formula based on the idea of marginal cost 

(Figure 6-9). In economics and finance, marginal cost is the change in total cost that 

arises when the quantity produced (or purchased) changes by one unit. In other words, 

marginal cost is the cost of producing one additional unit. For instance, if the total 

cost of producing 10 units is $50, and the total cost of producing 11 units is $54, then 

marginal cost at that level of output is $4. This is distinguished from average cost, 

which is the total dollar cost incurred during a given time period, and is divided by the 

total number of units produced during that period.  

Conversely, the difference between a concave and convex curve is the speed of 

movement for the x-axis and y-axis, respectively. If the movement of the y-axis is 

faster than that of the x-axis, the curve is convex. Conversely, the curve is concave 

when the movement for the x-axis is faster than that of the y-axis. These curve types 

represent the basic assumptions for functions, design fee function, test effort function 

and cost function, because linear pricing is unreasonable and infeasible, as noted in 

previous research. 

We hypothesize that the design fee function is a convex and incremental function 

(i.e., as is the assumption of the marginal cost function) and the x-axis and y-axis 

represent the utility value and design fee, respectively. The utility value typically 

increases slower than the design fee; in short, when the utility value increases by one 

unit, the design fee is higher than one unit. That is, the design fee is charged according 

to superior user’s perceived utility. 

Next, we hypothesize that the testing effort function is a concave and 

incremental function, and the x-axis and y-axis represent the number of bundles and 
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test effort, respectively. The test effort increases progressively as the numbers of 

bundles increases in accordance with the concave assumption. The curve steepens as 

the number of bundles increases due to a continuous collaborative process.  

This demonstrates a phenomenon in that a user and producers consume 

considerable testing efforts and the curve exceeds the conventional linear scheme for 

a long-term perspective. Furthermore, when the number of bundles increases, test 

efforts increase gradually. For example, 5 bundles should cost more than 3 bundles for 

customized design in the collaborative process. 

 

 
Figure 6-9 The distribution for three functions (D, T, C) 

 Likewise, we hypothesize that the cost function is a concave and 

incremental function based on the definition of marginal cost, where the x-axis and 

y-axis represent number of services in the bundle and cost, respectively. The cost 

increases smoothly and accompanies the increase in the number of services. This 

suggests that initial cost is non-zero and curve growth is slow (i.e., producers may 

offer additional discounts from the increment of units). That is, when the number of 

services in the bundle is high, the cost of the bundle will increase slowly and smoothly. 

For example, if two bundles comprise 3 services and 5 services, respectively, the costs 

will likely differ slightly. 

Additionally, this work propose a novel algorithm for the OPE module that 

details the process of the OPE module (Figure 6-10). In the beginning of the 

algorithm, there certain variables are needed for declaration, and were explained in 

the previous paragraph. Certainly, PT is the foundation and the information of the 

bundle (B and BoS) is passed via CP module.  

Table 6-3 The description of all variables 

Variable Description Variable Description 

D A function of design fee. Vtc The transaction utility of a 

bundle. 

T A function of testing effort. υ The value function. 

C A function of cost. π The weight function. 

P The final price that will be charged. po The probability of the 
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outcome x. 

B A specific bundle with several 

services. 

p The basic costs of a bundle. 

BoS The number of services in the 

bundle. 
p  

The perceived value of the 

bundle. 

U Represents the utility value for a 

bundle. 

p* The reference price of the 

bundle. 

Umax The maximum utility among all. Tc The testing cost for each 

bundle. 

Vac The acquisition utility of a bundle. Bc The cost for each bundle. 

 First, the iPrice system calculates the utility for each bundle, B, until the CP 

module stops sending information. The system then sets acquisition utility Vac to 

υ( p - p). Transaction utility (Vtc) is computed based on two different conditions, 

bundle costs (p), which is larger than the bundle reference price (p*) (i.e., p > p*), and 

bundle costs are smaller than the bundle reference price (i.e., p < p*). Furthermore, 

the weight function generates a decision weight value for the bundle (π(po)). Hence, 

utility value (U) is generated via the sum of acquisition utility, transaction utility, and 

decision weight. 

