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II. Review of Interest Rate Models 

Unlike any other variables, interest rates are more difficultly to catch their 

dynamics. Many approaches are proposed such as Vasicek, CIR, Ho-Lee, and 

Hull-White…., etc. We classify all the models into two kinds: (1) Short-Term Interest 

Rates Models, and (2) Forward Rates Models. 

   

2.1 Models for Short-Term Interest Rates 

2.1.1 Equilibrium Models (Mean-Reversion Models) 

Equilibrium models stand for the equilibrium of economy with several 

predetermined variables. (So the solution does not fit for the market data.) There 

would be a stationary long-term equilibrium interest rate and a short-term interest rate. 

All the following models describe the relationship between the two values.  

 

1. Vasicek Model: 

The model proposed by Vasicek (1977) is the first model to define short-term 

interest rate as a mean-reversion version of Ornstein-Uhlenbeck Process.1 i.e. The 

short-term interest rate is the unique solution of the SDE:  

( )t t tdr a br dt dWσ= − +  

                                                 
1 The Ornstein-Uhlenbeck Process is defined as the following SDE: ( ) ( )t t tdX t X dt t dWβ σ= − +   
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where a、b and σ  are strictly positive constants. 

 

The shortcomings of the model are as followed: (1) short-term interest rate 

might be negative: The Ornstein-Uhlenbeck process is a special case of Normal 

(Gaussian) Distribution, Prob( 0) 0tr < ≥  which may lead to unreasonable short-term 

interest rates. (2) Not fit for initial term structure: The solution is short-term interest 

rate, we can’t have sufficient information for initial term structure. (3) Constant 

Volatility: It simplifies the difficulty of solution but is unrealistic.   

 

2. Cox-Ingersoll-Ross (CIR) Model: 

Cox-Ingersoll-Ross (1985) modified the volatility term of Vasicek Model to a 

square-root process (follows a chi-square distribution). Due to this specification, the 

CIR Model excluded the presence of negative short-term interest rates; the short-term 

interest rates can be only positive or just zero.  

( )t t t tdr a br dt r dWσ= − +  

where a、b and σ  are strictly positive constants. 

 

The model follows the mean-reversion proposition of Vasicek, and corrects the 

key unrealistic fault of that model. However, it does not fit for initial term structure 
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and constant volatility is still unrealistic.  

 

2.1.2 No-Arbitrage Models 

No-Arbitrage Models use market data to set up initial condition and coefficient. 

Then the models try to derivate the arbitrage-free condition of the interest rates. For 

use of reliable market data, the solution would be realistic and accurate than 

equilibrium models. 

 

1. Ho-Lee Model: 

Ho-Lee (1986) introduces initial term structure2 (0, )P T  into their model. 

( )dr a t dt dWt tσ= +  

where ( )a t  is a function of initial term structure (0, )P T  and σ  is a strictly 

positive constant. 

 

The shortcomings of this are: (1) Not Mean-reversion. (2) Assume the volatility 

of short-term interest rates and forward rates are equally. That is unrealistic for current 

market term structure. 

 

                                                 
2 Term Structure is the relationship between the yields on fixed-interest securities and their maturity 
dates. Initial term structure is the initial condition of several yield curves with different maturity dates.  
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2. Hull-White Model: 

Hull-White (1990) extended Vasicek Model to a Time-Dependent specification. 

[ ( ) ( ) ]t t tdr a t b t r dt dWσ= − +  

where a(t) is a function of initial term structure and b(t) is a time-dependent 

function , σ  is a strictly positive constant (Time-Independent). 

 

A more general version of Hull-White is defined as the following SDE: 

[ ( ) ( ) ] ( )dr a t b t r dt t r dWt t t t
βσ= − +  

where a(t)、b(t) and ( )tσ  are time-inhomogeneous functions , 0 1β≤ ≤  

 

With different setting of β , we have the following generalized short-term 

interest rate models. Given 0β = , we obtain the Generalized Vasicek Model: 

 [ ( ) ( ) ] ( )dr a t b t r dt t dWt t tσ= − +  

If we put 0.5β =  into the equation above, we have the Generalized CIR 

Model: 

 [ ( ) ( ) ] ( ) tdr a t b t r dt t r dWt t tσ= − +  

Given ( ) 0b t β= = , we obtain the Generalized Ho-Lee Model: 

 ( ) ( )dr a t dt t dWt tσ= +  
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The features of Hull-White Model are the probability of fitting initial term 

structure with a time-dependent volatility coefficient. The generalized Hull-White 

Model provides a more flexible setting of short-term interest rate models and follows 

a mean-reversion process. 

 

3. Black-Derman-Toy (BDT) /Black and Karasinski (BK) Model: 

Black-Derman-Toy (1990), Black and Karasinski (1991) modified Generalized 

Vasicek Model into a lognormal model; i.e. replace tr  with ln tr   

ln [ ( ) ( ) ln ] ( )t t td r a t b t r dt t dWσ= − +  

where a(t)、b(t) and ( )tσ  are time-inhomogeneous functions. 

 

In BDT model, short-term interest rate follows a log-normal distribution and 

hence it stays nonnegative. The model can incorporate the mean-reversion proposition 

and fit initial term structure.  

 

2.2 Models for Forward Rates 

1. Heath-Jarrow-Morton (HJM) Model: 

Heath-Jarrow-Morton (1992) extended the Ho-Lee framework to fit the whole 

term structure of instantaneous forward rates. In the model the dynamics of 
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instantaneous forward are defined as: 

( , ) ( , ) ( , ) tdf t T t T dt t T dWα σ= +  

where ( , )t Tα is the time-varying drift term and ( , )t Tσ  is the time-varying 

volatility coefficient. 

 

The dynamics of short-term interest rate is defined as: 

( , ) ( , ) ( , )t tdr df t t t t dt t t dWα σ= = +  

 

The HJM Model provides an approach to fit the term structure of instantaneous 

forward rate and we can also obtain the short-term interest rate. But the shortcomings 

are as following: (1) In fact, the instantaneous forward rates do not exist, so it is 

difficult to define. (2) Non-Markovian Proposition3: the instantaneous forward rates 

in this model are determined by time-varying stochastic coefficient included past 

information that would be difficult to compute. In most cases, we have to use 

numerical methods4. 

                                                 
3 Markov Proposition means that the function is determined by its future information, not past 
information. 
4 One of the most frequent approaches is Markovian HJM Model which specified the volatility term as 
one of several deterministic functions.   
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2. Market Models: 

With the difficulty of obtain instantaneous forward rate from market data. Brace, 

Gatarack and Musiela (1997;BGM) ; Jamshidian (1997) ; Miltersen, Sandmann and 

Sondermann (1997;MSS) introduced a Market Model Approach that uses “real” 

market interest rates called LIBOR (London InterBank Offered Rate). With different 

rates selection, there are two approaches: (1) LIBOR Market Model (LMM): Using 

LIBOR rate into Market Model. (BGM and MSS; 1997)  (2) SWAP Market Model 

(SMM): Using SWAP rate into Market Model. (Jamshidian; 1997) 

 

Market Model uses current rates form market data, which is easier and more 

convenient to fit market term structure. Similar to HJM framework, it is more 

complicate to solve and usually have to apply numerical methods. 


