1 Introduction

In this thesis, all meromorphic functions are defined in the whole complex

plane.

In 1929, Nevanlinna [4, 5] proved that if two non-constant meromorphic func-
tions f and ¢ share five distinct values, then they are identical, and if f and g
share four distinct values, then f is a Mdbius transformation of g. Therefore, it is
natural to ask what happens if f and g share three distinct values? Obviously, we
can not expect that f and g have some particular relation. However, if we impose
some other conditions, for example, multiplicities, order, deficient values and some
others on f and g, then we can get some further relations between f and g. In this
thesis, we will use the theory of value distribution to study some well-known results
in these aspects, especially, the results proved by H. X. Yi [10, 11, 12] and H. Ueda
8, 9].

In the next section, we review some basic theories of value distribution. Two
meromorphic functions sharing three values and their basic properties are studied in
section 3. In section 4, we study the relation between multiplicities and uniqueness
for two meromorphic functions that share three values. Finally, we study the rela-
tion between deficient values and uniqueness for two meromorphic functions that

share three values in section 5.



2 Basic Theory of Value Distribution

In this section, we will review some basic theories in value distribution which

can be found in [1, 2, 14].
First of all, we define the positive logarithmic function.

Definition 2.1 For x > 0, define

loge if x>1
0 if 0<az<l.

log® r = max(log x,0) =

It is obvious that

1
logz =log™ z —log™ —

hold for all positive numbers x.

Definition 2.2 Let f(z) be a meromorphic function. For r > 0, we define

21
mirf) = 5= [ Tog* Ifreas.

which is the average of the positive logarithm of | f(2)| on the circle | z| =r.

Definition 2.3 Let f(z) be a meromorphic function. For r > 0, we define

N(r, f) = / n(t, f) ; 0. 5) gy 4 n(0, f) log ,
0

where n(t, f) denotes the number of poles of f(z) in the disc |z | < t, multiple poles
are counted according to their multiplicities. n(0, f) denotes the multiplicity of poles

of f(z) at the origin. N(r, f) is called the counting function of poles of f(z).

Definition 2.4 Let f(z) be a meromorphic function. For r > 0, we define

T(T,f):m(r,f)—{—N(T,f).

T(r, f) is called the characteristic function of f(z).



Definition 2.5

1 1 [ 1
=)= logt— s
m(“f—a) 27r/o 8 [ fire — )

Definition 2.6

N :/Orn<t,ﬁ) _n<0’ﬁ)dt+n(0,ﬁ> e

—a t

where n (t, ﬁ) denotes the number of zeros of f(z)—a in the disc |z | <t counting

multiplicities and n (0, %{) denotes the multiplicity of zeros of f(z) — a at the

!
origin.

Definition 2.7
1 1 1
T(r—)=m(r——)+N(r—].
(“f—a) m(“f—a)+ (T’f—a)

From the Poisson-Jensen’s formula, we have

T f) =T (7’, %) +o(1).

Furthermore, the characteristic functions of f(z) and m are related as follows.

Theorem 2.8 (The first fundamental theorem) Suppose that f(z) is meromor-
phic in |z| < R (< 00) and a is any complex number. Then, for 0 < r < R, we

have
1
T (r 5t ) =T )+ ogleal + elann),
where cy 1s the first non-zero coefficient of the Laurent expansion of m at the
origin, and

le(a,r)| <log"|a|+log2.



Now, we can state the most remarkable result in the theory of value distribu-
tion, namely, the second fundamental theorem. First, we recall the definition of a

meromorphic function.

Definition 2.9 Let f(z) be a meromorphic function. The order of f(z) is defined
to be

+
\ = T o8 T, f)
r—00 log r
and the lower order of f(z) is defined to be
logt™ T
= lim 8 L)
r—oo  lOgT

Theorem 2.10 (The second fundamental theorem) Suppose f(z) is a non-
constant meromorphic function and ay,as,as,--- ,a, are ¢ (> 3) distinct values in

the extended complex plane. Then

1
f—a;

@-DT0 ) < N (n 2 ) = ) + 50.5)

where Ny(r) = 2N (r, f)=N(r, f')+N (T’ %) and S(r, f) =m (T’ f7/> o (73 ; f i/aj) i

O(1). Moreover, S(r, f) satisfies
(i) S(r, f) = O(logr) if f(2) is of finite order,

(ii) S(r, f) =OogT(r, f) +logr) if f(z) is of infinite order.

For 0 <r < R, letm (O, ﬁ) be the number of distinct zeros of f(z) —a in

| z| < r, and any of them be counted only once. Let

_( 1 ) 0 if f(0) # a,
n|0,
f—a 1 if f(0) =a.



and

N(T’fi&) :/Orﬁ<t,ﬁ> _ﬁ<07ﬁ>dt+ﬁ(o7ﬁ> log r,

t

which is called the reduced counting function of f(2) — a.

Theorem 2.11 (Another form of the second fundamental theorem) Suppose
f(2) is a non-constant meromorphic function and ay,as, as,- -+ ,a, are g (> 3) dis-

tinct values in the extended complex plane. Then

1
f—a;

(4— 270, f) < ZN (rs 2 ) + 500

where S(r, f) is given as in theorem 2.10.

Definition 2.12 Let f(z) be a non-constant meromorphic function and a be any

complex number. The deficiency of a with respect to f(z) is defined by

5<a’f>=31%0%=11@%-

It is obvious that 0 < 6(a, f) < 1.

Definition 2.13 If 6(a, f) > 0, then the complex number a is called a deficient
value of f(z). The deficient value is also called exceptional value in the sense of

Nevanlinna.



3 Functions Sharing Three Common Values

In this section, we will study the basic properties of two meromorphic functions

which share three values CM.
First, we introduce some symbols and definitions.

Let f(z) and g(z) be meromorphic functions and a € C.. If every zero of

f(2) — a is also a zero of g(z) — a (ignoring multiplicity), then we write
f=a=g=aorg=a< f=a.

If each zero zy of f(z) — a with multiplicity v¢(zo) is also a zero of g(z) — a with

multiplicity v4(20) > v;(20), then we write
f=a—g=aorg=a+< f=a.

Hence f = a <& g = a means that f —a and g — a have the same zeros (ignoring
multiplicity), f = oo < g = oo means that f(z) and g(z) have the same poles
(ignoring multiplicity), f = a = ¢ = a means that f(z) — a and g(z) — a have the
same zeros (counting multiplicity), and f = co = g = oo means that f(z) and g(z)

have the same poles (counting multiplicity).

Definition 3.1 Let f(z) and g(z) be non-constant meromorphic functions and a

be a complex number.