The system determines maximum utility among all bundles (i.e., prototypes) and 

sets the value to Umax. The number of services in the bundle (BoS) is extracted from 

the bundle’s information. The test costs and individual cost for each bundle are 

denoted by Tc and Bc, respectively. Finally, final price (P) is estimated using the sum 

of design fee (D(Umax)), testing effort (T(N)* Tc), and cost (C(BoS)* Bc). 
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(01)  BEGIN 

(02)  INIT D is design fee function

(03)  INIT T is testing effort function

(04)  INIT C is cost function

(05)  INIT P is final price

(06)  INIT B is a bundle of services 

(07)  INIT BoS is the number of services in the bundle

(08)  INIT U is the utility

(09)  INIT Umax is the maximum utility

(10)  INIT Vac is the acquisition utility

(11)  INIT Vtc is the transaction utility

(12)  INIT  υ  is value function

(13)  INIT  π  is weight function
(14)  INIT po is the probability of outcome x

(15)  INIT p is the basic costs of the bundle

(16)  INIT    is the perceived value of the bundle

(17)  INIT p* is the reference price of the bundle

(18)  INIT Tc is the testing cost for each bundle

(19)  INIT Bc is the cost for each bundle

(20)  WHILE B is not equal to NULL

(21)        SET Vac to  υ(   - p)

(22)     IF p > p* THEN

(23)        SET Vtc to  υ(-(p*- p))
(24)     ELSE

(25)        SET Vtc to  υ(p- p*)

(26)     Set U to the sum of Vac, Vtc and multiply by π(po)
(27)     ENDIF

(28)  ENDWHILE       

(29)     DETERMINE  Maximum U

(30)     SET Umax to U

(31)  GET BoS from B

(32)  SET P to the sum of D(Umax), T(N) multiply by Tc, and 

(33)                       C(BoS) multiply by Bc

(34)  DISPLAY P

(35)  PRINT P

(36) END

p

p

  

Figure 6-10 OPE Algorithm 

 Briefly, the OPE module obtains optimal price based on maximum utility derived 

from the collaborative process. The concepts in PT and mental accounting consider 

risk when estimating user utility. Thus, the OPE module not only assists the system in 

identifying the appropriate bundle among prototypes, but also estimates optimal price 

underlying maximum utility. 

 



 103 

6.5. Evaluation 

This study applies EUT as a benchmark for comparison with PT. Theoretically, 

PT considers the emotional and contextual affections for decision making behavior 

(psychology-based). EUT is based on the assumption of efficiency market with 

rational decision making behavior (economic-based). In our context, the emotion 

factor should be considered in decision making process. That is, we assume the 

consumer make the decision with emotions in dynamic contexts based on PT. 

The equation for EUT is ΣiPiU(χi), where P is the probability for a specific 

outcome χ, and U is the utility of χ (e.g., the curve of U is concave). Conversely, the 

PT equation is Σiυ(χi)π(pi), where υ is the value function of outcome χ and π is a 

weight function of probability p. Consequently, results obtained with EUT and PT are 

compared, which confirms that PT is more efficient and effective than EUT. 

 

6.5.1. Assumptions 

Certain assumptions for variables are required for the simulation process. We 

assume a service cost is randomly generated (bounded from 1–20 US dollars) to 

ensure generality. The results for utility, price, profit, and social welfare are all 

averages from 5 iterations. The test cost for each service is 0.05% (the notion is from 

the tip of the service). The number of prototypes is set at 6 due to Markov chain 

results, which indicate that needs will converge at around 6 steps (see previous 

simulation results). Ultimately, this study randomizes coefficients a1, a2, a3, b1, b2, 

b3, c2, and c3 for 5 iterations and estimates average profits. These coefficients are a 

design fee function, testing effort function, and cost function respectively, these 

functions are concave or convex. Additionally, these coefficients are fractions (except 

for a1) as a result of increasing gradually. That is, the design fee function 

is
1

1
1

b
Xa +  (convex), testing effort function is 

2

1

22

2

cb

X

a

X
++  (concave), and cost 

function is 
3

1

33

2

cb

X

a

X
++  (concave).  

