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1 Introduction

Our aim is to compare the forecasting ability of the standard autoregressive model and the

so called threshold autoregressive (TAR) model in predicting real exchange rates. These are

the most common univariate models used in describing the real exchange rate behaviour.

There is a large literature debating on whether real exchange rates are stationary or

non-stationary. In finite samples, it is ultimately not possible to find the truth, since any

process with a unit root can be approximated infinitely closely by a stationary process.

Based largely on this literature, controversy remains on the usefulness of purchasing power

parity in understanding the long run behavior of real exchange rates. Some authors view

the time series evidence as casting doubt on the usefulness of PPP (e.g. O’Connell, 1998b;

Engel 2000), while others do not see the evidence strong enough to discard the PPP even as

an empirically relevant starting point (e.g. Lothian, 1997; Kuo-Mikkola, 1999 and 2001).

For long-run forecasting purposes the stationarity or non-stationarity of the specification

is crucial. To the extent that real exchange rates are non-stationary, they cannot be predicted

in the long run. In our exersice, we can expect to be able to forecast the real exchange rates

only to the extent that the stationary element is present and captured by these common

autoregressive specifications. More specifically, our interest is in judging the importance

of TAR-type non-linearity by doing the out-of-sample forecast comparison relative to the

simple linear specification.

The simple AR-model is found to fit quite well in the real exchange rates, and it has

some long-run predictive power relative to a unit root processes (see Lothian-Taylor, 1996;

Lothian, 1998; Kuo-Mikkola, 1999a). It is sufficient to capture the mean reverting nature of

real exchange rates while at the same time allowing for fluctuations that persist over several

years. Recently, TAR models have been fitted to real exchange rates or relative goods prices

(e.g. Obstfeld-Taylor, 1997; Coakley-Fuertes, 1998; O’Connell-Wei, 1997). TAR model is an

attractive alternative to AR-models, since it appears to reconcile the observation of long run

stationarity with the periods where the RERs appears statistically non-stationary. The TAR

model estimates a band around the long-run RER inside which the RER is nonstationary or

follows a different stationary process from what it follows outside the band. Intuitively and

theoreticallly this makes sense by allowing for a band of slow or no mean reversion around
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the purchasing power parity level, while the PPP deviations start to get eliminated more

quickly as they become larger. The idea is that with small deviations the arbitrage is not

active due to e.g. transportation or other transaction costs.

Ultimately economists want to develop models that would help us understand not only

the past but also the future behaviour of real exchange rates. In order to compare the

alternative models the ultimate test is to see how they perform in out-of-sample forecasting.

Forecasting is of interest to many applied economists as such, and one would want to know

how well the alternatives do in this respect. On some occations one may well be content

to estimate a simpler AR model, even if the TAR model were to provide a nicer economic

interpretation, as long as the prediction is good enough.

2 Data

In this study we use the real exchange rate data between the US and Germany for illustration.

The currencies of these two countries are the two most commonly used currencies in the world

foreign exchange markets in 1998 (see BIS 1999). The real exchange rate is constructed from

the consumer price index series and the exchange rate series over 1957:1-1998:4. The real

exchange rate for the US at time t, yt, is

yt = et − pUSt + pGERt,

where pUSt and pGERt are the CPIs for the US and Germany at time t. et is the price of

German Mark in terms of the US dollar at time t. All variables are in logarithms.1.

The persistence in the real exchange rates as measured by the sum of AR-coefficients is

considerably less in annual than in monthly or quarterly data. Generally, the persistence is

the lower the lower the frequency of the data. It is this lack of persistency or mean-reversion

that we want to make use of in the out-of-sample forecasting exercise. Therefore, we want

to use as low frequency data as possible and chose quarterly rather than monthly data in

this exercise. In other words, we focus on forecastablity due to the long-run behavior where

arbitrage leads to convergence in the purchasing powers of the two currencies.

