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Chapter 1   Introduction 

The mortgage market has grown rapidly from the 1980s to the present day and mortgage 

valuation receives significant attention from both practitioners and academic researchers. 

Closed-form pricing formulae for mortgage-related securities are difficult to obtain because 

the borrower’s prepayment and default behavior cause uncertainty in future cash flows. The 

closed-form formula helps fixed-income investors manage the duration and complexity of 

mortgage portfolios, as well as determine diversification strategies. The purpose of this 

study is to apply the reduced-form model to mortgage valuation, and to conduct numerical 

analyses to show how sensitive closed-form solutions are to changes in the model’s 

parameters.   

 

The idea of pricing a defaultable contract first started with a structural-form approach 

(Merton (1974), Black and Cox (1976), and Leland (1994)). The structural-form approach 

models a financial contract with termination risk as an American-type option. The payoff on 

stopping time depends upon the underlying asset’s path. Many studies use partial differential 

equations with various boundary conditions to price such contracts. Recently, a reduced-form 

approach has been widely applied to price defaultable securities and to calculate the 

termination probability (Jarrow and Turnbull (1995) and Jarrow (2001)). With this approach 

one need not decide the optimal stopping time of a path-dependent payoff in a 

structural-form model to derive a closed-form formula for the value of defaultable security. A 

reduced-form approach regards the default event as a Poisson process, which specifies the 

default probability at each time point. However, no matter how one uses a reduced-form or a 
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structural-form approach in pricing the financial contracts with termination risk,1  the 

property of path-dependence must be considered.2  

 

A closed-form solution of the mortgage valuation equation provides several advantages 

when analyzing certain problems associated with mortgage portfolio management. First, one 

can better understand how sensitive mortgage value is to the changes in relevant variables by 

conducting numerical analyses. Second, a closed-form solution can significantly increase the 

speed of calculation when the valuation of the mortgage is involved in more complicated 

analyses of investment decisions. Third, it provides a useful tool for the portfolio manager to 

undertake sophisticated portfolio optimizations and hedging analyses that would be infeasible 

under Monte Carlo simulations. Fourth, a closed-form solution of the mortgage valuation 

equation provides a basic building block for market participants to evaluate more 

complicated mortgage products. And finally, researchers can also improve the efficiency of 

investigating complex portfolio management problems by combining the closed-form 

formula with simulation techniques. As is well known, several studies have provided 

closed-form formulae derived under the structural-form model (Collin-Dufresne and Harding 

(1999), and Ambrose and Buttimer (2000)). However, it is difficult with this approach to 

identify the critical regions of mortgage prepayment and default because the related boundary 

conditions are unobservable. Furthermore, this approach has difficulty dealing with 

correlation among variables. Because of the difficulty in obtaining a closed-form solution for 

the structural-form model, numerical approximations such as the Monte Carlo simulation are 

                                                 
1 For a more detailed discussion about the link between the two methods, one can refer to Bielecki and 
Rutkowski (2001). 
2 Path dependence occurs when the present terms of the contract depend not only on current values of the state 
variables but also on the past values (Kau and Keenan (1995)). 
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usually employed. 

 

Valuing mortgage-related securities is more difficult than valuing regular defaultable 

claims due to the borrower’s prepayment behavior as well as the possibility of default. This 

study extends Jarrow’s (2001) model which prices defaultable corporate bonds, and uses it to 

examine mortgage valuations as well. Furthermore, in order to price the mortgage with 

flexibility and accuracy, Jarrow’s (2001) framework is extended into a multivariable model 

with correlated relevant state variables. More specifically, we specify Poisson processes for 

the prepayment and default risks and embed the relevant economic state variables, such as 

housing price and household income, into the hazard rates of prepayment and default to 

evaluate the mortgage under the reduced-form model. 

 

There are several advantages to our model. Firstly, we use the reduced-form approach 

for valuing the mortgage more realistically while avoiding determining the critical regions of 

prepayment and default. Under the structural-form model, the related boundary conditions 

are important in solving American-type options,3 but these conditions are difficult to specify 

because they are unobservable. Secondly, we provide a more general model to value the 

mortgage by integrating the termination functions (which include the relevant variables and 

can be estimated by historical market data) into our valuation framework. This approach can 

more easily treat the case of multi-dimensional state space for correlated variables than the 

structural-form approach does. Thirdly, our model provides a new approach for deriving a 

                                                 
3 When mortgage is priced under the continuous-time framework, the prepayment and default options are 
American-type options. However, under the discrete-time framework, the default option is a Bermudan-type 
option because it can be early exercised at any payment dates prior to maturity rather than at any time prior to 
maturity. 
. 
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closed-form solution for mortgage value in the field of mortgage valuation, making it 

possible to more accurately and efficiently value the complicated mortgage. Fourthly, one 

can investigate the influences of correlations between the different variables on the mortgage 

value. There are few studies that completely discuss the influences of the different variables 

(such as interest rate, house price, salary and macroeconomic variables) on the mortgage 

value. Finally, our specification of hazard rates of prepayment and default reasonably depicts 

the termination risk because it can be appreciably described regardless of when the 

prepayment and default events occur in optimal or suboptimal situations. When investigating 

the mortgage under structural-form models, terminations frequently occur as the options are 

not in the money (i.e., options are exercised under suboptimal condition) (Vanderhoff (1996)). 

These suboptimal terminations result from changes in the states of economic and personal 

conditions.  

 

In order to investigate the valuation and termination risk of mortgages, we conduct a 

sensitivity analysis and adopt parameter values taken from other studies to explore the impact 

of the relevant variables and their correlations on mortgage value. An implementation 

procedure for the model is also provided to demonstrate how this valuation framework can be 

used in practical applications. With historical market data, the implementation procedure can 

be used to estimate the parameters, and these estimated parameters can in turn be used to 

price mortgages. 

 

The article is organized as follows: The next section presents the valuation framework 

that includes the identification of the mortgage contract components. Also covered in this 
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section is the definition of the value of mortgage payments to be made by the borrower, and 

the treatment of the prepayment and default risks of the mortgage. The third section is a 

demonstration of the model’s implementation procedure, including the hazard rates of 

prepayment and default, the variances and correlations of state variables, and the coefficients 

of the linear regression model. This section also contains a steady state analysis of the 

model’s parameters and some numerical results. The final section summarizes our results and 

offers suggestions for future study. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 