Table 6-4 Random results of coefficients 

RoundRoundRoundRound    a1a1a1a1    b1b1b1b1    a2a2a2a2    b2b2b2b2    c2c2c2c2    a3a3a3a3    b3b3b3b3    c3c3c3c3    

1111    1 3 4 6 6 7 2 8 

2222    8 6 5 2 3 3 4 5 

3333    2 8 3 8 2 3 7 5 

4444    1 6 4 5 7 8 2 4 

5555    5 7 6 4 4 6 6 5 
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6.5.2. Simulation 

Two control variables, probability of the outcome and number of services in the 

final bundle, are manipulated when assessing system performance. Outcome is 

defined as the value of a specific bundle, and probability is the possibility that this 

specific outcome will be chosen. This study sets the boundaries for outcome 

probability at 0.5–0.9, which may exceed the average weighting and sufficiently high 

to verify the difference between EUT and prospect theory, except in the case when 

outcome probability is 100%. Furthermore, the number of services in the final bundle 

will be roughly 2–8, which is sufficient to distinguish the diversities. 

 

6.5.3. Performance Measurement: Utility 

Utility is the first metric of performance measurement. This study simulates two 

utility functions (EUT and collaborative pricing in PT) with different probabilities 

(0.5–0.9) to assess the utilities. The experimental results demonstrate that PT has 

lower utility than EUT for all probabilities as collaborative pricing in PT is close to an 

ideal decision model (Figs. 1–5). However, the difference between PT and EUT 

decreases when probability decreases. The reason is that utility is the product of a 

probability and value; thus, high probability can generate high utility. This study 

utilizes prices based on such utilities to examine the performance of different theories. 

The assumption in the proposed model is that the collaborative pricing approach 

within PT is at equilibrium. Prices of EUT fluctuate in accordance with the increase in 

the number of services in a bundle. When the probabilities are 0.8 and 0.9, EUT will 

likely over-estimate the price for 2 services in a bundle and under-estimate the price 

for 5–9 services in a bundle (Figs. 6 and 7). The EUT performance is close to that of 

PT when there are 3 and 4 services in a bundle. When probabilities are 0.6 and 0.7 

(Figs. 8 and 9), EUT will likely overestimates the price for 2 services and 

under-estimates the price for 4–9 services in a bundle (i.e., the performance of EUT 

and PT is only close when there are 3 services in a bundle). Finally, the EUT always 

under-estimates prices compared with PT for all numbers of services when probability 

is 0.5 (Fig. 10).  

The reason is that EUT only considers final utility and bundle probability, and 

ignores the efforts of the collaborative process. Once a customer satisfies the 

interaction process, utility is high, and the price can increase. That is, prices may be 
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under-estimated when the number of services in a bundle is large (e.g., 4–8 services 

when probabilities are 0.6–0.9). Conversely, when a customer satisfies the interaction 

process he/she will not pay much when the number of services in a bundle is small. In 

this scenario, price will be over-estimated (e.g., 2–3 when probabilities are 0.6–0.9). 

Prices are always under-estimated when probabilities are very low (e.g., 0.5) as 

consumers do not satisfy the delivered services and will decide not to accept.  

Theorem 1 suggests that a service provider maximizes profits by offering 

collaborative pricing, provided a buyer’s reservation price exceeds the service 

provider’s customized price. That is, the customer improves consumer surplus 

(Lemma 2) from a collaborative price. Following the propositions in the theorems, PT 

should furnish an equilibrium price. Hence, the results of consumer surplus (utility) 

attained based on PT is close to the optimal decision model (Figs. 1–5). The utilities 

will be over-estimated when utilizing EUT, regardless of any probabilities. However, 

PT improves utilities and demonstrates that price may be close to consumer 

willingness-to-pay based on the theoretical proof and simulation results. 
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Figure 6-11 Utilities between PT and EUT at probability 0.9 
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Figure 6-12 Utilities between PT and EUT at probability 0.8 
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Figure 6-13 Utilities between PT and EUT at probability 0.7 
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Figure 6-14 Utilities between PT and EUT at probability 0.6 
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Figure 6-15 Utilities between PT and EUT at probability 0.5 
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Figure 6-16 Prices between PT and EUT at probability 0.9 
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Figure 6-17 Prices between PT and EUT at probability 0.8 
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Figure 6-18 Prices between PT and EUT at probability 0.7 
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Figure 6-19 Prices between PT and EUT at probability 0.6 
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Figure 6-20 Prices between PT and EUT at probability 0.5 