(i) If f =a = g=a, it is said that f(z) and g(z) share a CM;

(i) If f =a < g=a, it is said that f(z) and g(z) share a IM.

Let f(z) and g(z) be non-constant meromorphic functions sharing three distinct
values aq,as, a3 CM, without loss of generality, we assume that a; = 0, ay = 1,
az = o0, otherwise, we can consider the following two functions

f(z) —ay G2 —ag 9(2) —ayp Qz —as
. and G(z) = . ,
f(z) —as as—m (=) 9(2) —as ax—ay

which share 0, 1, co CM.

F(z) =




Theorem 3.2 [5]. Let f(z) and g(z) be non-constant meromorphic functions. If

f(2) and g(z) share distinct values ay,as and az IM, then
T(r,f) <3T(r,g) +5S(r, ),

T(r,g) <3T(r, f)+ S(r,g).

Theorem 3.3 [5]. Let f(z) and g(z) be non-constant meromorphic functions shar-

ing 0, 1, oo CM. If f(z) # g(z) then

(i) there exist two entire functions B(z) and v(z) satisfying e’*) # 1, e £ 1,
eP?) £ 73 such that

eﬁ(z) J— 1 e_ﬁ(z) — 1

fe) =S and g(z) =

0 1 (3.1)

ez —1°

T(r,g) =0(T(r,[)), (r—o0,r¢kKE),
T<T7eﬁ) :O(T<T7f)>: (70_>OO?7A¢E)a

T(r,e”)=0(T(r,f)), (r—oo,ré¢kFE).

Proof. Since f(z) and g(z) share 0, 1, oo CM, then there exist two entire functions

a(z) and (B(z) such that

F() _ e gpg FE =L s (3.2)

=e an
9(z) g(z) —1
f(2) # g(z) implies that e*(®) # 1, %) £ 1, e#)=2(2) £ 1 And so from (3.2), we
get

B _ 1 e P —1
1) = Gomm—y ™ 96 = Seme 1

which gives (3.1) with y(z) = 8(2) — a(z). By Theorem 3.2, we have

T(r,g) <3T(r, f)+ S(r, f). (3.3)



This together with (3.2) implies

T(r,e®) <T(r,f)+T(r,g)+ O(1)
<AT(r,f)+ S(r, f)

and
T(r,e”) < T(r, f) +T(r,g) + O(1)
<AT(r, f)+ S(r, f). (3.4)
Hence
T(r,e") =T(r, e’
< T(r,e”) + T(r,e*) + O(1)
< 8T(r, f)+ S(r, f). (3.5)
By (3.3), (3.4) and (3.5), we complete the proof of Theorem 3.3 O
Definition 3.4 Let A = {f|f is a non-constant meromorphic function satisfy

N(r, f)+ N (7", %) = S(r, f)}. Members in A are called functions of class A.

It is clear that all functions in A are transcendental meromorphic functions.

Theorem 3.5 [3]. Suppose f(z), g(z), h(z) € A share 1 IM. Then at least two of

them are the same.

Theorem 3.6 [6]. Let g;(z) (j = 1,2,---,p) be transcendental entire functions
anda; (j = 1,2,--- ,p) be non-zero constants. If 3 %_, a;g;(z) =1, then 3 7_, 6(0, g;) <

p— 1.

Theorem 3.7 [6]. Let f;(z) (j = 1,2,3) be meromorphic functions and fi(z) be

nonconstant. If

ij(z) =1



and

ZN( )—i—ZZNrf] A+ o(I)T(r) (rel),

where A < 1, T'(r) = maxy<;<3{T(r, f;)} and I C (0,00) is of infinite linear mea-
sure, then fo(2) =1 or f3(2) =1

Definition 3.8 Let f(z) be a meromorphic function and a be any finite value. If

f(2) — a has no zeros, then a is called a Picard exceptional value of f(z).

Theorem 3.9 [3]. There are at most two distinct non-constant meromorphic func-

tions sharing three distinct values CM.

Proof. Suppose Theorem 3.9 is not true. Without loss of generality, we assume
that the three shared values are 0, 1, oo, then there exist three non-constant mero-
morphic functions f(z), g(z) and h(z) sharing 0, 1, oo, and f(z) Z g(2), f(2) # h(2),
9(z) # h(z).

If two of 0, 1, oo, say 0, oo, are the Picard exceptional values of f, then by
Theorem 3.5, we see that at least two of f(z), g(z), h(z) are identically equal to
each other, which contradicts the assumption. Hence at least two of 0, 1, oo, say 0,

00, are not the Picard exceptional values of f(z). Hence f(z) has poles and zeros.

Since f(z) and g(z) share 0, 1, co CM, by Theorem 3.3, we have

e 1 e Pz 1

(Z = m and g(Z) = (36)

e —1’

where 3,(z) and 7;(z) are entire functions, and e*(*) # constant, e*(*) # constant,

eP(2) £ en ()

Similarly, from the assumption that f(z) and h(z) share 0, 1, 0o CM, we obtain
Ba(z) _ 1 —B2(2) _ 1
F=5 " and h=" = (3.7)

er2(2) — 1 e=12(z) — 1’

where ﬂg(z) and ,(z) are entire functions, and e®(*) # constant, ¢72(*) % constant,

6162 % 672



Equations (3.6) and (3.7) give

G A |
f(z) = =

en(z) — 1 o er2(z) —1° (38)

If e71(2) = e%2(2) then from (3.8), we get €*(*) = ¢72(2) which together with (3.6) and
(3.7) gives that g(z) = h(z). This contradicts the assumption, and so e%(?) £ e2(2),
If ¢®2()=512) = ¢ where ¢ (# 0,1) is a constant, then (3.8) shows that the zeros of
f(2) must be the zeros of €%1(*) — 1 and the zeros of e%(*) — 1 = ¢ce/1(*) — 1. This
is impossible because e”1*) — 1 and ce®(*) — 1 have no common zeros, and hence

e(2)=P1(2) £ constant.

Similarly, if e11*) = €72() then from (3.8), we get e”*) = ¢72() which together
with (3.6) and (3.7) gives that g(z) = h(z). This contradicts the assumption, and so
en () £ e72(2) [f ¢72(:)=m(2) = ¢ where ¢ (# 0, 1) is a constant, then (3.8) shows that
the poles of f(z) must be the zeros of ¢7(*) —1 and the zeros of €72(*) —1 = ce71(2) — 1,
This is impossible because e7(*) —1 and ce”(*) —1 have no common zeros, and hence

e72(z)=n() £ constant. (3.8) yields

e12(2) _ pP2(2)+m(2)=F1(2) + eP2(2)=P1(2) + (@) =Pi(z) _ pn2(2)=F1(z) — 1 (3‘9)

Applying Theorem 3.6 to (3.9) means that at least one of e#2(x)+71(z)=01(2) en(2)=A1(2) r2(:)=F1(2)

is a constant. We distinguish three cases below.

