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中 文 摘 要 ： 多數既有有關 cartel 內生形成之的文獻討論皆為靜態的分

析架構，所關注的焦點在於 cartel 成員之間內部的穩定

性。本研究提出一個 cartel 內生形成模型，以及在 cartel 

形成後，在市場競爭程度與成本波動下，面臨異常價格調整

有可能引起消費者懷疑價格操弄，進而導致 cartel 被查獲

的情況下之價格模式。與以往文獻不一樣之處在於本研究強

調 cartel 形成問題之動態本質，以及 cartel 集體價格決

策以降低被檢舉及查獲的可能性。模擬分析的結果顯示當生

產成本較低 (在此情形下，不形成 cartel 之利潤損失較

高)，以及當市場競爭程度較為激烈時 (在此情形下，形成 

cartel 之獲利會較高)，cartel 較有可能形成。模擬所得出

之 cartel 價格路徑顯示 cartel 形成前往往出現價格明顯

的下跌，此結果與許多實際之 cartel 案例相符。 

中文關鍵詞： Cartel 價格動態； Cartel 內生形成 

英 文 摘 要 ： Most studies on cartel formation are static in nature 

and focused on deterring deviations by cartel 

members. This paper characterizes collusive pricing 

patterns when cartel formation is endogenous in an 

environment where the intensity of competition and 

cost evolve stochastically, and buyers are assumed to 

become suspicious when observed prices are anomalous. 

This approach departs from the bulk of the existing 

literature of endogenous cartel formation in that: 

first, the dynamic nature of cartel formation is 

emphasized, and second, collective decisions by 

cartels to avoid detection. Numerical results suggest 

that a cartel is more likely to form when cost is 

lower, as foregone profit from not colluding is 

higher, and when competition is more intense, as the 

incremental gain from colluding is greater. Simulated 

cartel price paths indicate that cartel formation is 

often preceded by a steep price decline --- a 

commonly observed property of actual cartel price 

paths. 

英文關鍵詞： Cartel Pricing Dynamics； Endogenous Probability of 

Detection 
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Abstract

Most studies on cartel formation are static in nature and focused on deterring

deviations by cartel members. This paper characterizes collusive pricing patterns

when cartel formation is endogenous in an environment where the intensity of com-

petition and cost evolve stochastically, and buyers are assumed to become suspicious

when observed prices are anomalous. This approach departs from the bulk of the

existing literature of endogenous cartel formation in that: first, the dynamic nature

of cartel formation is emphasized, and second, collective decisions by cartels to avoid

detection. Numerical results suggest that a cartel is more likely to form when cost is

lower, as foregone profit from not colluding is higher, and when competition is more

intense, as the incremental gain from colluding is greater. Simulated cartel price

paths indicate that cartel formation is often preceded by a steep price decline – a

commonly observed property of actual cartel price paths. [Keywords: Cartel Pricing

Dynamics, Endogenous Probability of Detection]
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1 Introduction

The major challenge to stopping cartels is that they are shrouded in secrecy. From an an-

titrust perspective, the essential tasks for a theory of price-fixing are identifying conditions

that facilitate collusion, characterizing the properties of collusive pricing, and towards dis-

cerning the presence of a cartel. Although there is a large theoretical literature addressing

these issues, work has generally failed to take account of an important dimension to this

problem. Due to the illegality of collusion, firms not only want to achieve internally stable

prices to raise profit but also want to avoid creating suspicions that a cartel is in action.

Given that such suspicions can initiate investigation from the antitrust authority that can

ultimately lead to the collapse of the cartel and levying of substantial financial penalties,

avoiding detection is as crucial as deterring deviations by cartel members.

Arguably, modern theory of collusive pricing originates from models of tacit (implicit)

collusion with the idea of deterring deviations among rival firms in an oligopolistic setting

(Porter, 1983; Green and Porter, 1984; Rotemberg and Saloner, 1986). Feuerstein (2005)

surveys a rich collection of articles in this literature; Athey, Bagwell, and Sanchirico (2004)

have a brief introduction to the development of this literature with a particular interest in

the information structure. Nonetheless, in terms of antitrust pursuit of hardcore cartels,

the contribution of the tacit collusion literature is limited in that, first, works generally do

not explain how does a hardcore cartel actually function under the constraint of possible

detection; second, tacit collusion is not illegal, at least in the U.S. and European Union.1

Martin (2006) expresses this concern stating that: “there is a fundamental disconnect

between treating collusion as the outcome of a noncooperative game and the antitrust

1 Implicitly, the Horizontal Merger Guidelines (Section 2.1) of the Department of Justice and Federal

Trade Commission gives authority to assess if a merger increases the possibility of coordinated interaction

which includes both tacit and express collusion. For more discussions on the legal status of tacit collusion

see Martin (2006) and Harrington (2005b).
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concept of collusion,” and “models of tacit collusion are fundamentally unsuited for the

analysis of collusion.” In light of these critics, this study suggests a computational model

of hardcore cartel behavior in the presence of antitrust authority.