 

6.5.4. Performance Measurement: Profit 

This study compares profits obtained using two different pricing 

methods—collaborative pricing in PT and EUT pricing. Collaborative pricing 

combines three terms at the lowest price—fees for designing a customized bundle 

(Design Fee), fees for testing prototypes during the collaborative process (Testing 

Effort), and costs of services (Cost). The EUT pricing method sums the perceived 

value and costs of services. For instance,  

1. Price(Collaborative Pricing) ≥ (Design Fee +  Testing Effort + Cost) 

2. Price(EUT Pricing) = Probability × (No. of services × Cost/Service)  

3. Profit(Collaborative Pricing) ≥ (Design Fee + Testing Effort + Cost) - (Total Costs of the 

linear combination of services) 

4. Profit(EUT Pricing) = Probability × (No. of services × Cost/Service) - (Total Costs of 

the linear combination of services)  

Subsequently, prices are subtracted from costs to estimate profits using both schemes. 

Costs are from a linear combination of services without fixed parameters or additional 

profits. The two pricing approaches directly estimate price for different utility 

functions without any fixed parameters. Surely, the collaborative pricing model 

incorporates test efforts and costs. The EUT pricing method incorporates utility and 

service costs. This study randomizes 5 iterations of different combinations of certain 

coefficients in the aforementioned equation to obtain average price and profit as each 

coefficient is not fixed. Similarly, prices and profits obtained using the EUT pricing 

approach can be seen as average based on the random generation of cost for each 
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service from 5 iterations. 

The experimental result indicates that EUT generates highest profits when 2 and 

3 services are in a bundle and probabilities are 0.8 and 0.9, and generates the lowest 

profits when 5–8 services are in a bundle. The only point in EUT that is close to PT is 

when there are 4 services in a bundle, which means generate deadweight loss for other 

situations (Figs. 11 and 12). When probabilities are 0.6 and 0.7 (Figs. 13 and 14), the 

point at which PT and EUT are closest is when there are 3 services in a bundle (i.e., 2 

and 4–8 services in a bundle cause deadweight loss). Ultimately, the deadweight loss 

exists for all numbers of services when probability is 0.5 (Fig. 15). 

The reason is that EUT only considers final utility and probability that a bundle 

will be chosen, and ignores the effects of the collaborative process. That is, the 

collaborative design process is significant. Collaborative design allows firms to 

become deeply embedded in their customers’ design and development processes by 

developing prototypes. Similar to the concept of collaborative design, collaborative 

pricing allows customers to actively participate in pricing products (that is, their WTP) 

and tailors prices and services to consumer changing needs. Once a customer satisfies 

the interaction, providers should consider their efforts during collaboration to avoid 

under-estimating the price. 

Prices may be under-estimated when the number of services in a bundle is large 

(e.g., 4 –8 when probabilities are 0.6–0.9). Conversely, a customer will not pay much 

when there are few services; thus, prices will be over-estimated (e.g., 2 or 3 when 

probabilities are 0.6–0.9). Bundle prices are always under-estimated when 

probabilities are very low (e.g., 0.5) as the provider has under-estimated profits. 

In Theorem 1, the service providers increases profits (Lemma 1) using a 

collaborative pricing scheme. The experimental results suggest that profit will be 

obviously enhanced when the number of services in a bundle increases (Figs. 11–15). 

The EUT sometimes under-estimates price and over-estimates profit, which confirms 

if that is not a collaborative price. However, PT improves prices and indicates that the 

price of the bundle may be close to optimal based the theoretical proof and simulation 

results. 