1Data is extracted from the IMF publication, International Financial Statistics. The consumer price
index series (IFS line 64) is used as the measure of prices, and the price of U.S. dollars in DEM (IFS line zf)
as the raw exchange rate series. This series is an average over the period number.
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3 The competing models

Simple AR model is often used to study the potential convergence of prices and exchange

rates towards the purchasing power parity levels. The AR(p) specification for the real ex-

change rate, yt, is

∆yt = α0 + α1yt−1 + · · ·+ αqyt−p + et(1)

Convergence speed is then interpreted to measure market integration or efficiency of

arbitrage. However, if the implied market frictions are transportation costs, tariffs, non-

tariff barriers, menu costs or even pricing to market behavior, then there can be deviations

from the law of one price without arbitrage taking place. These frictions create a band of no

convergence around the real exchange rate implied by PPP. Within the band, the nominal

exchange rate can move around without the relative domestic prices responding. This was

pointed out by Hechscher in 1916 and recently elaborated by Obstfeld and Taylor (1997).

A simple way to introduce the idea of the band of slow or no convergence is to modify

the AR model into the TAR model: one linear autoregressive process is replaced by two

linear autoregressions, thus leading to a non-linear presentation for the real exchange rates

in time. In the TAR representation, the observations are split into two regimes, the inner

regime where there is sluggish or no adjustment and the outer regime where large deviations

from PPP create profitable arbitrage, and mean reversion towards equilibrium takes place.

We fit the so called Equilibrium Tar (EQ-TAR) model to the data. The mean real

exchange rate in the sample period, y, is taken as the rough approximation of the equilibrium

real exchange rate. The real exchange rate’s behavior today is determined by one of the two

linear AR-processes. yt is hypothesized to follow a more sluggish inner regime AR process

if the previous period’s real rate is no further than c from the equilibrium and the faster

converging outer regime process otherwise. The threshold value, c, is thus used to split the

sample into two regimes. The EQ-TAR process can be written as follows.

∆yt =


λ1(yt−1 − y) + · · ·+ λp(yt−p − y) + et qt−d > c
β1(yt−1 − y) + ... + βq(yt−q − y) + et, −c ≤ qt−d ≤ c
λ1(yt−1 − y) + · · ·+ λp(yt−p − y) + et qt−d < −c

(2)
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where qt−d is the threshold variable, typically the lagged real exchange rate. We set

d = 1 and qt−d = yt−1 − y. Thus, the position of the previous period’s real exchange rate

relative to the sample mean determines the regime in which the real exchange rate is today.

Notice that in the EQ-TAR specification the threshold, c, is only used to split the sample

but it does not itself appear in the two time series processes. Consequently, the process

converges to the overall mean in both regimes. The process is stationary overall if the outer

band dynamics are stationary: the process always reverts to the inner band in this case.

This model will be estimated as follows:

∆yt =

{
λ0 + λ1yt−1 + · · ·+ λpyt−p + et, qt−1 > c or < −c ,
β0 + β1yt−1 + · · ·+ βqyt−q + et, −c ≤ qt−1 ≤ c

(3)

The estimation of the model in this form allows for free estimation of the constant and thus

the point of convergence for the two regimes separately. Given that the equilibrium value is

an imprecise approximation and our focus is in out-of-sample forecasting, we want to impose

as few restrictions as possible ex ante. Estimation of the EQ-TAR without a constant as in

(2) would restrict the convergence to be strictly to the sample mean rather than allowing

for its estimation.

An alternative frequently used TAR specification is the so called Band-Tar model.

∆yt =


λ1(yt−1 − y − c) + ... + λp(yt−p − y − c) + et, qt−d > c
β0 + β1(yt−1 − y) + ... + βq(yt−q − y) + et, −c ≤ qt−d ≤ c
λ1(yt−1 − y + c) + ... + λp(yt−p − y + c) + et, qt−d < −c

(4)

As opposed to our EQ-TAR specification, the convergence from the outer regimes is to the

bands rather than the mean. O’Connell (1998a) points out that the EQ-TAR specification

is likely to provide a reasonable approximation to other candidate TAR processes, such as

the Band-TAR. Examples of papers fitting a Band-TAR process to real exchange rates are

Coakley and Fuertes (1998) and Obstfeld and Taylor (1997), while O’Connell (1998a) fits

an EQ-TAR model. For out-of-sample forecasting purposes it may be beneficial to have a

specification like EQ-TAR where both regimes converge towards the ”PPP” value. This is

more so because both the thresholds and the equilibrium value are estimated and involve

themselves a lot of uncertainty.
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Why is the TAR-model considered as a plausible specification for real exchange rates?

