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1. INTRODUCTION

As one of the earliest subjects that had
inspired the idea of random walk [1], the
evolving price of a financial asset has been
realized at present day to be predictable
over short-time scales. The price formation
processes have been shown by modeling
studies that they are responsible for the
universal statistical properties of the price
returns [2, 3]. While those studies have
revealed pricing mechanism for one asset,
the interdependence of price changes in
different assets [4] becomes very difficult
to be tracked when the number of assets
under consideration are comparable to the
size of the market. The lead-lag effect [5],
caused by the transmission of disturbances
in prices, for example, is impractical to be
identified quantitatively for stocks in real
market for their cause-and-effect relationships. The situation is very similar to the
physical systems of many particles, where
the displacements of individual particles
are difficult to be considered as caused by

The knowledge about how the price changes of different stocks
are interrelated is essential for the comprehension and the
manipulations of the underlying working principles in financial
market. Such knowledge can be obtained by the surveying of
fluctuation data in prices of large pools of stocks. Recent studies
have revealed certain robust collective properties, which are
identified as the major ingredients of correlations contained
in the fluctuations. We propose a model of coupled random
walks where the walks are coupled via a mechanism, with the
displacement (return) of each walk (stock) activated by the price
gradients over a fictitious network. Within a mean-field scenario,
the model provides an effective interpretation of the features displayed in the distribution of the eigenvalues for the correlation
matrix of real market, on the level of time sequences.

displacements of specific particles. The
more efficient description is, instead, to
consider the overall motions as the sum
of total displacement and the fluctuations
composed of many collective modes. The
analogous approach for financial fluctuations is via the study of spectra of cross correlation matrix [6, 7], that the fluctuations
are linearly decomposed into many modes,
each containing a pattern of activities in
price returns, as an ingredient of the total
changes. In our study, we build a random
walk model with the effects of cross correlations realized as a mechanism driven
by the price gradient over an underlying
network. The model is able to reproduce
the major features observed in the eigenvalue distributions and in the eigenvector
patterns, for US stocks [8].

correlation matrix C of the times series of
a large number of stocks. C is the matrix
of cross correlation coefficient Cij between
walks (stocks) i and j, among N walks, is
defined as
Cij = < δri δrj >T /(σiσj), ( i, j = 1, 2, ..., N) (1)
which is the correlation in the fluctuations δri = ri -<ri>T of their displacements
(returns) ri, normalized by the deviations
σi=[<(δri)2 >T]1/2, with the average <.>T
over a time series of T events. The matrix
C is in fact a product of the N × T matrix
S, composed of normalized returns Sit =
δri(t)/σi, (i=1, 2,..., N; t=1, 2, ..., T) with
its transpose S t
C = SS t.

(2)

The normalization in Cij assures that we
use walks with the same widths of disThe model is motivated by the observa- placement distributions for modeling, even
tion of spectral properties in the cross though the fluctuations in stock returns
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may vary over very different ranges [9].
Note that, in such model, the total sum of
the displacements of a walk (the position)
corresponds to a fictitious normalized
price which accumulates the normalized
returns.
The coupled random walk (CRW) model
is defined by the time evolution equation
r(t+1)=ξ(t)+ ∆(x (t)+ξ(t)),

(3)

for the displacement (return) r(t+1) =
x(t+1)–x(t) at time t+1, where r, x and ξ
are the column vectors of the displacements (returns), the positions (normalized
prices) and the random noises (tentative
increments in prices) of the N walks,
respectively. The tentative new prices
x(t)+ξ(t) are adjusted by the operator ∆ to
generate the new final price x(t)+r(t+1). ∆
is a symmetric matrix playing the role of
Laplacian operator, which drives the flows
to eliminate the ever-changing unbalance
arisen from the incoming random pulses
ξ(t). The cross correlations between stocks
display their effects via the connection over

the underlying network specified by ∆.
One major feature in the eigenvalue distribution is the presence of market mode,
which has its eigenvalue much larger than
the rest eigenvalues. The fluctuations of
stocks in this mode are almost totally in
one direction [10]. We can device a mean
field scenario to comprehend the origin of
the presence of this mode. Let’s assume all
walks contributing equally in the market
mode, then the cross correlation matrix C
would have the same mean value, say c,
for all its off-diagonal elements. Its eigenvalues can be estimated from the spectra of
the matrix with off-diagonal entries c and
diagonal 1 [8, 11]. The largest eigenvalue
of such matrix is
λM = (N–1)c+1,

(4)

tor (denoted by ∆M) to have its entries in
the form of
(∆M)ij = εM(1–N)/N, if i=j
εM /N, if i�j,

(5)

that a single parameter 0 ≤ εM ≤ 1 varies
to change the strength of correlation, from
totally uncorrelated (εM = 0) to fully correlated (εM = 1) situations. The vanishing
total sum over each column (row) appearing in ∆M is in fact a general constraint on
the operator ∆. That is, it preserves the total
sum in redistributing the differences in the
tentative new prices to the correlated (for
the case ∆ = ∆M, N) stocks. The eigenvalue
for the market mode of the CRW model
Eq. (3) in this case, can be obtained in the
following argument.

The continual incoming pulse ξ conand the bulk of smaller eigenvalues are tribute a fraction 1–a of its flux to current
from the dispersion of the (N–1)-fold de- returns of individual stocks and share the
generate eigenvalue λ0=1–c.
rest fraction a to all N stocks in the market. If the components of ξ are mutually
To establish a CRW model for such independent
scenario, we assume the Laplacian opera<ξi(t)ξj(t’)>=ξij f(t–t’).
(6)
The statistical overlap <δri δrj > T in
Eq. (1) is then contributed by the accumulations of flows of the 1– a fraction (the first
term of RHS of Eq. (3)) for the case i=j, and
of 1/N of the shared fraction a (the second
term of RHS of Eq. (3)), for all i, j. The
mean value c of the off-diagonal elements
of matrix C is then the ratio between a/N
and a/N + (1– a), that is,
c = a/(a+N(1–a)).