Case 1. Suppose e(®)=A1() = L, where k; (# 0,1) is a constant. Then
e = k1eM(2) - Substituting this into (3.9) gives

e2(2) _ kleﬁz(z) 4 P2(2)=F1(z) _ on2(2)=Fi(z) — 1 _ k. (3.10)

Again, applying Theorem 3.6 to (3.10), we know that €2(*)=%(2) is a constant.

Let em()=A1() = ¢ then €)1 = £ 4 contradiction. Hence en(:)=A1() =

constant.

Case 2. Suppose ¢72()701G) = k) where ky (# 0) is a constant. Then e72(*) =
koeP1(?) . Substituting this into (3.9) yields

k2€51(z) — P2 ()=0i(z) 4 F2(2)=Fi(2) L om(2)=Filz) — 1 | ko. (3.11)

10



If 1 4 ko =0, it follows from (3.11) that
—e2P1(2)=P2(2)m(2) L o=mi(2) L p=F2(2) — (3.12)

Applying Theorem 3.7 to (3.12) gives e2M1(:)=522)=n() = 1 and e 1) = —e=72(2),

And so we deduce that e21(:)=51(2)) = 1 a contradiction.

If 14k, # 0, then applying Theorem 3.6 to (3.11), we see that ()1 (z)=Ai(2) =
¢y (# 0) is a constant. Substituting e1(*) = c,e1(*)=%() into (3.11) yields

]{32661(2) + eP2(2)=P1(2) + Cze—ﬁ2(z) =1+ ko + co.

Again using Theorem 3.6, we get 1 4 ky 4+ co = 0, which follows that

_k26251(2)—52(2) _ C2eﬁl(z)—2ﬁ2(2) -1

From this and Theorem 3.6, we see that both e?#1(:)=%2(2) and ef1(:)-282(2) are con-
stants, and hence e”1(*) and e®®) are constants. This contradicts the assumption.

So €12(x)=A1(2) g not a constant.

Case 3. Suppose 2@ +n()=A1() = ks where ks (# 0) is a constant. Then
eP2(2)=01(z) = Eae=m(2) Substituting this into (3.9) gives

e2(?) k3€—71(z) 4 ) =i(z) _ on2(x)=f(z) — 1 4 ks.

From this and by Theorem 3.6, we get k3 = —1. And thus the above equation

becomes

P1(z) _ oPr(z)=m(2)=2(2) + en(H)—72(2) — 1 (3'13)
Now applying Theorem 3.7 to (3.13) means —e®(2)=1()=12() = 1 and MG =
—en(®)=712(2) " From this, we obtain e?2(*) = —1, this is a contradiction. The proof

of Theorem 3.9 is completed. (l

Theorem 3.10 [3]. Let f(2), g(z), h(z) and k(z) be non-constant meromorphic
functions and a; (7 = 1,2,3) be three distinct values in the extended complex plane.
If f(2), g(2), h(2), k(z) share ay, ay CM and share as IM, then at least two of f(z),
g(2), h(z), k(z) are the same.

11



Proof. Without loss of generality, we assume that a; = 0, as = 00, a3 = 1. Sup-
pose that Theorem 3.10 is not true, namely f(2), g(2), h(z), k(2) are different from
one another. By Theorem 3.2, we obtain S(r, f) = S(r,g) = S(r,h) = S(r, k) :=

S(r). For the sake of convenience, we write

N(T,O)zﬁ(?@%), N(r,00) = N(r, f), N(r,l)zﬁ(r,fil).

If two of N(r,0), N(r,00), N(r,1) are S(r), then Theorem 3.5 shows that at least
two of f(z), g(z), h(z) are the same. This contradicts the assumption. Hence
at least two of N(r,0), N(r,00), N(r,1) are not equal to S(r). Without loss of

generality, we may assume that
N(r,0) #S(r), N(r,1)#S(r). (3.14)

Since f(z), g(z), h(2), k(z) share 0, co CM, we have

fz) _ e“(z f(z) =eP(2)  an /() =el(z
B I R Rl

(3.15)

Q

where «a(z), 5(2), v7(z) are entire functions. If a(z) = ¢ is a constant, then (3.14)
and (3.15) imply that e*(z) = 1, and thus f(z) = g(z). This contradicts the
assumption, and so a(z) is not a constant. Similarly, §(z), v(z2), a(z) — B(2),

a(z) —v(z), B(z) — v(z) are not constants. Let

f(z)—l_A f(z)—l_B d f(z)—l_c

g(z) -1 7 h(z)-1 an Kz —1 (3.16)

where A, B, C' are meromorphic functions. From (3.14) and (3.16), we see that

none of A, B, C, 4, 4 B are constants. Solving g(z) from (3.15) and (3.16) gives

B0 O
A—1
9(2) A— )
B _
_ A B(=)—al2)
9(2) B _ eBz)-a() ’
-1 (2)-a(2)
_ A v(z)—a(z
g@”‘g_gmyuw

The above three equations imply

e®C)(B — A) + (A — AB)

(o) B)
B— AB ’

(3.17)

12



) (C — A) + (A — AC)

a5 _ 1 , (3.18)
Doty €PF(A—B)+ (B - AB)

Ser-atz) _ A_)Aé , (3.19)
1D (A - C) + (C — AC

e)-al) _ N - _)Zé ), (3.20)

Formulas (3.17) and (3.19) show that 1 is an IM shared value of e®(z) and e”(z),
while (3.18) and (3.20) imply that 1 is an IM shared value of e*(z) and €”(z). Since
0, oo are Picard exceptional values of e%(z), e®(2) and €7(z), we see that at least
two of e%(2), €’(z), €7(z) are the same from Theorem 3.5, which contradicts the

assumption. So we complete the proof of Theorem 3.10. O

13



4 Multiplicities and Uniqueness

In this section, we study the relation between multiplicities and uniqueness of
two meromorphic functions sharing three values, especially, the result proved by H.

X. Yi. Before stating it, we need the following fact.

Theorem 4.1 [11]. Let h(z) be a non-constant entire function and f(z) = e,

Then

(i) T(r,h) = S(r, f),

(ii) T(r,h") = S(r, f).