A recent strand of the collusive pricing literature explores the impact of antitrust

enforcement on collusive pricing by modifying the classical repeated-game setting so as to

allow the detection of a cartel to be sensitive to the price path (endogenous detection).

This changes the traditional framework of antitrust analyses where penalty and probability

of detection are exogenous to cartel behavior (for the origin of this new strand of literature

see Harrington, 2004 & 2005a). In particular, Harrington and Chen (2006) characterize

collusive pricing patterns when buyers may detect presence of a cartel. Buyers are modeled

to become suspicious when observed prices are anomalous.2 The model is successful in

that it generates cartel price paths that look more like actual cartel price paths than any

previous work in the theoretical literature on collusive pricing. On the other hand, one

weakness in Harrington and Chen (2006) is that cartel formation is exogenous in that

collusion is not allowed in the initiation stage. We aim at endogenizing cartel formation

in this paper.

Despite that there is small and growing literature on endogenous cartel formation,

earlier work is static in nature, and more recent work, again, focuses only on deterring

2As Harrington and Chen (2006) point out, as a matter of practice, the antitrust authorities, given

the constraint in resources, do not actively engage in detection. But instead, it is often the buyers–

industrial buyers in particular–who are on the first line of detection in many cartel cases. For example,

see Levenstein and Suslow (2001) for the case of the graphite electrode cartel, Levenstein et al. (2004)

for the case the stainless steel cartel, and Ashenfelter and Graddy (2004) for some discussions on the

Sotheby’s/Christie’s price-fixing scandal.
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deviations by cartel members.3 , 4 We propose to push the model in Harrington and Chen

(2006) further to allow endogenous cartel formation. To do this, several modifications

to the model would be required. Nonetheless the key one would be making the non-

collusive solution stochastic. The idea is that cartel formation would occur when the

non-collusive solution is sufficiently competitive. This approach departs from the bulk of

the existing literature of endogenous cartel formation in that: first, the dynamic nature of

cartel formation is emphasized, and second, the focus is not on the discussion of deterring

deviations, but instead, on cartels making decisions to avoid detection.

3Pioneering studies on endogenous cartel formation, e.g., Selten (1973), d’Aspremont et al. (1983),

Donsimoni (1985), and Donsimoni, Economides, and Polemarchakis (1986), were conducted in a static

framework. More recent work by Compte, Jenny, and Rey (2002) and Vasconcelos (2005) uses infinitely

repeated game framework with cartel members operating under different capacity constraints to study

the minimum discount factor sustaining joint profit maximization. These two studies find that it is the

capacity of the extremal firms that matters. Also within the infinitely repeated game framework, Chen

and Harrington (2007) explore the impact of the Corporate Leniency Program on cartel formation and

the cartel price path. Nonetheless, none of these work actually endogenizes cartel formation.

4 In the context of an infinitely repeated game, Escrihuela-Villar (2008, 2009) and Bos and Harrington

(2009) do endogenize cartel formation With identical firms and homogenous product, the main result

in Escrihuela-Villar (2008, 2009) suggests that firms have no incentive to form a larger cartel because

“outsiders” earn more profits than “insides”, and therefore, only the smallest sustainable is formed.

On the other hand, with heterogenous capacities, Bos and Harrington (2009) suggests that when cartel

membership is not all inclusive, since small firms are not part of the cartel, it is the reallocation of capacity

among moderate-sized firms which has the most coordinated effects. This is in a sharp contrast to the

results by Compte, Jenny, and Rey (2002) and Vasconcelos (2005) as mentioned in the previous footnote.
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2 Model Setup

The main modeling challenge, as alluded above, is to introduce variations in the payoffs

of the non-collusive solution. the idea is that cartel formation would occur when the

non-collusive solution is sufficiently competitive. I propose to do this through a stochastic

conduct parameter which decides the non-collusive payoff. This describes the real-world

market condition where rival firms face shocks to their competitive behavior. After all,

from an antitrust perspective, the task does not simply end at coming up with a model that

successfully endogenizes cartel formation, but rather at using the model to simulate price

paths that describe properties of the cartel price path and properties of the non-collusive

price path preceding cartel formation.

