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Professors Chuang and Lai are to be congratulated for their interesting sugges-
tions. The hybrid approach is a very general one, applicable to both parametric and
non-parametric problems, to non-ergodic models, and to irregular problems (though
the authors do not emphasize the latter). It is also computationally intensive and
can be difficult to implement. To paraphrase Efron (1979) and Tukey, it seems pow-
erful enough to blow the head of a problem, but it may leave a bit of a mess. Here
we will compare the hybrid method with an approach based on asymptotic expan-
sions, with special reference to the group sequential example. By way of contrast,
expansions often require highly structured models, with some independence and/or
arcane technical conditions; but they are much simpler, where applicable. In many
cases expansions may be used to produce an approximate pivot from which confidence
intervals are easily identified.

To date there has been relatively little work on using asymptotic expansions to set
confidence intervals after group sequential tests. In principle expansions should work
provided that there are enough groups and a believable parametric model. In practice,
expansions may work better when the stopping boundaries consist of straight lines.
These points are illustrated by Weng (1999) and Weng and Woodroofe (1999) in the
context of a group sequential test for comparing two Poisson means. A triangular test
is considered below. As will be seen the number of potential groups is an important
design parameter, and we may ask: how many groups are needed for expansions to
produce reliable approximations?

As in the paper, suppose that X1, X2, · · · are i.i.d. with unknown mean θ and
variance one and that there are K potential groups of size m each. Let N = Km,
J = {km : k = 1, · · · , K}, and Sn = X1 + · · · + Xn, and consider stopping times of
the form

τ = min{n ∈ J : ng(
Sn

n
) ≥ c}, (1)

where g is a real valued function for which g ≥ δ := c/N and c is chosen to control
error probabilities. Example 1 in the paper is of this form with K = 5, m = 15,
c = (2.413)2, and g(x) = max(δ, x2). For m = 1 and a stopping time for the form (1),
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Woodroofe (1992) found the following:

R =
√

τ(X̄τ − θ)

is approximately normal with mean

μ =
1√
c
(
√

g)′(θ),

where ′ denotes derivative, and

Z =
R − μ̂

√
1 + μ̂2

is approximately standard normal to order o(1/c) in the very weak sense. See also
Woodroofe and Coad (1997). Thus, Z serves as an approximate pivot. It is important
here that only one derivative is needed for g, since many of the more popular choices
only have one derivative.

Of course, the group sequential problem may be reduced to the case m = 1 by
letting X̃k = [Xm(k−1)+1 + · · · + Xmk]/

√
m for k = 1, 2, · · ·. Then θ, g, and c, are

replaced by θ̃ =
√

mθ, g̃(x) =
√

mg(x/
√

m), and c̃ = c/
√

m. This reduction has some
simple consequences. First, normality may be less of an issue, since the X̃k are sums,
especially so, if the original Xk were differences between responses to treatments and
controls. Key features of the reduced problem are the horizon K (the number of
groups) and the size of θ̃. However, if |θ̃| is very big, then the procedure is likely to
stop after the first group, and the sequential nature of the problem is lost. So, we
are led to a reduced problem with (at least, approximately) normal data, moderate
values of θ̃, and a small horizon.

Do the expansions work in this context? They do not work very well for the
repeated significance tests in Example 1 of the paper, even for m = 1 or, equivalently,
a large horizon. With large horizons, however, expansion work very well for triangular
tests in which g(x) = δ+|x| and Nδ = c. In a simulation experiment with m = 1, K =
100, θ = 0(.25)1.5 and 10, 000 replications, the simulated distributions of Z were
not significantly different from the standard normal, as judged by the Kolmogorov
Smirnov Test with α = .05. If the number of groups is decreased to five, then the
normal approximation to the distribution of Z degenerates, especially in the central
part of the distribution. In effect, μ̂ overestimates the mean of R, leaving Z with
a negative mean. A plausible reason for this is that the derivations in Woodroofe
(1992) neglect the excess over the boundary. To some extent, this can be recovered
by replacing c with c + .583, as in Siegmund (1985, §3.5). This change improves the
approximations, but still leaves Z with a negative mean. This may be seen in Table
1 below which reports simulated values of Pθ{Z ≤ −1.645} and Pθ{Z ≥ 1.645} for
K
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Table 1: Group Sequential
Normal Data