We use ng(r, f—ia) to denote the zeros of f(z) —a in | z| < r, whose multiplicities
are no greater than k and are counted according to their multiplicities. Likewise, we
USe Nt (r, ﬁ) denote those zeros of f(z)—ain | z| < r, whose multiplicities are
greater than k and are counted according to their multiplicities. The corresponding

counting functions are denoted by Ny, <r, ﬁ) and N4 (7"7 ﬁ)

Theorem 4.2 [11]. Let f(z) and g(z) be non-constant meromorphic functions

sharing 0, 1, oo CM. If

Ve (7 7) 4 Ve (12 ) + Vel £) 2 50.5), (41)

then f(z) = g(2).

Proof. Suppose f(z) # g(z). Theorem 3.3 yields

el 1 e B _q
fz) = and  g(z) =

ev(®) — 1 e—(=) — 1’

14



where 3(z) and y(z) are entire functions satisfying e#*) # 1, e72) £ 1, 8() £ ¢7(2),

Using Theorem 3.3 again, we get
T(r,e”) = O(T(r, f)), (r—o0,r¢E), (4.2)

T(r,e’) = O(T(r,f)), (r—oo,r¢E),

and thus
T(r, eﬁ”) =0(T(r,f)), (r—oo,ré¢k).

It is obvious that the multiple zeros of f(z) must satisfy

A —1=0,
(4.3)
p'(z) = 0.
If 3(2) is a constant, then Ny <'r, %) = 0. If 5(z) is not a constant, then from (4.3),
we get
1 1
Ne (r, ?> <N (r, ﬁ) < 2T(r,8') + O(1). (4.4)
From Theorem 4.1, we have T'(r, ') = S(r,e”). This and (4.2) lead to
T(r,p) = S(r, ). (4.5)
(4.4) and (4.5) give
1
Ne (7% }) =5(r, f). (4.6)
Obviously, the multiple poles of f(z) satisfy
e’?) —1 =0,
v(z) =0.

Similar to the above discussion, we can prove

Nealr. f) = S(r, ). (@.7)

Since
1) (£52)=1) _ 1)

f(Z)—lZ () — 1 )

15



we see that the multiple zeros of f(z) — 1 satisfy
el — 1 =0,
#()— () =0

By the similar way, we can obtain

1
N(2 (’I“, ﬁ) = S(T, f)

This together with (4.6) and (4.7) yields

Ne (T, %) + Ne (T, fi > + Ne(r, f) = S(r, ),

1
which contradicts (4.1). Hence f(z) = g(2). O

Theorem 4.3 [11]. Let f(z) and g(z) be non-constant meromorphic functions

sharing 0, 1, CM and oo IM. If

N*(r,00) # S(r, f), (4.8)

where N*(r, 00) is defined to be the counting function of multiple poles of f(z) and
g(2), and is counted according to the smaller multiplicity, then f(z) = g(z).

Proof. Let

)
O -1 g@e) -1 (4.9)

If 5(2) # 0, then m(r, 3) = S(r, f). Since f(z) and g(z) share 0, 1 CM, we see that
the zeros of f(z) and f(z) — 1 are not the poles of 3(z), and that the poles of f(z)

are not the poles of 5(z) from (4.9). Hence ((z) is an entire function, and thus

T(r,8) = S(r, f).

Suppose 2 is a pole of f(z) with multiplicity p (> 2), as well as a pole of g(z) with
multiplicity ¢ (> 2). Equation (4.9) shows that zj is a zero of §(z) with multiplicity

greater than or equal to min{p, ¢} — 1. Hence we have

N*(r,00) < 2N (r, %) <2T(r,B) +O(1) = S(r, f).

16



This contradicts (4.8), so 8(z) = 0. And thus (4.9) gives

(4.10)

where ¢ (# 0) is a constant. (4.8) and (4.10) yields ¢ = 1, and thus f(2) = g(z).
U

17



5 Deficient Values and Uniqueness

In this section, we study the relation between deficient values and uniqueness
of two meromorphic functions share three values, especially, the result proved by

H. Ueda. Before stating it, we need the following fact.

Theorem 5.1 [5]. Suppose that fi(2), fa(2), -, fu(z) are linearly independent

meromorphic functions satisfying the identity

ij(z) =1

Then, for 1 < j <n, we have

T(r.f;) < Z N (n) + N £)+ N6D) - Z ()= N () 4500

where D is the Wronskian determinant W (f1, fo, -+, fn),
S(r)=o(T(r)) (r—oo,r¢kFE),
and

T(r) = max{T(r, fi)},

1<k<n

and E C (0,00) is a set of finite linear measure.

In the following, we state an important theorem on the combinations of entire

functions due to Borel.

Theorem 5.2 [5]. If fi(2) (j = 1,2,---,n) and gj(2) (j = 1,2,--- ,n) (n > 2)

are entire functions satisfying the following conditions.

Z fi(2)e%®) =0

(ii) The orders of f;(z) are less than that of e9*)=9%() for 1 < j <n, 1 < h <

k<n,

18



Then fi(2) =0, (j=1,2,--- ,n).

The above Borel’s theorem plays a very important role in the study of uniqueness

of meromorphic functions.

Theorem 5.3 [8, 9]. Let f(z) and g(z) be non-constant meromorphic functions

sharing 0, 1, oo CM. If

then f(z) = g(2) or f(2)g(z) = 1.

Proof. Since f(z) and g(z) sharing 0, 1 CM, we have
f(Z) . 6oz(z) and f(Z) -1 _ eﬁ(z)

9(2) glz) =1

where «(z) and ((z) are entire functions.

(5.1)

Case 1. Suppose that ¢’*) = ¢ (# 0) is a constant. If f(z) has at least

one zero, then ¢ = 1, i.e., f(z) = g(z). If f(2) has no zeros and ¢ # 1, we have

f(z) —eg(z) = L—c# 0. Put fi(2) = f(2)7}, g1(2) = g(2)7", then fi(2), g1(2)

are entire functions satisfying g1(2) = % Since ¢;(z) is an entire function,
1—(1—c)fi(z) = e®, where (2) is entire. Hence f(z) = fi(2)7! = —=%. Thus
V) = 8 (g ) = (o))
=(1+0(1)T(r,f), (r—oo,ré¢kFE).
This is impossible.
Case 2. Suppose that e**)=8() = ¢ (£ 0) is a constant. If ¢ = 1, we have

f(z) =g(2). If ¢ # 1, then f(z) = # Thus

N (r, %) _ N (r, eﬁl_ 1) — (1 + o(1))T(r, %)
— (L+o()T(r f), (r—o0,r ¢ E).
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This is impossible.

