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1. Introduction 

In relation to the term structure of interest rates, arbitrage pricing theory has two 

purposes. The first is to price all zero coupon (default free) bonds of varying maturities 

from a finite number of economic fundamentals, called state variables. The second, is to 

price all interest rate sensitive contingent claims, taking as given the prices of the zero 

coupon bonds. The primary contribution of this paper is a new methodology for solving 

the pricing of interest rate sensitive contingent claims given the prices of all zero 

coupon bonds. The methodology is new because (1) it implies its stochastic structure 

directly to the evolution of the forward rate curve,(2) it does not require an “inversion 

of the term structure” to eliminate the market prices of risk from contingent claim 

values, and (3) it has a stochastic spot rate process with multiple stochastic factors 

influencing the term structure. The model can be used to consistently price (and hedge) 

all contingent claims (American or European style) on the term structure, and it is 

derived from necessary and (more importantly) sufficient conditions for the absence of 

arbitrage. 

The arbitrage pricing models of Vasicek(1997), Brennan and Schwartz(1979), 

Langetieg(1980), and Artzner and Delbaen(1988) all require an “inversion of the 

structure” to remove the market prices of risk when pricing contingent claims. This 

inversion is required due to the two-step procedure utilized in these papers to price 

contingent claims. The first step is to price the zero-coupon bonds from a finite number 

of state variables. Given these derived prices, the second step is to value contingent 

claims. It is the first step in this procedure that introduces the explicit dependence on 
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the market prices of risk in the valuation formulae. The equilibrium model of Cox, 

Ingersoll, and Ross (1985), when used to value contingent claims, also follows this 

same two-step procedure. To remove this dependence, for parameterized forms of the 

market prices for risk, it is possible to invert the bond pricing formula after step one, to 

obtain the market prices for risk as functions of the zero coupon bond prices. 

This “inversion of the term structure” removes the market prices for risk from 

contingent claim values, but it is problematic. First, it is computationally difficult since 

the bond pricing formulae are highly nonlinear. Secondly, as will be shown later, the 

spot rate and bond price processes parameters are not independent of the market prices 

for risk. Hence, arbitrarily specifying a parameterized form of the market prices for risk 

as a function of the state variables can lead to an inconsistent model, i.e., one which 

admits arbitrage opportunities. This possibility was originally noted by Cox, Ingersoll, 

and Ross (1985). 

A second class of arbitrage pricing model, illustrated by Ball and Torous(1983) 

and Shaefer and Schwartz(1987) avoids this two-step procedure by taking a finite 

number of initial bond prices and bond price processes as exogenously given. 

Unfortunately, Schaefer and Schwartz’s model requires a constant spot rate process, and 

as shown by Cheng (1987), Ball and Torous’ model is inconsistent with stochastic spot 

rate processes and the absence of arbitrage. 
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The model of Ho and Lee (1986) also avoids the two-step procedure by taking the 

initial bond prices and bond price processes as exogenously given. Unlike all the 

previous models, however, they utilize a discrete trading economy. In this economy, the 

zero coupon bond price curve, in contrast to a finite number of bond prices, is assumed 

to fluctuate randomly over time according to a binomial process. Unfortunately, it is 

only a single factor model, so bonds of all maturities are perfectly correlated. 

Furthermore, to implement their model, they estimate the parameters of the discrete 

time binomial process including the risk neutral probability. For large step sizes, as 

shown by Heath, Jarrow, and Morton (1990), the parameters are not independent. This 

makes estimation problematic, as the dependence is not explicitly taken into account. 

The shortcoming of traditional HJM Model is non-Markovian (the distribution of 

interest rates in the next period depends on the current rate and also on rates in earlier 

periods), so we change it to Gaussian HJM Model. It means that the volatility of 

forward rate is a constant. And an algorithm for the use of an HJM model can be 

written schematically as follows: 

1. Specify, by your own choice, the volatilities ( , )t Tσ  

2. The drift parameter of the forward rates are now given by 

( , ) ( , ) ( , )
T
t

t T t T t s dsα σ σ= ∫  

3. Acquire initial forward rate structure from current market data { }(0, ); 0f T T∗ ≥  
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4. Integrate in order to get the forward rate as 

0 0
( , ) (0, ) ( , ) ( , ) ( )

t t
f t T f T s T ds s T dW sα σ∗= + +∫ ∫  

5. Compute zero coupon bond prices using the formula { }( , ) exp ( , )
T

t
B t T f t s ds= −∫  

6. Use the results above to compute prices for contingent claims 

The model in this paper takes as given the initial forward rate curve. We then 

specify a general discrete time stochastic process for its evolution across time. To 

ensure that the process is consistent with an arbitrage free economy (and hence with 

some equilibrium), we apply the forward-risk adjusted measure (Geman, H.1989) to 

price contingent claims such that there exists a unique, equivalent martingale 

probability measure. Under these conditions, markets are complete and contingent 

claim valuation is then a straightforward application. 

An outline of this paper is as follows: Section 2 presents the terminology and 

notation. Section 3 presents the forward risk adjusted measure. Section 4 extends the 

model to price interest rate dependent contingent claims. Section 5 compares this 

pricing method with other methods. Section 6 summarizes the paper and discusses 

generalizations. 

 