 

6.5.5. Performance Measurement: Social Welfare 

This study also analyzes social welfare to compare the two approaches. Tables 

2–6 presents comparison results for social welfare between collaborative pricing and 

EUT methods. The summation of utility and profit considers social welfare. The 

experimental result suggests the EUT has high social welfare at 2–4 services in a 
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bundle and probabilities are 0.8 and 0.9, and low social welfare at 6–8 services in a 

bundle (Figs. 16 and 17). The only point at which PT is close to EUT is at 5 services 

in a bundle. When probabilities are 0.6 and 0.7 (Figs. 18 and 19), both methods are 

close at 4 services in a bundle (i.e., 2, 3 and 5–8 services in a bundle can generate low 

social welfare). Ultimately, when probability is 0.5 (Fig. 20), the point at which both 

methods are close is at 2 services in a bundle (i.e., 3–8 services in a bundle can 

produce low social welfare).  

Theorem 2 claims that social welfare is optimized at an equilibrium price; 

otherwise, it has the deficiency of deadweight loss with over-estimated (Lemma 3) or 

under-estimated prices (Lemma 4). Social welfare for EUT fluctuates between fewer 

differences than PT for few services and more differences than PT for a large number 

of services. Following the propositions of theorem 2, PT is assumed to generate an 

equilibrium price. Thus, simulation results verify that deadweight loss exists when the 

collaborative price is not at equilibrium. 
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Figure 6-21 Profits between PT and EUT at probability 0.9 
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Figure 6-22 Profits between PT and EUT at probability 0.8 
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Figure 6-23 Profits between PT and EUT at probability 0.7 
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Figure 6-24 Profits between PT and EUT at probability 0.6 

 

Probability=0.5

0

50

100

150

2 3 4 5 6 7 8

No. of Service

P
ro

fi
t Profit (Prospect)

Profit (EUT)

 

Figure 6-25 Profits between PT and EUT at probability 0.5 
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Figure 6-26 Social welfare between PT and EUT at probability 0.9 
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Figure 6-27 Social welfare between PT and EUT at probability 0.8 
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Figure 6-28 Social welfare between PT and EUT at probability 0.8 
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Figure 6-29 Social welfare between PT and EUT at probability 0.6 
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Figure 6-30 Social welfare between PT and EUT at probability 0.5 

 

6.6. Summary 

This work simulates two approaches, EUT and PT, for estimating utility. The 

simulation results indicate that EUT has better utility than PT, which might confirm 

that PT is suitable under rational conditions (Figs. 1–5). That is, the assumption in 

EUT is that people behave rationally. For a real-world decision model, many variables 

must be considered, such as risk and current status as the reference point to assist 

consumers when making decisions. Thus, PT generates utility that can offset and close 

to ideal behaviors in accordance with simulated outcomes. Probability does not 

markedly affect final price (Tables 2–6) during collaborative pricing but does with 

EUT. 

Additionally, collaborative pricing with three combinations of functions (e.g., 

design fee, testing effort, and cost) is always superior to EUT pricing. The 

experimental results demonstrate that EUT over-estimates (e.g., at a small number of 

services, such as 2 or 3, in a bundle) and under-estimates (e.g., at a large number of 

services, such as 5–8, in a bundle) prices, resulting in lower prices than those obtained 

with PT (Figs. 6–10). The same scenario occurs for social welfare in a micro 

perspective (Figs. 11–15). Consequently, the collaborative pricing approach is 

reasonable and profitable for both consumers and producers, and is superior to the 

EUT pricing method. This finding also coincides with theorem 1 and theorem 2, 

which indicate that the collaborative price should be at equilibrium from the 

perspectives of profit and social welfare. 

 That is, collaborative pricing based on PT generates an equilibrium price with 

maximized profit and social welfare. This also conforms to simulation results, which 

indicate that EUT (the benchmark approach) generates higher utilities (which may 
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over-estimate) and lower prices than PT. Moreover, profits and social welfare 

obtained using EUT fluctuate more than those obtained with PT; that is, prices are 

occasionally over-estimated or under-estimated with EUT. There are two reasons for 

this—EUT does not consider collaborative efforts and assumes that consumers are 

rational. These experimental results can be seen as evidence suggesting that 

collaborative pricing is near equilibrium, a point at which price is neither 

under-estimated nor over-estimated. 

Furthermore, collaborative pricing has significant differences from EUT when 

the 6–8 services are in a bundle. The probabilities affect EUT markedly according to 

the EUT equation. That is, profit decreases as probability decreases. Collaborative 

pricing within PT is significantly differences from EUT at a highly increased trend. 