Case 3. Suppose neither e®*) nor e**)=8() are constants. In this case, we

have
1 — B 1 — B(2)

&) = goam @4 96) = T Gomm®

Now, we use the argument of impossibility of Borel’s identity. Put p1(2) = f(2),
©a(2) = — f(2)e?@~2) and @3(z) = €’3). Then

otetes=1, oV +el" +ol" =0, (n=1,2), (5:2)
Further put
1 1 1
A =| £ £ ¢

1 ¥2 ®3
1 /! 1!

Y1 e 93

and
¥y ¥h
ar=|woE (5.3)
Y2 e
Assume first that A = 0. Then by (5.2)
Y1 P2 3 p1 w2 1 S
Y1 P2
O=1 ¢ ¥y W |[=| @) ¢y 0=
01 ¥y
O Py Py ¥y 0

This implies ¢y = Cpy + D (C, D : constants), i.e., —f(z)e?*) =) = Cf(2) + D.

If C'# 0, we have f(z) 7, so that

_ -D
= Grf—a@
N(r f) =@ +oW)T(r,f), (r—oor¢kE).

This is impossible. Hence C' must vanish, i.e., f = —De™*~f) Substituting this
into (5.2), we have —De®*) () 4 0 — 1 — D, By Theorem 3.6, D = 1 and
e#?) = e2(2)=BG) Thus f(z)g(z) = 1. Assume A # 0, then by (5.3) ¢ = f = %,

we obtain
m(r, f) < m(r, &) +m(r, A7)
<m(r,AN')+m(r,A)+ N(r,A) + O(1). (5.4)
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Here we estimate m(r, A') and m(r, A). By (5.1)
T(r,e’) <T(r, f)+T(r,g) + O(1)
and
T(r,e?~®) < T(r,e’) + T(r,e™®)
< 2T(r, f) + 2T (r, g) + O(1).

By Theorem 2.10,

Hence

and
T(r,02) < T(r, f) + T(r, ") < (94 o())T(r, ), (r— oo,r¢ E).
Therefore
m(r, ') = OQog rT(r, f)), m(r, ) = O(logrT(r, f)), (r — co,r ¢ E).

Substituting these into (5.4), we have

m(r, f) < N(r, ) + O(logrT(r, f)), (r — oo,r ¢ E) (5.5)
and let F = L2 —2(L£)?, then

N(r, F) < 2N (r, %) + N f). (5.6)

Also, a direct computation shows that

)]

+(£) 107 - @ -2 ) - (57 - )

+ 6/(6// . a//) +ﬁ,<ﬁ, o O/) o (ﬁ/ . a’)[ﬁ" 4 (6/)2]

A:
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It follows from this and (5.6)

N(r, A) < 2N (r, %) + N f). (5.7)

By (5.5) and (5.7), we have

T(r,f) = m(r,f)+N(r[)

INIA
= =

Hence
. N(T,%) + N(r, f) . 1
r—00 T(T’, f) -2 ’
This is impossible.
This completes the proof of theorem 5.3. U

Theorem 5.4 [12]. Let f(z) and g(z) be non-constant meromorphic functions

sharing 0, 1, oo CM. If

Ny (7’, %) + Npy(r, f) < A+ o()T'(r), (rel), (5.8)

where X < 5, T(r) = maz{T(r, f),T(r,9)}, and I is a set in (0,00) with infinite
linear measure, then f(z) = g(2) or f(z)g(z) = 1.

Proof. Let I be the set of r € I such that T'(r, f) < T(r,g), and I be the set of
r € I such that T'(r,g) < T'(r, f). Obviously, at least one of I; and I, is of infinitely

linear measure. Without loss of generality, we assume that
T(r,g) <T(r.f), (rel).

Therefore
T(r)y=T(rf), ((rel). (5.9)
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Suppose that f(z) #Z g(z). By Theorem 4.2, we have

1 1
Ve () + N (r 27 ) + Natr ) = S0 (5.10)
Theorem 3.3 implies
Bl 1 e B 1
=ommp I8 = ST (5.11)

where (3(z) and 7(z) are entire functions, and %) # 1, 7(2) £ 1, ef(2) £ (2,

Using Theorem 3.3 again, we get
T(r,e?) = O(T(r, f)), (r¢E). (5.12)
T(r,e”)=0(T(r, f)), (r¢kFE). (5.13)

Let fi(2) = f(2), f2(2) = €’®) and f3(2) = —f(2)e”"®). Then (5.11) gives

ij(z) =1. (5.14)

Let T*(r) = max{T'(r, f;)}, ( = 1,2,3). From (5.12) and (5.13), we find
T (r)=0(T(r, f)), (r¢FE). (5.15)

If f;(2) (j = 1,2,3) are linearly independent, then it follows from (5.14), (5.15) and
Theorem 5.1 that

7070 < SN (1 ) 4 NG.D) = NG ) = N )+ 5 ), (5.16)

where
fi fo f3
D=\ £ £l (5.17)
1 1 1
1 J2o J3

Obviously, we have
3

Z:; N (r, fl) — 9N (r, %) . (5.18)

Formulas (5.14) and (5.17) imply that

ERNE
" "
2 3

.
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Hence
N(r,D) = N(r, fa) = N(r, fs) < N(r, ") = N(r, f) < 2N(r, f). (5.19)
From (5.10), (5.16), (5.18) and (5.19), we get
T(r, f) < 2Ny <7“, %) 2Ny (r ) + S(r, f).
This together with (5.8) and (5.9) leads to
T(r) < 200+ o())T(r),  (r € I).

Since A < 1, the above inequality can not hold. Hence f;(z) (j = 1,2, 3) are linearly
dependent, that is, there exist constants c1, ¢y and c3 (at least one of them is not

zero) such that ¢ f1(2) + c2fo(2) + c3f3(2) =0, ie.,
e f(2) 4 2@ — s f(2)e?® = 0. (5.20)

If c; = 0, then from (5.20) we get e?(*) = . Substituting the into (5.11) gives

Pl 1
f(z) = e

c3

and thus

1
Ny ( ?) —T(rf) + S(r f) = (14 o(I)T(r), (re ).

This contradicts (5.8), and so ¢z # 0. (5.20) leads to
P = L) 1+ B ()@, (5.21)
Co Co
Formulas (5.21) and (5.14) imply that

(1 - %) f(z) - (1 - i—z) f(2)e@ = 1. (5.22)

Note that f(z) is not a constant. If 1 — £ 2 0, then from (5.22), we see that

1—§—27é0and
1

f(z) = (1 - _;> B (1 _ _3> @)
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which leads to
Ny(r, f)=T(r, )+ S(r, f) = (L +0(1))T(r), (rel).