Firstly, the TAR specification is a simple way to modify the standard AR-model to

account for the effect of trading frictions. Secondly, there is some empirical evidence that

the convergence is indeed faster the farther away the real exchange rate is from the PPP

value. Michael, Nobay, Peel (1997) find support for this in annual data extending over two

centuries and Obstfeld and Taylor (1997) in monthly data over 1980-95 as do Coakley and

Fuertes (1998) on monthly post-Bretton Woods data. O’Connell’s (1998a) results are more

split. TAR specifications tend to indicate overall faster mean reversion than the AR models,

which would help to explain the puzzling slow convergence of the PPP studies. Thirdly,

the existence of time periods of slow or no convergence alongside with periods of faster

convergence would explain some of the controversy concerning the empirical evidence on

the stationarity of the real exchange rates. Alternating periods of convergence and non-

convergence would surely make the statistical testing more difficult. Indeed, O’Connell

(1998a) shows that a band of no arbitrage created by transport costs of only 6-10% can

explain the failure of DF tests of rejecting the null of non-stationarity in the real exchange

rates.

4 Estimation

4.1 The AR model

The baseline AR(p) model in (1) is estimated with two lags. Both Akaike and Schwarz crite-

rion choose p = 2 when the lag order was varied from one to four. Out-of-sample forecasting

accuracy measured by the RMSEs is also not sensitive to the order of the AR process. AR(2)

- appears sufficient and is doing slightly better than the higher order processes. Therefore,

we fix the number of lags to two – also for the TAR-processes in (3), i.e. p and q are set equal

to two in the following estimations. Estimation results are reported in table 1. The sum of

the AR coefficients is negative, -0.03, implying slow mean reversion as expected. This is the

benchmark model to which the out-of-sample forecast performance of the TAR model will

be compared.
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4.2 The EQ-TAR model

To estimate the threshold regression model, we utilize Bruce Hansen’s (2000, hereafter BH)

code. BH’s model has one threshold which is used to split the sample into two groups -

or regimes. Instead of one threshold we have two (c and −c), but essentially the model is

the same, since only one c and two separate regressions for the two regimes are estimated.

Consequently, the programs require only minor modifications.

The parameters of (3), (λ0, ..., λp, β0, ..., βq, c), are estimated by least squares as follows.

To estimate c, a grid search is done over possible values of the threshold variable. Only 70%

of the observations are used to choose c from to ensure that the model is well identified for

all threshold candidates (see Hansen, 1996b). Thus, we trim the bottom and top 7.5% of the

qts along with 15% around the mean. For each c, the observations are sorted into the outer

and inner regimes, and both are estimated by least squares. The sum of squared errors,

SSE(λ0, ..., λp, β0, ..., βq, c) is calculated and the c minimizing the SSE is selected. The null

of no heteroscedasticity cannot be rejected for the estimated TAR model2.

The full sample estimation results for the TAR model are presented in table 1. Figure

1 depicts visually the position of the estimated thresholds (c = 0.18 and −c = −0.18) as

deviations from the full sample mean of the time series (the middle line at -0.667). The

observations falling within the two outer lines are the ones that are estimated to follow

the inner regime process, while the remaining observations follow the outer regime process.

Slightly more than half of the observations fall into the outer regime. As can be read from

table 1, the outer regime indeed is mean reverting with the sum of AR coefficients being

negative, -0.05. The implied outer regime convergence is somewhat faster than implied by

the linear AR process. The inner regime process does not show any convergence. Indeed, we

might want to restrict the inner regime to be nonstationary. The full sample results are thus

not contradicting our initial hypotheses of faster outer regime convergence. In the forecasting

exercise, the TAR and AR processes are estimated for shorter training periods since some of

the observations are needed to do the out-of-sample comparison. Consequently, the results

in table 1 are used only to give an idea of the general fit of the two models.