This proves that collaborative pricing has superior utility (which may be close to ideal 

value even when it is lower than EUT) and generates optimized profits and social 

welfare. 

Table 6-5 Detail information of simulation result at probability 0.9 

Probability=0.9        

No. of Service 2 3 4 5 6 7 8 

Utility (Prospect) 16.7184 22.032 27.6048 28.7712 32.4 46.008 54.432 

Utility (EUT) 23.22 30.6 38.34 39.96 45 63.9 75.6 

Average Profit (Prospect) 13.33515 25.13508 38.00968 46.33046 64.55069 109.8644 137.7905 

Average Profit (EUT) 23.22 30.6 38.34 39.96 45 63.9 75.6 

Social Welfare (Prospect) 30.05355 47.16708 65.61448 75.10166 96.95069 155.8724 192.2225 

Social Welfare (EUT) 46.44 61.2 76.68 79.92 90 127.8 151.2 

 

Table 6-6 Detail information of simulation result at probability 0.8 

Probability=0.8        

No. of Service 2 3 4 5 6 7 8 

Utility (Prospect) 13.4784 18.5472 25.5744 27.1872 36.5184 38.592 45.0432 

Utility (EUT) 18.72 25.76 35.52 37.76 50.72 53.6 62.56 

Average Profit (Prospect) 12.35236 23.57738 36.5926 50.24428 81.42242 100.1804 136.9234 

Average Profit (EUT) 18.72 25.76 35.52 37.76 50.72 53.6 62.56 

Social Welfare (Prospect) 25.83076 42.12458 62.167 77.43148 117.9408 138.7724 181.9666 

Social Welfare (EUT) 37.44 51.52 71.04 75.52 101.44 107.2 125.12 

 

Table 6-7 Detail information of simulation result at probability 0.7 

Probability=0.7        

No. of Service 2 3 4 5 6 7 8 

Utility (Prospect) 7.3584 18.2448 20.9664 26.6112 34.1712 33.3648 39.9168 
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Utility (EUT) 10.22 25.34 29.12 36.96 47.46 46.34 55.44 

Average Profit (Prospect) 8.602805 26.90551 37.15619 56.1484 88.39171 103.6025 139.4314 

Average Profit (EUT) 10.22 25.34 29.12 36.96 47.46 46.34 55.44 

Social Welfare (Prospect) 15.96121 45.15031 58.12259 82.7596 122.5629 136.9673 179.3482 

Social Welfare (EUT) 20.44 50.68 58.24 73.92 94.92 92.68 110.88 

 

Table 6-8 Detail information of simulation result at probability 0.6 

Probability=0.6        

No. of Service 2 3 4 5 6 7 8 

Utility (Prospect) 9.3312 13.9968 16.848 22.7232 24.4512 27.9936 34.6464 

Utility (EUT) 12.96 19.44 23.4 31.56 33.96 38.88 48.12 

Average Profit (Prospect) 10.07588 21.6447 34.12173 60.92859 72.55409 95.49718 137.4416 

Average Profit (EUT) 12.96 19.44 23.4 31.56 33.96 38.88 48.12 

Social Welfare (Prospect) 19.40708 35.6415 50.96973 83.65179 97.00529 123.4908 172.088 

Social Welfare (EUT) 25.92 38.88 46.8 63.12 67.92 77.76 96.24 

 

Table 6-9 Detail information of simulation result at probability 0.5 

Probability=0.5        

No. of Service 2 3 4 5 6 7 8 

Utility (Prospect) 5.688 11.664 16.2 18.72 21.024 21.384 27.36 

Utility (EUT) 7.9 16.2 22.5 26 29.2 29.7 38 

Average Profit (Prospect) 8.527252 21.03773 40.83707 50.59552 79.27447 88.72362 130.3607 

Average Profit (EUT) 7.9 16.2 22.5 26 29.2 29.7 38 

Social Welfare (Prospect) 14.21525 32.70173 57.03707 69.31552 100.2985 110.1076 157.7207 

Social Welfare (EUT) 15.8 32.4 45 52 58.4 59.4 76 

 