This contradicts (5.8) too. Hence 1 — & = 0, i.e., ¢; = cz. Therefore, (5.22) shows
1 -2 #0and
f(z) = e (), (5.23)

Substituting (5.23) into (5.21) gives

B — @ (e—v@ _ 0_3) ,
Cy — C3 Co

which implies that ¢z = 0 and ¢?*) = ¢77(®), Hence by (5.11), we get f(z) = —e ()
and g(z) = —e?®), and thus f(2)g(z) = 1. O

Note that Theorem 5.1 is a generalization of Theorem 5.4.

Theorem 5.5 [10]. Let f(z) and g(z) be non-constant and distinct meromorphic
functions sharing 0,1,00 CM, and a # 0,1,00. If §(a, f) > %, then a is a Picard

exceptional value of f, furthermore, one and only one of the following cases holds:

i) (f—a)g+a—1)=a(l —a), and f =a(l —e?),g= (1 —a)(1 — e ?);

(11) f - (1 - CL)g =a, and f - 1,ae¢7g = (afl)(clbfe—dJ);

aeb— et —
(i) f=ag, and f = e¢_11,g = a(e‘b—i)’

where ¢ is a non-constant entire function.

Proof. From Theorem 3.3, we deduce

Pz 1 e B _ 1
f) =S and g(z) =

ev(®) — 1

PO (5-24)

where 3(z) and 7(z) are entire functions, and e’*) % 1, ¢7?) £ 1, 8 £ 1(2),

Again from Theorem 3.3, we have

T(r, eﬁ) =0(T(r,f)), (ré¢kF), (5.25)
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T(r,e”)=0(T(r,f)), (r¢kF). (5.26)

(5.24) implies

fz)—1= ; . (5.27)

We distinguish the following four cases.

Case 1. Suppose that e#)| ¢72) F=)=7) are not constants. (5.24) and (5.25)

yield

N (n %) +N (r, 671_ 1) ~N(r,f)=N (n 651_ 1) =T(r,e®)+S(r, f). (5.28)

Let

fi(2) = — (F@)-a)(@O-1),  fole) = ——— PO and  fi(z) = 2O,

a—1 a—1 a—1

It is obvious that f;(z) (j = 1,2,3) are entire functions, and from (5.24), we have

Zf](z) = 1. (5.29)

If f;(2) (7 = 1,2, 3) are linearly dependent, then there exist constants ¢; (7 = 1,2, 3)

(at least one of them is not zero) such that

lel(Z) + CQfQ(Z) + C3f3<2) =0. (530)

If ¢; = 0, then (5.30) gives cafa(z) + c3f3(2) = 0, Le., —-2ef) 4 822G =
which implies that e?*)=7(2) ig a constant. This contradicts the assumption. Hence

c1 # 0, and equation (5.30) can be written as
c c
fi(2) = == (=) = 2 f3(2). (5.31)
1 1

Substituting (5.31) into (5.29) yields ( — C—2> fa(2) + ( - C—3> fs(z) =1, ie.,

C1 C1

I D DU O N SR A Do B
c1 a—1 c1 a—1

Applying Theorem 3.6, we can get a contradiction. Therefore f;(z) (j = 1,2,3)

must be linearly independent. (5.29) and Theorem 5.1 mean that
1

T(r, f2) <N (r, E) + S(r, f),
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T(r, f) < N (7“, %) + S0 f).

Hence we have

T(r,ef) < N (r, ! ) LN (7’, - 1) NS, (532)

T(r,e") < N (r, ; ! a) LN (7", 671_ 1) ~ N(r, f) + S(r, ). (5.33)

From (5.28), (5.32) and (5.33), we obtain

N <r,%) <N <r, 7 i a) + S(r, f), (5.34)
N(r,f) <N (r, ! ) + S(r, f). (5.35)
f—a
(5.25), (5.26) and (5.27) give
1 1 1
N (7’, ﬁ) +N (7‘, e 1) —N(r,f)=N <r, W) =T(r, e’ )+ S(r, f).
(5.36)
Let
1 _ 1 _ a—1
g1(2) = == (f(2)=a)(@P=1),  ga(2) = "D and  gy(2) =
a a a
Obviously, ¢;(2) (j = 1,2, 3) are entire functions, and (5.24) implies that
3
> gilz) =1 (5.37)
j=1

If g;(2) (j = 1,2, 3) are linearly dependent, then there exist constants ¢; (j = 1,2, 3)

(at least one of them is not zero) such that
c191(2) + c292(2) + c3g93(2) = 0. (5.38)

If ¢; = 0, then (5.38) gives caga(z) 4+ c3g3(2) = 0, i.e., 2ePHG) 4 gl o) — 0,

a

which implies that e®®) is a constant. This contradicts the assumption. Hence

c1 # 0, and equation (5.38) can be written as

n(z) = —g—jmz) - %?93(2)- (5.39)

27



Substituting (5.39) into (5.37) yields (1 - —2) a(2) + (1 - i) g(2) = 1, ie.,

T WO RO N R A D S N
C1 a C1 a

Applying Theorem 3.6, we can get a contradiction. Therefore g;(z) (j = 1,2,3)

must be linearly independent. (5.37) and Theorem 5.1 result in

T(r,ge) < N <r, l) +S(r, f),

qn

ie.,

1 1
8- _ - _
T(r,e” 7)< N <r, 7o a) + N (r, e 1) N(r, f)+S(r, f). (5.40)
This together with (5.36) leads to

1 1
N{r,— | <N +S(r, f 5.41
() < () o o)
From (5.34), (5.35), (5.41) and Theorem 2.10 (the second fundamental theorem),

we get
27T(r, f) <N(r,%) +N(r,fl 1) L NG f)+N( fia) 4 5(r, )
< 4N (r, fia) +S(r, f)
<4(1=5(a, f) + o()T(r. ), (r ¢ E), (5.42)

which is impossible due to d(a, f) >

Case 2. Suppose that ¢7®) = k;, where k; (# 0,1) is a constant. It follows
from (5.24) that

f(z) - {e (14 a(k —1)]}. (5.43)

Noticing that d(a, f) > 3, if 1 + a(k; — 1) # 0, then

N (r, ﬁ) =N (7”’ P 1 +1a(/<:1 — 1)])

=T(r,e?) + S(r, f)
=T(r, f)+ S(r, f). (5.44)
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From (5.44), we obtain d(a, f) = 0, it is a contradiction. Hence 1+ a(k; — 1) = 0,
and thus k; = “1. Substituting ¢7®) = %=1 into (5.24) gives

f()=a(l =), g(z) = (1 —a)(l —e ).