2LM test is used to test for heteroscedasticity. It is performed by regressing the squared residuals from
(3) against all the independent variables as follows. e2

t = γ0 + γ1 yt−1 + γ2 yt−2 + νt. Under the null of no
heteroscedasticity, γ1 = γ2 = 0, and the LM test statistic (T (1−

∑
v2

t /
∑

e2
t ), converges to a χ2(2).
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TABLE 1

Full sample estimation results for the EQ-TAR and AR(2) models
EQ-TAR AR

Outer regime Inner regime Full model
const -0.04 0.04 -0.02

(0.01) (0.02) (0.01)
coef1 0.24 0.37 0.24

(0.15) (0.13) (0.10)
coef2 -0.29 -0.33 -0.27

(0.15) (0.12) (0.10)∑
(coef1 + coef2) -0.05 0.04 -0.03

c 0.18
R2 0.16 0.13 0.19 0.09
SSE 0.23 0.27
N 87 77 164 164
p-value for het.test 0.12 0.002

Values in the brackets are the heteroscedasticity corrected standard errors. Estimation period

is 1957:1-1998:4.

5 Testing for the AR model against the TAR alterna-

tive

Although our main purpose is to evaluate the models by their forecasting ability, we start

by discussing the statistical choice between them in sample.

Conventional tests of the null of an AR model against the TAR alternative have non-

standard distributions, since the threshold parameter is not identified under the null. In

empirical applications frequently the p-values for the LR statistic (AR null versus the TAR

alternative) are generated by Monte Carlo methods (e.g. Coakley-Fuertes, 1998; O’Connell-

Wei, 1997; Obstfeld-Taylor, 1997).

In this study, we follow Hansen (1996a,b), who develops a method to replicate the asymp-

totic distribution of the test statistic. Our null hypothesis is H0 : λ = β, where λ = (λ0 λ1

λ2) and β = (β0 β1 β2), and the alternative is H1 : λ 6= β. When the threshold, c is known

and the errors are iid, the standard F-statistic could be used to test the null against the

alternative. The F statistic is

Fn(c) = n(σ̃2
n− σ̂2

n(c)) / σ̂2
n(c) ,

where σ̃2
n is the residual variance from estimating the model under the null, ie. fitting
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an AR(2) model into the data using OLS. σ̂2
n(c) is the residual variance from estimating the

TAR with the threshold fixed at c. The test statistic, Fn(c), is formed for the value of the c

that minimizes the σ̂2
n(c), call it Fn.

In our case, since c is not identified, the asymptotic distribution if Fn is not chi-square.

Following Hansen (1996a) the asymptotic distribution will be approximated by a bootstrap

procedure as follows:

1. Let u∗t , t = 1, ...., n be iid N(0, 1) random draws

2. Set ∆y∗t equal to u∗t

3. Regress ∆y∗t on yt−1, · · · , yt−p to obtain the residual variance σ̃∗2n

4. Regress ∆y∗t on the TAR model with the threshold set at c. The residual variance

from this regression is denoted by σ̂∗2n (c). Choose c so that σ̂∗2n (c) is minimized.

5. Form F ∗
n = n(σ̃∗2n − σ̂∗2n (c)) / σ̂∗2n (c)

Hansen ( 1996a) shows that the distribution of F ∗
n converges weakly in probability to the

null distribution of Fn, so that repeated bootstrap draws from F ∗
n may be used to approximate

the asymptotic null distribution of Fn. The bootsrap approximation to the asymptotic p-

value of the test is formed by counting the percentage of bootstrap samples for which F ∗
n

exceeds the observed Fn. P-value from this exercise turns out to be 0.008 indicating that the

null of AR-model can be rejected in favor of the TAR-model.

6 Forecasting out-of-sample

6.1 Forming the TAR forecasts

Judging the out-of-sample forecasting performance of TAR models is essential, since neither

statistically significant rejections of linearity nor in sample fit are a quarantee of the use-

fulness of the model for forecasting. Significant rejections of linearity often occur while the

out-of-sample forecasting performance is no better than for a simple linear model. This can

be due e.g. to in sample non-linearities, outliers or structural shifts (see e.g. Diebold and

Nason, 1990). Forecast performance is typically not reported when TAR models are fitted to

the real exchange series. This may be partly because it is not possible to obtain closed-form
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analytic expressions for the h-step ahead forecasts3.

One method to generate the h-step ahead forecasts for a TAR model is via Monte Carlo

simulation. This is done as follows.

