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中 文 摘 要 ： 於此文中吾人以自有方法證明一維有界域上 Emden-Fowler 

型態之半線性波方程式解之局部存在性 

中文關鍵詞： Emden-Fowler  型態,  半線性波方程式 

英 文 摘 要 ： In this study we use our methode to prove the local 

existence of solution to Emden-Fowler type semilinear 

wave equation in bounded domain in 1-space dimension.

英文關鍵詞： Emden-Fowler  type,  semilinear wave equation. 

 



On the existence of solution to Emden-Fowler type semilinear wave
equation in bounded domain in 1-space dimension

t2utt � uxx = up

Meng-Rong Li
Department of Mathematical Sciences National Chengchi University

1 Introduction

We will consider the existence of solutions for the initial value problem for the
Emden-Fowler type semilinear wave equation of the form

t2utt � uxx = f (u) in [t0; T )� [R1; R2] ; (1.1)

where t0 > 0; f : R! R is a real valued function. The case f (u) = up; p � 1
corresponds to the classical Emden-Fowler equation t2u00 = up:

The existence result to the relative equation utt � uxx = f (u) is proved
[Li3] and the positive solution blows-up in �nite time under some conditions
[Li2], we want to use another method to estimate the life-span of the solution
to Emden-Fowler type semilinear wave equation (1.2) and later to study the
Emden-Fowler type semilinear wave equation (1.3)

t2utt � uxx = up in [t0; t0 + T )� [R1; R2] ; (1.2)

t2utt � uxx = "up in [t0; t0 + T )� [R1; R2] ; (1.3)

u (t0; �) = u0 2 H2 (R1; R2) \H1
0 (R1; R2) ;

ut (t0; �) = u1 2 H1
0 (R1; R2) ;

but it is not clearly whether it is true for any p > 1 ? If so, we would want to
estimate the blow-up time and the blow-up rate under such a situation in the
future.

It is also important to study the asymptotic behavior of the solution u; ut;
the velocity and the rate of the approximation for " approaches to zero. Such
questions are also not easy to answer and the case for the ordinary di¤erential
equation
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t2u00 = up; u (t0) = u0; u
0 (t0) = u1;

should be studied. We have studied the blow-up behavior of the solution for
semilinear wave equation and got some estimates on blow-up time and blow-up
rate [Li4] but it is di¢ cult to �nd the real blow-up time (life-span). Further
literature could be fund in [S]; [R]; [W1] and [W2].

In this study we hope that our ideals used in [Li2]; [Li4]; [Li5]; [Li7]; [Li8];
[LiLinShieh]; [ShiehLi] and [SLLLW ] can do help us dealing such problem
(1:1) on our topics.

2 Fundamental Lemma

From the local Lipschitz functions, p > 1 the initial-boundary value semilinear
wave equation

utt � uxx = up (2.1)

possesses a unique solution inH1 := C1
�
0; T;H1

0 (R1; R2)
�
\C2

�
0; T; L2 (R1; R2)

�
[Li1], but for the equation (1:2) of Emden-Fowler type has to be overcome.

Lemma 2.3: Suppose that u 2 H1 is a weakly positive solution of (2:1)
with E(0) = 0 for p > 1, then for a(0) > 0 we have:
E(0) = 0 for p > 1, then for a(0) > 0 we have:

(i) a 2 C2(R+) and E(t) = E(0) 8t 2 [0; T ).

(ii) a0(t) > 0 8t 2 [0; T ), provided a0(0) > 0.

(iii) a0(t) > 0 8t 2 (0; T ), if a0(0) = 0.

(iv) For a0 (0) < 0, there exists a constant t0 > 0 with a0 (t) > 0 8 t > t0
and a0(t0) = 0.

Note that the conclusions are not always valid for equation (1:2), which
assertions remain true? It should be proven in another method.

Lemma 2.4: Suppose that u is a positive weakly solution in H1 of
equation (2:1) with u(0; �) = 0 = u(0; �) in L2 (R1; R2). For p > 1, we have
u � 0 in H1.

Note that the result in lemma 2.4 could perhaps not be applied to the case
of equation (1:2).
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3 Estimates for the Life-Span

Estimates for the Life-Span of the Solutions of (2.1) under Null-
Energy

We hav studied the case that E(0) = 0; p > 1 and divide it into two parts

(i) a(0) > 0; a0(0) � 0 and (ii) a(0) > 0; a0(0) < 0:

Remark 3.