Hence
(f—a)g+a—1)=a(l —a).

That means (i) holds.

Case 3. Suppose that e?*) = ky, where ky (# 0,1) is a constant. By (5.24),

we get

(ky +a—1) — ae’®

f(z)—a= 0 1 . (5.45)

Since d(a, f) > %, the above equation leads to ks +a — 1 = 0, ie., ks = 1 — a.
2)

Substituting e’*) = 1 — a into (5.24) gives

_ a a 1
o 1—67(2)7 o

f(2)

Hence f — (1 —a)g = a. That is (ii).

Case 4. Suppose that ¢’*)=7(2) = k3 where k3 (# 0,1) is a constant. (5.24)

means that

(ks —a)e’®) — (1 —a)

f(z) —a= A 1 . (5.46)

Since d(a, f) > %, the above equation leads to ks — a = 0, and thus k3 = a.
Substituting e’*)=7) = g into (5.24) gives

ae’Y(z) — 1 6_7(2') —a
f(Z) = @ 1 g(z - a(e,v(z) — 1)7

and thus f = ag. Hence we obtain the conclusion (iii) O

Theorem 5.6 [10]. Let f(2) and g(z) be non-constant and distinct entire functions
sharing 0, 1 CM, and a # 0, 1, co. If d(a, f) > %, then a and 1 — a are the Picard

exceptional values of f(z) and g(z), respectively. Furthermore

(f—a)(g+a—1)=a(l—a).
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Proof. From Theorem 3.3, we deduce

67(’2) 1 g(Z) = (547)

f(z) = T

where (3(z) and 7(z) are entire functions, and %) # 1, e7?) £ 1, €82 £ (2,
Again from Theorem 3.3, we have

T(r,e?) =O(T(r, f)), (r¢E), (5.48)

T(r,e’)=0(T(r, f)), (ré¢kFE). (5.49)
(5.47) implies
1) (9211 _ 1)

f) 1= ) — 1

(5.50)

If #(2) 1) ef(=)=7() are not constants. (5.47) and (5.48) yield

N (7’, %) LN <r, ﬁ) _N(rf) = N (r, eﬂl_ 1) — T(r,e®)+S(r, f). (5.51)

Let

f2) = (F2) = )@@ — 1), folz) = "D fy(e) = L,

a—1 a—1

It is obvious that f;(z) (j = 1,2, 3) are entire functions, and from (5.47), we have

Z fi(z) = 1. (5.52)

If f;(2) (7 = 1,2, 3) are linearly dependent, then there exist constants ¢; (7 = 1,2, 3)

(at least one of them is not zero) such that

cfi(z) + cafa(2) + 3 fs(2) = 0. (5.53)

If ¢; = 0, then (5.53) gives cafa(z) + c3f3(2) = 0, i.e., —a%eﬁ(z) -+ %67(@ =0,
which implies that e®*)~7(2) ig a constant. This contradicts the assumption. Hence

c1 # 0, and equation (5.53) can be written as

filz) = —2—jf2<z> - 2—jf3<z>. (5.54)
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Substituting (5.54) into (5.52) yields (1 — 2)fa(z) + (1 — 2) f3(2) = 1, Le.,

C1

_<1_C_2>. 1 .eﬁ<z>+(1_@>.Lev(z>:1_
c1 a—1 c1 a—1

Applying Theorem 3.6, we can get a contradiction. Therefore f;(z) (j = 1,2,3)

must be linearly independent. (5.52) and Theorem 5.1 mean that
1
T(T‘, f2) <N <T’, f_) + S<T7 f)7
1
1
T(T‘, f3) < N <T’, f_) + S<T7 f)
1

Hence we have
1 1
T(r,e’y < N (r, ) +N (r,
e

T(r,e”) < N (7’,

) — N(r, )+ S(r, f), (5.55)

) () N esen. e

From (5.51), (5.55) and (5.56), we obtain

N <7’, %) <N <r, ﬁ) + S0, ). (5.57)
(5.48), (5.49) and (5.50) give

N (n ﬁ) +N (r, - 1_ 1) —N(r,f)=N (r, ﬁ) =T(r,e" )+ S(r, f).
(5.58)

Let

1 1 _q
gi(z) = == 1 (f(2)=a) (P -1), ga(z) = ="PE) and  gs(z) = 47 )
a a -

Obviously, ¢;(2) (j = 1,2, 3) are entire functions, and (5.47) implies that

Zgj(z) =1. (5.59)

If g;(2) (j = 1,2, 3) are linearly dependent, then there exist constants ¢; (7 = 1,2, 3)

(at least one of them is not zero) such that

c191(2) + c292(2) + c3g93(2) = 0. (5.60)
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If ¢; = 0, then (5.60) gives caga(z) 4+ c3g3(2) = 0, i.e., 2ePH ) 4 gl (=) = 0,

a

which implies that e®®) is a constant. This contradicts the assumption. Hence

c1 # 0, and equation (5.60) can be written as
c c:
91(2) = —=a(2) — —ga(2). (5.61)
(&1 C1

Substituting (5.61) into (5.59) yields < - —) g2(2) + ( - C—3> g3(z) =1, ie,

C1

e\ L ooy (1) 2T e g
C1 a C1 a

Applying Theorem 3.6, we can get a contradiction. Therefore ¢;(2) (j = 1,2, 3) must
be linearly independent. (5.59) and Theorem 5.1 result in T'(r, g2) < N <r, g%) +

S(r, f), i.e.,
Tr. ) < N (7“, ﬁ) LN (r, 671_ 1) NG )+ S0 ). (5.62)
This together with (5.58) leads to
1 1
N(’I", ﬁ) <N(’f‘, m) +S(T,f) (563)
From (5.57), (5.63) and Theorem 2.10 (the second fundamental theorem), we get
2T (r, f) <N(r,%) +N<T’fi1> —i—N(r,fia) + S(r, f)
<3N( fi )+5( f)
<3(1=d(a, f) +o(I))T(r, f), (r¢E), (5.64)

which is impossible due to §(a, f) > % Hence at least one of e#(?), ¢7(2) B(2)=7(2) ig

a constant. Since f(z) is a non-constant entire function, we see that e#(*) e%(=)=7(2)
are not constants from (5.47), and so €”*) is a constant. Suppose that ") = ki,

where k; (# 0,1) is a constant. It follows from (5.47) that

f(z) =
Noticing that d(a, f) > 3, if 1+ a(kl —1) # 0, then

N (r, ﬁ) =N (7”’ P 1 +1a(/<:1 — 1)])

=T(r,e?) + S(r, f)
=T(r, f)+ S(r, f). (5.66)

{e (14 a(k —1)]}. (5.65)
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From (5.66), we obtain d(a, f) = 0, it is a contradiction. Hence 1+ a(k; — 1) = 0,
and thus k; = “1. Substituting ¢7®) = %=L into (5.47) gives

f(z)=a(l =€) and g(2) = (1 —a)(l—e PO,

Hence
(f—a)g+a—-1)=a(l—a)

The proof of Theorem 5.6 is completed. U

Theorem 5.7 [7]. Let f(z) and g(z) are non-constant entire functions with finite
lower order. If f(z) and g(2) share 0 and 1 CM, and if 6(0, f) > 0, 6(1, f) > 0,
then f(z) = g(z).