1. The data is divided into the training period (estimation period) consisting of the

first T observations, and the validation period (testing period) consisting of the remaining

n observations. Total number of observations is T + n.

2. The training period data is used to estimate the model in (3) giving us the parameter

estimates, (λ̂0, ..., λ̂2, β̂0, ..., β̂2, ĉ) and ŷ. The residuals from this estimation are collected into

two vectors corresponding to the residuals from the outer and the inner regime regressions,

denoted by eouter
T and einner

T respectively.

3. The estimated process is used to simulate the TAR process h steps into the future M

times as follows.

ỹT+h,j = λ̂0 + λ̂1ỹT+h−1,j + λ̂2ỹT+h−2,j + εouter
T+h,j, if ỹT+h−1,j − ŷ > ĉ

ỹT+h,j = β̂0 + β̂1ỹT+h−1,j + β̂2ỹT+h−2,j + εinner
T+h,j, if ỹT+h−1,j − ŷ ≤ ĉ

where j = 1, ...,M and ỹ denote the forecasts.

To do the simulation into the future, we need to decide how to generate the shocks to

the inner and outer regime processes, i.e. εinner
T+h,j and εouter

T+h,j. Since we do not know what

the real error distribution is, we proceed by picking up the errors randomly and uniformly

from the estimated residual distributions eouter
T and einner

T . The benefit of this non-parametric

approach is that it is robust to possible violations in error assumptions. Alternatively, we

could draw the error sample from N(0, σ2) where σ2 would be the estimated error variance.

Finally, the average of the forecasts for each horizon h over the M iterations are calcu-

lated:

ỹT+h =
M∑

j=1
ỹT+h,j for h = 1, ..., H

These averages over the M iterations are our MC forecasts of ỹT+h for H horizons.

The RMSEs are used to evaluate the distance between the forecasted and the actual

values. Rather than evaluating the h-step ahead forecast performance based on the difference

between only yT+h and ỹT+h the exersice is done as follows. The first training period, T ,

3E.g. Tiao and Tsay (1994) and Clements and Smith (1997,1999) discuss the out-of-sample forecasting
of TAR models.
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is extended one period at time and the steps from 1 to 3 are done over again. Finally, the

resulting forecasts and RMSEs are computed as

RMSETAR
T,h =

√√√√ 1

n− h + 1

n−h∑
i=0

(yT+i+h − ỹT+i+h)2

where ỹT+i+h is the h-step ahead forecast of yT+i+h based on {yt}T+i
1 . The h-step forecast

performance is then evaluated by calculating the RMSEs based on all training periods from

T to T + i . RMSETAR
T,h denotes this measure of h-step forecast performance indexed by the

first training period ending point, yT .

The out-of-sample forecasting performance of the AR model is evaluated similarly by

calculating a comparable RMSE measure (RMSEAR
T,h) indexed by the first training period

end point and the forecast horizon. The formulas for the out-of-sample forecasts for AR(2)

model are presented e.g. in Hamilton (1994, p.81 ).

Since forecasting performance is typically sensitive to the forecast origin, we do the

forecasting exercise for four different initial training period lengths to check for sensitivity. In

short samples of real data there is the trade off between the length of the training period and

the validation period. The longer the training period, the better we can expect to estimate

the long run real exchange rate and the parameter values, and thus we can expect to get better

forecasts. On the other hand, since the focus is on evaluating the forecasting performance,

the validation periods need to be long enough to allow for the long tern purchasing power

convergence rather than temporary cycles to drive the results.

6.2 Results

The RMSEs for the out-of-sample forecasts of the TAR and AR models, and their ratios are

presented in Table 2. It is immediately clear that the forecast performance is sensitive to the

length of the initial training period. Likewise none of the models is always better than the

other. Some interesting patterns emerge though. Generally, the forecast accuracy improves

the longer the initial training period is. Both models appear to perform the best when the

period since 1993 is forecasted. The linear AR model is much more robust to the choice of

the training period and the forecast horizon than the nonlinear TAR model. The nonlinear

forecasts, particularly at the longer horizons, seem to be really bad in some cases relative

to the AR model. Overall, even if the TAR model is doing better with the longer training
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periods (or in forecasting only the more recent data), its performance does not appear to

be significantly better than that of the simple linear AR(2) model – particularly at longer

horizons. At shorter horizons, up to three years, there are periods when TAR outperforms

the AR model, but overall if you are to choose one method of forecasting, the simple linear

model appears to be more reliable.