1) The local existence and uniqueness of solutions of equation (2.1) in H1
are known [Li2].

2) For p > 1 and E(0) = 0, the life-span of the positive solution u 2 H1 of
equation (2.1) is bounded.

Estimates for the Life-Span of the Solutions of equation (2.1) under
Negativ-Energy

We use the following result and those argumentations of proof are not true
for positive energy, so under positive energy we need another method to show
the similar results.

Lemma 3: Suppose that u 2 H1 is a positive weakly solution of equation
(2.1) with a(0) > 0 and E(0) < 0: Then (i) for a0(0) � 0 , we have a0(t) >
08t > 0;(ii) for a0(0) < 0 , there exists a constant t1 > 0 with a0 (t) > 0

8t > t1; a0 (t1) = 0 and

t � t� = � a0 (0)

(p� 1) (�2 � E (0)) ;

where � is the positive root of the equation 2�p+1p+1r
p+1�(p+ 1) r2+(p+ 1)E (0) =

0:

4 Positive solutions of equation (2.1) near blow-
up solutions

In the furture we want to utilize our ideals used in [Li2]; [Li4]; [Li5]; [Li7]; [Li8];
[LiLinShieh]; [ShiehLi] and [SLLLW ] to deal problem (1:2) on our topics un-
der some conditions and want to obtain similar conclusions resulted from (2:1)
later:

Theorem 4.1: Suppose that u 2 H1 is a weakly positive solution of
(2:1) with E(0) � 0 for p > 1, then for a(0) > 0 we have: the weakly positive
solution u of (2:1) blows up in �nite time.
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Theorem 4.2: Suppose that u 2 H1 is a weakly positive solution of
(2:1) with E(0) = 0 for p > 1 we have:
the weakly positive solution u of (2:1) blows up in �nite time.

Theorem 4.3: Suppose that u 2 H1 is a weakly positive solution of
(2:1)with E(0) > 0 for p > 1, then for a(0) > 0 we have: the weakly positive
solution u of (2:1) blows up in �nite time.

5 Existence of solutions to the equation (1:2) in
H2

After some long redundant argumentation using Banch �xed point theory we
can obtain the existence of solutions for equation (1:2) :

Theorem 5.1 There exist positive T > 0 and u in H2 satis�ng equation
(1:2) ; where H2 is the space

H2 := C1
�
t0; t0 + T;H

1
0 (R1; R2)

�
\ C2

�
t0; t0 + T;L

2 (R1; R2)
�
:

Lemma 5.2 [LM, p.95] For u0 2 H1
0 (R1; R2) ; u1 2 L2 (R1; R2) and h 2

W 1;1
�
t0; t0 + T;L

2 (R1; R2)
�
; the initial-boundary value problem for the linear

wave equation of the form

utt � uxx + h (t; x) = 0; (5.1)

u (t0; �) = u0;

ut (t0; �) = u1;

posseses exactly one solution u in H2.

Lemma 5.3 Suppose that u is the solution of the linear wave equation
(5:1) and u0 2 H1

0 (R1; R2) ; u1 2 L2 (R1; R2) and h 2W 1;1
�
t0; t0 + T;L

2 (R1; R2)
�
;

then we can have the estimate

kDuk2 (t) :=

sZ R2

R1

(u2t + u
2
x) (t; x) dx

�

sZ R2

R1

�
u1 (x)

2
+ u

0
0 (x)

2
�
dx+

Z t

t0

sZ R2

R1

h (r; x)
2
dxdr:
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Sketch proof for the Theorem:

Step 1: Take a transformation t = es; u (t; x) = v (s; x) then ut = vs �
t�1; t2utt = vss � vs and the equation (1:2) can be rewritten into the form

vss � vxx = vs + vp;

v (s0; x) = u0 (t0; x) = v (ln t0; x) := v0 (x) ;

vs (s0; x) = s0t0u1 (x) ;

where s0 = ln t0:

Step 2: Set v0 (s; x) = u0 (t0; x) = v (ln t0; x) := v0 (x) 2 H1
0 (R1; R2) ; v1 (s; x) :=

st0u1 (x) : Suppose that v2 (s; x) be the solution for the linear wave equation

vss � vxx = v1s + vp0 = t0u1 + v
p
0 ; (5.2)

v (s0; x) = v0 (x) ; vs (s0; x) = s0t0u1 (x) :