Theorem 5.8 [10]. Let f(2) and g(z) be non-constant and distinct entire functions
with finite order, and a # 0, 1, co. If f(z) and g(z) share 0,1 CM and é(a, f) > 0,
then a and 1 — a are the Picard exceptional values of f(z) and g(z), respectively.

Furthermore

(f—a)g+a—1)=a(l —a).

Proof. From Theorem 3.3, we deduce

eﬁ(z) — 1 e_ﬁ(z) — 1

Je) =S and g(z) =

A 1 (5.67)

ez — 1’

where (3(z) and 7(z) are entire functions, and %) # 1, 1) £ 1, €82 £ (2,

Again from Theorem 3.3, we have
T(r,e’) = O(T(r,[)), (r¢E), (5.68)

T(r,e’)=0(T(r, f)), (ré¢E). (5.69)

(5.67) implies
e7?) (8 —(2) 1)

fz)—1= e (5.70)
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If e#(2) e7(2) eBA2)=7(=) are not constants. (5.67) and (5.68) yield

jVG%>+N<n5%T)amﬁﬁ:N(nwil):ﬂnﬁﬂﬁ&j)@7”

Let

fi(2) = ——(f()-a) (@D -1), folz) = —— "D and  f(z) =

v(2)
a—1 a—1 ©

a—1

It is obvious that f;(z) (j = 1,2, 3) are entire functions, and from (5.67), we have

ij(z) =1. (5.72)

If f;(2) (j = 1,2, 3) are linearly dependent, then there exist constants ¢; (j = 1,2, 3)

(at least one of them is not zero) such that

c1f1(2) + cafa(2) + e3f3(2) = 0. (5.73)

If ¢; = 0, then (5.73) gives cafa(z) + c3f3(2) = 0, i.e., —a%eﬁ(z) -+ %67(@ =0,
which implies that e®*)~7(2) is a constant. This contradicts the assumption. Hence

c1 # 0, and equation (5.73) can be written as

fi(2) = =2 () = () (5.74)

C1

Y D S C N S DO R
c1 a—1 c1 a—1

Applying Theorem 3.6, we can get a contradiction. Therefore f;(z) (j = 1,2,3)

Substituting (5.74) into (5.72) yields ( - —) fal2) + (1 - —) fa(2) = 1, ie.,

must be linearly independent. (5.72) and Theorem 5.1 mean that

Tmﬁ)<N<h%>+Smf%

T(r, f;) < N <7~, %) + S0 f).

Hence we have

T(r,e’)y < N (r, ﬁ) + N (7", > 1_ 1) — N(r, f) +S(r, f), (5.75)
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T(r.¢") < N (r, ﬁ) LN (7@ - 1) _ N(r.f) + S(r. f). (5.76)
From (5.71), (5.75) and (5.76), we obtain

N <7“, %) <N (r, - ! a) + S0, ). (5.77)
(5.68), (5.69) and (5.70) give

R R e B )

(5.78)
Let
L@ (2 L se)-() =1 e
9(2) = ORI, ga() = 2T and gy(z) = L
Obviously, ¢;(2) (j = 1,2, 3) are entire functions, and (5.67) implies that
3
Y g =1 (5.79)

j=1
If g;(2) (j = 1,2, 3) are linearly dependent, then there exist constants ¢; (7 = 1,2, 3)

(at least one of them is not zero) such that

c191(2) + c292(2) + c393(2) = 0. (5.80)

If ¢; = 0, then (5.80) gives caga(z) + c3g3(2) = 0, ie., 2ePH G 4 %{1)6_7@) =0,
which implies that e?*) is a constant. This contradicts the assumption. Hence
c1 # 0, and equation (5.80) can be written as

m@%=—%m@%—%%@) (5.81)

Substituting (5.81) into (5.79) yields ( — g—f) go(2) + (1 — ‘Cﬁ) g3(z) =1, i.e.,

1

A WO RO N S Il e S
C1 a C1 a

Applying Theorem 3.6, we can get a contradiction. Therefore g;(z) (j = 1,2, 3) must

be linearly independent. (5.79) and Theorem 5.1 result in T'(r, g2) < N (r, g%) +
S(r, f), i.e.,

T(r,e’) < N (r, ﬁ) + N (r, 671_ 1) — N(r, f) +S(r, f). (5.82)
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This together with (5.78) leads to

N (r, ﬁ) <N (7‘, - ! a) + S0 f). (5.83)

From (5.77) and (5.83), we obtain

_ N(’I‘,%) . N(r,ﬁ)

and

1
a

_1 _1
6(1,f):1—r@0%21—5(a,f):rli_r£10%:5(a,f)>0.

Then by theorem 5.7, we get f(z) = ¢(z), which contradicts the assumption of
Theorem 5.8. Since f(z) is non-constant, (5.67) imply e’} and ¢®*)=(2) are not
constants. Hence €7*) is a constant. Suppose that €?*) = k;, where k1 (# 0,1) is

a constant. It follows from (5.67) that

1

fo)—a= 11—

{e?@ — 1 +a(k —1)]}. (5.84)
Noticing that é(a, f) > 0, if 1 4+ a(k; — 1) # 0, then

N ( fia> - ( & — [1+1a<k1 - 1>])

=T(r,e”) + S(r, f)
=T(r, f)+ S(r, f). (5.85)

From (5.85), we obtain d(a, f) = 0, it is a contradiction. Hence 1+ a(k; — 1) =0,
and thus ky = <1, Substituting ¢7®) = <=1 into (5.67) gives

f2)=a(l =), g(z) = (1 —a)(l —e ).

Hence
(f—a)g+a—1)=a(l —a).

The proof of Theorem 5.8 is completed. [
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