How can we explain the failure of the threshold model to outperform the simple AR

specification? The results may be simply sensitive to the specification of the TAR model.

When we look at the estimation results of the TAR for the full data set in table 1, we can

see that the two estimated regimes are in fact quite similar. Particularly, the inner regime

is not showing convergence at all, which might give us a good reason to impose a unit root

for the inner regime to start with. Given that the TAR model requires more parameters to

be estimated than the AR model, this may create large enough uncertainty in the coefficient

estimates to lead to quite unreasonable long horizon forecasts in some cases.

TABLE 2

Out-of-sample forecast performance: RMSETAR
T,h vs. RMSEAR

T,h

Forecast horizon, h
4 8 12 16 20

First training period: 1957Q1-92Q4
TAR 0.088 0.102 0.093 0.086 0.093
AR 0.090 0.143 0.134 0.056 0.054

TAR/AR 0.98 0.71 0.69 1.54 1.72
Out-of-sample obs 24
First training period: 1957Q4-89Q4

TAR 0.082 0.082 0.086 0.090 0.103
AR 0.096 0.119 0.126 0.122 0.138

TAR/AR 0.85 0.69 0.68 0.74 0.75
Out-of-Sample obs 36
First training period: 1957Q4-84Q4

TAR 0.205 0.607 1.56 3.94 10.00
AR 0.118 0.165 0.173 0.160 0.185

TAR/AR 1.74 3.68 9.02 24.63 54.05
Out-of-sample obs 56
First training period: 1957Q1-79Q4

TAR 0.199 0.534 1.32 3.27 8.24
AR 0.131 0.192 0.224 0.246 0.267

TAR/AR 1.52 2.78 5.89 13.29 30.86
Out-of-sample obs 76

The rows denoted by TAR and AR report the RMSEs of the out-of-sample forecasts of the
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TAR and AR models respectively for forecast horizons from one to five years. The rows denoted

by TAR/AR report the ratio of the two models RMSEs.

7 Concluding remarks

We set out to compare the out-of-sample forecasting performance of a linear AR model

and a nonlinear TAR model. The idea was to see if the intuitively appealing suggestion of

nonlinear adjustment of real exchange rates toward purchasing power parity, due to market

frictions, could be utilized in forecasting. Indeed, we found the tendency of the US/DEM

real exchange rate to converge faster when the previous real exchange rate was farther away

from the estimated purchasing power parity level. However, this tendency did not appear

to be strong enough for the TAR specification to lead to consistently better out-of-sample

forecasting performance. One reason may be that the data sample is not long enough to

reliably estimate the non-linear specification which requires more parameters to be estimated

than the more parsimonious linear specification.

The results presented in this paper are very preliminary. The next step we want to

pursue is to check the robustness of the results to the assumption on the inner regime

process. Specifically, we want to a restrict the inner regime to follow a unit root process.

This is reasonable given that the estimated inner regime does not appear mean reverting.

Also, we would like to tackle the forecast uncertainty further. Recently, Kitamura (1999) has

paid attention to the uncertainty involved in the coefficient estimates and the resulting risk

involved in the forecasts. He suggests using bootstrap smoothing to reduce the variance of

the forecasts. The intuition is that since the forecast is sensitive to the realization of training

period samples, its variance is reduced by first perturbing the training observations using

the bootstrap and then averaging over the perturbed series. Following this idea we intend

to combine bootstrapping with the MC forecasting hoping to reduce the variations in the

TAR forecasts and thus potentially improve their overall accuracy. Also, we want to check

for the robustness of the results for the assumptions about the error process. Doing the

estimations for other currencies would help in gaining some understanding of the generality

of the results as well. If our current results are found to hold with these robustness checks,

we would conclude that the theoretically and intuitively attractive idea behind the nonlinear

threshold adjustment may not be empirically significant enough to help us in understanding
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the future behavior of real exchange rates.
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