Step 3: Checking v1s+v
p
0 2W 1;1

�
0; T; L2 (R1; R2)

�
; by Lemma 5.2, Lemma

5.3, v2 2W 1;1
�
0; T; L2 (R1; R2)

�
and

kDv2k2 (s)

�

sZ R2

R1

�
s20t

2
0u1 (x)

2
+ u

0
0 (x)

2
�
dx+ (s� s0)

sZ R2

R1

(t0u1 + v
p
0) (x)

2
dx:

setting vn+1 the solution of the linear wave equation

vss � vxx = vns + vpn; (5.3)

v (s0; x) = v0 (x) ; vs (s0; x) = s0t0u1 (x) :

Step 4. To check vns + v
p
n 2 W 1;1

�
0; T; L2 (R1; R2)

�
; by Lemma 5.2 and

Lemma5.3, vn+1 2W 1;1
�
0; T; L2 (R1; R2)

�
and

kDvn+1k2 (s)

�

sZ R2

R1

�
s20t

2
0u1 (x)

2
+ u

0
0 (x)

2
�
dx+

Z s

s0

sZ R2

R1

(vns + v
p
n) (r; x)

2
dxdr:
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Step 5. Under some constructions, prove that vn is a Chauchy sequence in
H2. Then the local existence result for the equation (5:1) in H2 can be got,
and than local existence result for equation (1:2) also can be abtained.
Remark 1: The nonexistence of global solution in time for the equation

(1:2) is an interesting problem, in some days later we will study it and estimate
life-spans of T" of u" of (1:3) and T of u of (1:2):

Remark 2: The decade rate of the di¤erence of life-spans of T" of u" of (1:3)
and T of u of (1:2), can not be estimated very well for "! 0; thus it will be a
good topic on asymptotic behavior near the blow-up solutions.
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二零一三年訪問香港城市大學數學系系主任/講座教授楊彤心得報告 
 

一月二十日(日)        下午七點半抵達城市大學 
 
一月二十一日(一)      早上十點 ~下午十四點 楊彤教授有事開會 無暇討論 
                      下午十五點 ~ 十七點 與楊彤教授討論 
                      一維有界域上 Emden-Fowler 型半線波方程

(Emden-Fowler Type Semi-linear Wave Equations)解之存

在性問題 
一月二十二/三日(二/三) 十點 ~ 十六點 楊彤教授有事開會  無法討論 
一月二十四日(四)      早上十點 ~十二點  與楊彤教授討論 
                      一維有界域上 Emden-Fowler 型半線波方程

(Emden-Fowler Type Semi-linear Wave Equations)解之存

在性問題之細節 
                     下午十四點 ~ 十七點楊彤教授有事開會  無法討論 
一月二十五日(五)     早上九點 ~十四點  完整繕寫一維有界域上

Emden-Fowler 型半線波方程(Emden-Fowler Type 
Semi-linear Wave Equations) 解之存在性 
下午十四點 ~ 十七點與楊彤教授討論一維有界域上

Emden-Fowler 型半線波方程(Emden-Fowler Type 
Semi-linear Wave Equations) 解之可能性質 

一月二十六日(六)     早上九點 ~下午十七點  思考一維有界域上

Emden-Fowler 型半線波方程(Emden-Fowler Type 
Semi-linear Wave Equations) 解之可能性質 

一月二十七日(日)     早上九點 ~下午十五點訪問香港中文大學數學研究所 
副所長辛周平教授 

一月二十八日(一)     早上九點 ~下午十五點楊彤教授有事開會/指導學生  無
暇討論  下午十五點~十七點與楊彤教授討論一維有界域

上 Emden-Fowler 型半線波方程(Emden-Fowler Type 
Semi-linear Wave Equations) 解之可能性質 

一月二十九日(二)     早上九點 ~下午十四點楊彤教授有事開會/指導學生  無
法討論  下午十四點~十七點與楊彤教授繼續討論一維有

界域上 Emden-Fowler 型半線波方程(Emden-Fowler Type 
Semi-linear Wave Equations) 解之可能性質並穫得一些正

面結果  與楊彤教授討論訪問政大應數系問題 
一月三十日(三)       楊彤教授有事到日本  無法討論 
一月三十一日(四)     準備返台 
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