K = 5, c̃ = 3.8702

θ̃ Mean RMSQ Lower Upper Total Power ASN
0.00 0.0005 0.9761 0.0507 0.0472 0.0979 0.5043 3.7729
0.25 -0.0107 0.9861 0.0485 0.0435 0.0920 0.7014 3.6718
0.50 -0.0143 0.9953 0.0475 0.0433 0.0908 0.8569 3.4340
1.00 -0.0284 0.9967 0.0550 0.0467 0.1017 0.9830 2.8007
1.50 -0.0373 1.0102 0.0561 0.0579 0.1140 0.9991 2.3098
2.00 -0.0363 1.0264 0.0498 0.0484 0.0982 1.0000 1.9864
2.50 -0.0219 1.0328 0.0594 0.0430 0.1024 1.0000 1.7574
3.00 -0.0069 1.0112 0.0658 0.0415 0.1073 1.0000 1.5427
4.00 -0.0296 0.9456 0.0482 0.0420 0.0902 1.0000 1.1868
5.00 -0.0846 0.9874 0.0536 0.0427 0.0963 1.0000 1.0297
± 0.0200 0.0141 0.0044 0.0044 0.0060

K = 10, c̃ = 5.4733

θ̃ Mean RMSQ Lower Upper Total Power ASN
0.00 0.0149 0.9955 0.0463 0.0502 0.0965 0.5037 6.9434
0.25 0.0061 1.0012 0.0506 0.0546 0.1052 0.7743 6.5839
0.50 -0.0124 1.0066 0.0515 0.0443 0.0958 0.9321 5.7646
1.00 -0.0108 1.0032 0.0534 0.0535 0.1069 0.9973 4.2104
1.50 -0.0149 1.0113 0.0495 0.0453 0.0948 1.0000 3.2887
2.00 -0.0215 1.0024 0.0507 0.0404 0.0911 1.0000 2.7207
2.50 -0.0297 0.9943 0.0614 0.0451 0.1065 1.0000 2.3416
3.00 -0.0472 1.0016 0.0480 0.0559 0.1039 1.0000 2.1021
4.00 -0.0168 1.0624 0.0637 0.0507 0.1144 1.0000 1.8274
5.00 0.0265 0.9977 0.0597 0.0444 0.1041 1.0000 1.4728
± 0.0200 0.0141 0.0044 0.0044 0.0060

Notes: Monte Carlo estimates based on 10, 000 replications; ± is two standard de-
viations; θ̃ =

√
mθ; Mean = Eθ(Z); RMSQ =

√
Eθ(Z2); Lower = Pθ{Z ≤ −1.645};

Upper = Pθ{Z ≥ 1.645}; Total = Pθ{|Z| ≥ 1.645}; Power = Pθ{Sτ > 0}; ASN
= Eθ(τ/m).

= 5, K = 10, and selected values of θ. Also reported are Monte Carlo estimates
of Eθ(Z),

√
Eθ(Z2), the power Pθ{Sτ > 0}, and the expected number of groups

Eθ(τ/m). For five groups, the approximations appear to be slightly conservative,
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with one exception (remember that we are doing multiple comparisons here). For ten
groups, the approximations are less conservative, and the overall agreement seems
better.

Robustness with respect to the normality assumption may also be investigated
by simulation. We compared our approximations, derived assuming normality, to
simulations from two non-normal distributions, the centered exponential distribution
considered in the paper and a bilateral exponential distribution. The exponential
is very different from the normal, and the agreement between the theoretical and
simulated values was generally worse than in the normal case and much worse for
five groups. However, agreement with the bilateral exponential simulations was very
comparable to that reported in Table 1.
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