
Chapter 3

Optimal Designs for Item

Calibration in Computerized

Adaptive Testing

In psychological or educational testing, the item characteristic curve (ICC) describes

the probability of answering a particular item correctly in terms of the examinee’s

latent trait level and parameters of the given item. Most of the IRT models are

developed for the binary-scored test, such as latent linear model (Lazarsfeld and

Henry, 1968), normal ogive model (Lord, 1952) and logistic model (Birnbaum, 1957,

1958, 1968; Lord and Novick, 1968; Rasch, 1960). Among them, logistic models are

the most popular models used in IRT based tests. A three-parameter logistic model

(3-PL model) is formulated as

pi(θj) = P (uij = 1|θj, ai, bi, ci) = ci + (1 − ci)
eD∗ai(θj−bi)

1 + eD∗ai(θj−bi)
, (3.1)

which describes the probability of getting a correct(incorrect) answer for an examinee

with a latent trait θj, and a given item with parameter γi = (ai, bi, ci). Notation D in

(3.1) is a constant, uij = 1 or 0 denotes the answer is correct or not, and parameters

ai, bi and ci are called discrimination, difficulty and pseudo-guessing parameters,

respectively. A typical 3-PL model ICC is provided in Figure 3.1. If ci = 0, then it is

called a 2-PL model. If we assume further that all ai equal a fixed positive constant,

that is to assume that all items in the item bank have the same item discrimination
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Figure 3.1: A typical 3-PL model item characteristic curve

parameter, then it becomes a Rasch model (Rasch, 1960). That is, for item i, uij is

a Bernoulli random variable with success probability pij = pi(θj), say.

Assume items and examinees are mutually independent, then the likelihood func-

tion is

L = P (U |θ, γ)

=
∏

i

∏

j

P (uij|θj, γi)

=
∏

i

∏

j

p
uij

ij (1 − pij)
1−uij ,
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and the log-likelihood function becomes

ln L =
∑

i

∑

j

[uij ln pij + (1 − uij) ln(1 − pij)].

The maximum likelihood estimates of θ, a, b and c can be obtained by solving the

following estimating equations

∂ ln L

∂t
= 0, (3.2)

where t = (θ, a, b, c).

Directly maximizing equation (3.2) with respect to both θ’s and γ’s leads to jointly

maximum likelihood (JML) estimates. If we first integrate each θj over a latent

trait distribution, then the estimates obtained called marginal maximum likelihood

(MML) estimates. Eliminating the θ’s by conditional on sufficient statistics, and then

maximizing over the γ’s leads to conditional maximum likelihood (CML) estimates.

Item selection is essential in designing a test. One approach to select item is to

treat the current estimate as the true value of ability and to select next item with the

highest Fisher information of current estimate. It leads to a sequential optimization

problem for CAT and yield more accuracy estimates. It is more efficient than a

random selection scheme in terms of test length.

3.1 Designs for online calibration

The test design described above is for estimating the unknown latent trait levels.

Compared with test design, here we reverse perspective item parameters and the

latent traits. The item calibration problem is to estimate item parameters of given

items by administering these items to the selected examinees with known latent trait

levels.

Stocking (1990) considers the effect of different sampling schemes for each item

parameter separately. Berger (1991) uses the D-optimality criterion for different
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models. The multiple-stage optimal design based on the item response theory has

been proposed by various researchers. In Ford (1976), approximate D-optimal designs

are derived for a single item. Berger (1992) describes a two-stage design for IRT

models, then in Berger (1994), he considers the sequential D-optimal designs in 2-

PL models. Jones (1999) considers a design problem as an unconstrained nonlinear

optimization problem. Buyske (1998) proposes a new design based on a criterion

that incorporates the ultimate use of the items. Based on his results, for a given

current estimates of the parameters, examinees whose abilities near pi(θj) = 0.18 and

pi(θj) = 0.82 should be chosen with equal weights, which will lead to optimal design.

However, inviting more examinees to join the item calibration will increase the cost

of calibration. One possible solution is to embed new items to be calibrated with the

calibrated items during ability testing. Examinees chosen for calibrating new items

are selected from the examinees who are taking his/her ability tests. That is, the

abilities of these examinees used for estimating items are estimated online, and will

be contaminated with estimation errors. Thus, we formulate the online calibration

problem as a problem of estimate the unknown item parameters with measurement

error in design.

3.2 Sequential sample size for two parameter lo-

gistic models

Chang and Martinsek (1992) consider a fixed size confidence regions for parameters

of a logistic regression. Assume (Xi, Yi) satisfy a logistic regression model,

P (Yi = 1|Xi) =
exp (X ′

iβ0)

1 + exp (X ′
iβ0)

, (3.3)

where β0 ∈ Rp is the unknown parameters to be estimated, and (Xi, Yi) ∈ Rp × R1.

For any prescribed width d > 0, they suggest a stopping rule for constructing a

confidence set of β0 which has maximum axis no greater than 2d.
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Let Xi = (1, θi), β = (r, s), where r = −ab, s = a. Then we can apply the results

of sequential sample size in logistic models to a 2-PL model. The Fisher information

matrix of β = (r, s) with designs Xi, i = 1, · · · , n is

M =

[ ∑n
i=1 pi(1 − pi)

∑n
i=1 θipi(1 − pi)∑n

i=1 θipi(1 − pi)
∑n

i=1 θ2
i pi(1 − pi)

]
.

Let d′ be the prescribed width of the confidence ellipsoid of β, then the sequential

confidence ellipsoid RTd′
, as defined in Chang and Martinsek (1992), has its maximum

axis no greater than 2d′ and coverage probability as pre-specified. It implies that with

probability 1 − α

|âb − ab| < 2d′ = d

and

|â − a| < 2d′ = d. (3.4)

In order to obtain the error bound of b̂, some transformation is required. Note that

|â(b̂ − b)| = |âb̂ − âb|

≤ |âb̂ − ab| + |ab − âb|.

Let b̂ = âb/â, suppose a > 0 and a − d > 0, then for b > 0, by (3.4)

|â(b̂ − b)| = |âb̂ − âb|

≤ |âb̂ − ab| + |ab − âb|

≤ |âb̂ − ab| + b|a − â|

≤ d + bd.

Since a − d > 0, we have

|b̂ − b| ≤
d

â
+

bd

â

=
d(1 + b)

â

≤
d(1 + b)

a − d
.
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Similarly, for b < 0, we have

|b̂ − b| ≤
d(1 − b)

a − d
.

Therefore, the precision of difficulty parameter estimate can be expressed as

|b̂ − b| <
d(1 + |b|)

a − d
, (3.5)

where d = 2d′.

Equation (3.5) shows that for a fixed discrimination parameter a, and when |b|

is large, the error bound of b̂ is tend to be large; for a fixed difficulty parameter b,

item with high discrimination parameter a will lead to a more accurate estimate for

the difficulty parameter. (From now on, through the end of this dissertation, we will

assume that Xi = (1, θi)
′ and β = (r, s)′.)
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