(7)

A detailed calculation [8] finds 1–a ~
(1–εM)2 when εM~1 and N >>1. From Eq.
(4), the eigenvalue for market mode diverges at εM = 1,
λM~ (1–εM)-α
Fig. 1: The eigenvalue distribution p(λ) of cross correlation matrix for 30 minutes returns of the
year 1996, for a pool of 345 US stocks (open and filled circles) compared with those from the
CRW model Eq. (3) by fitting the parameters in the ∆ of Eq. (9) (thick solid line) and model with
∆G=0 (dashed line) and model of random matrix theory (∆=0) [12] (dotted line). The inset shows
the range of larger eigevalues in log-scale. See [8] for more detailed data.
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with an exponent α=2 [Fig. 2]. Comparing
Eq. (4) and (8), we observe that the N dependence of c in Eq. (7), resulted from the
sharing of the price-gradient flows, leads to
the critical εM-dependent in λM. This result
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US stocks for the year 1996 and analyze
the data to find the parameters εM and εgs
[Fig. 1]. An explicit expression for λM , as
in Eq. (7), can be used to find εM. Before
tuning the values for εgs, we have to determine how to divide the stocks into non
overlapping groups.

Fig. 2: Ensemble averaged
eigenvalue for market modes,
λM , for various values of εM in
CRW models with ∆= ∆M and
numbers N=345, 406, 1000 of
walks and lengths of time sequences T=3250, 1309, 6445
and over ensembles of 106,
400, 50 matrices, respectively.
Simulated data are compared
with analytic formula for finite
N (colored lines [8]). Black
and infinity N (black line, Eq.
(8)). The inset shows the same
data in log-log plot.

—

highlights a major feature of our model.

lapping already included in ∆M. The main
usage of ∆G is to digest the patterns in the
eigenvectors of those discretely distribution eigenvalues between λM and bulk. In
next section, we carry out the analysis on
US stocks, to find the necessary parameters
for a corresponding CRW model.

A second feature of the CRW model is
its ability to digest the patterns displayed in
the eigenvectors of market data. This feature is related to the presence of groups of
correlated stocks. The evidence of grouping [6, 7] can be found in the eigenvalue
spectra for the cross correlation matrix of 3. ANALYSIS OF U. S. STOCKS
US stocks returns [Fig. 1], where scattered We calculate the spectra of the cross coreigenvalues are present near the upper edge relation matrix of the price returns of 345
of the bulk of the distribution. Within the
same mean-field scenario, we add a second
term to the Laplacian operator ∆,
∆ = ∆M + ∆G,

(9)

where ∆G is a perturbing part of ∆ and has
block diagonal structure,
(∆G)ij = εg(1–ng)/ng, if i=j ∈ g and g ∈ G
εg /ng, if i � j; i, j ∈ g and g ∈ G
0 otherwise.
(10)
Each block underscores the extra degrees of correlation among a collection of ng
stocks in a group g, that are not sufficiently
accounted by the overall Laplacian ∆M.
The non overlapping between the groups
corresponding to different blocks, is an
approximation that we assume such over-

The stocks are considered as in the
same group in the mean-field scenario
if they are activated correspondingly in
all K eigenvectors with their eigenvalues
in between λM and the bulk. We consider
two K-dimensional vectors composed
of the corresponding components in the
K eigenmodes. If these two vectors are
in parallel, within some allowed cosine
angle deviation cosß, the two stocks are
considered as coupled. A procedure has
been used to determine groups [8] from
the couples of stocks. In varying ß, it is
found a dividing value ß0 � 0.835, below
which the stocks are poorly separated and
most stocks belong to one big group and
above which there are too many small
groups that the grouping does not help to
reduce much the number of degrees of
freedom. Figs. 3 and 4 show the patterns
of eigenvectors from CRW model and
from the US stock data, based on the
information of grouping obtained from
such analysis, using ß = ß0 . In our model
[Fig. 3], it is possible to have more than

Fig. 3: The components (scaled
fluctuations of returns) for the
eigenvectors of a few typical
eigenvalues corresponding to
CRW model with parameters
from the fitting to market data
[Fig. 1]. These include the
eigenvectors of (top-down) the
market mode λM, the next three
large-steigenvalues (λ 1 , λ 2 ,
λ3) and two typical mode with
their eigenvalues falling inside
the bulk (λ4) and at the lower
edge of the bulk component (λ5)
respectively. The vertical lines
indicate the boundaries of the
groups and the horizontal lines
mark the zero levels.
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Fig. 4: Same as Fig. 3 for
market data. The stocks
are numbered in such a way
that the stocks belonging
to the same group are consecutively placed and the
groups are arranged from
left to right, according to
their sizes in the descending
order. There are 27 stocks
placed at the end that do not
belong to any group.

one groups activated in a mode between λM
and bulk and each group can be activated
in more than one such modes. Such property reflects the feature in the patterns of
market data [Fig. 4] and is not comprised
in a matrix based model.

4. SUMMARY

In summary, we have deviced a model
for the fluctuations in price returns of
large pools of stocks, where the cross
correlation is built on the level of time
sequences. The model captures the major
features in the eigenvalue distribution and
eigenvector patterns. The price-gradient
driving mechanism in the model provides
the explanation of the presence of market
mode, and its connection to a parameter
describing critically divergent correlated
fluctuations.
The author thanks C. K. Hu, R. E. Amritkar, C. N. Chen, and S. C. Wang for the
collaborations and discussions.
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