2.1 Basic Setup

Denote the market demand function, (), as follows:

() = − 

where    0, and the profit as:

( ) = ( − )( )

Subject to some boundary conditions,  = −1 +  with  being normally distributed

and i.i.d. over time. For future reference, let (·; 2) denote the density function for

the normal distribution with mean and variance  and 2; the density function on  is

then (·; 2). Unit cost has support [ ] and assume 0 ≤  ≤    with the last

inequality ensuring that, for all cost realizations, there exists a common price such that
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firm profit is positive. The stochastic process on cost is then:

 =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩


−1 + 



if −1 +   

if  ≤ −1 +  ≤ 

if −1 +   

or, equivalently,

 = (−1 + ) ≡ max{min{−1 +  }}

Firms commonly observe the current period’s cost prior to choosing price. For future

reference, the joint profit-maximizing price is:

() =
+ 

2


In the absence of forming a cartel, firms achieve a non-collusive solution which is

characterized by a common price b () with industry profit of:
b() ≡ ³ b ()− 

´

³ b ()´ 

Given linear demand and cost functions, the analysis will focus on linear non-collusive

(equilibrium) pricing rules:

b () = 0 + 1


where (0 1) ∈ [0 2) × (12 1]. This class of solutions includes the Nash equi-

librium to the price game with a homogenous good, (0 1) = (0 1), and the Nash

equilibrium to the quantity game with  ≥ 2 firms producing a homogenous good,

(0 1) = ((+ 1) (+ 1)), as well as the Nash equilibrium to the price game

for some formulations of symmetrically differentiated products.

Now consider a one-parameter family of such solutions, 0 = + 1, which include

the Bertrand solution and the joint profit maximum as special cases:

0 = +  · 1 (Bertrand)


2
= + 

µ
1

2

¶
(joint profit maximum)
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Solving these two equations yields:

( ) =
³

−



´


Thus, suppose

b ( ) = 0 + 1
 =





¡
1− 

¢
+ 

and suppose  follows a random walk:

 =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩


−1 + 



if −1 +   

if  ≤ −1 +  ≤ 

if −1 +   



where  ≥ 12 and  ≤ 1.5 Equivalently,

 = (−1 + ) ≡ max{min{−1 +  }}

Note that  behaves as a conduct parameter that governs the degree of competition in

the market; a higher  prescribes more competition in the market.

2.2 Damages

In calculating damages  when the cartel is detected, it is required to make assumptions

on what the cartel expects  to be if the last period of collusion was −1. In other words,

whether firms know  while they are colluding. If one specifies that the post-cartel value

is a random draw then firms might form a cartel when  is high (i.e., when the market

becomes more competitive) for just one period in order to get a new draw, which is not

meaningful. This suggests that the post-cartel value ought to be related to the pre-cartel

value. As a start, I set the post-cartel value at the pre-cartel value, and it does not change

as long as firms are colluding. In this case, the level of damages incurred in the current

5When  = 12,  ( ) = () the joint profit maximizing price; when  = 1,  ( ) = ,

which is the Bertrand price.
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period, (   b), is given by:
(   b) = ³  − b ( b)´( )

The damage state variable then evolves as follows:

 = −1 + (   b)
where  ∈ [0 1),  ≥ 0.6 It is assumed here that as time progresses, damages incurred

in previous periods become increasingly difficult to document, and 1 −  measures the

rate of deterioration. Meanwhile,  is the multiple of damages that a firm can expect to

pay if caught colluding.7 Finally, there is also a fixed fine  when the cartel gets caught

colluding.

2.3 Non-collusive Payoffs

With an infinite horizon, each firm’s payoff is the discounted sum of expected profits

where the common discounted sum of expected profits where the common discount factor

is  ∈ (0 1). When firms are not colluding, the expected present value of the industry’s

profit stream at  (after the period’s cost is realized) is denoted as ( ) and is defined

recursively by:

 ( ) = b( ) + 

ZZ

¡

¡
 + 

¢
 
¡
 + 

¢¢
(; 

2
)(;  

2
)

6 In considering damages, alternatively, one could calculate period  damages based on the average

value of :

(  ) =

  −  ( )( )

where  is the mean based on the stationary distribution. The damage state variable then evolves as

follows:

 = −1 + (  )

where  ∈ [0 1),  ≥ 0. Another option is to assume that firms know in all periods.
7 In cases of U.S. antitrust practices, the treble damage rule suggests  = 3.
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2.4 Probability of Detection

The probability of detection, function  (·), is assumed to be a decreasing function of

realized likelihood relative to maximum likelihood:  ≡ .8 In time , denote the

first moment of price changes as −1
1 , and the variance of pre-cartel empirical price

changes as 2 , the relative likelihood evolves according to:

 =
¡
−1

¢ 
¡
;−1

1  2
¢


¡
−1
1 ;−1

1  2
¢ 

where (·; 2) is a discrete analogue to the normal distribution, and 
1 evolves accord-

ing to:

−1
1 + (1− ) ,  ∈ (0 1)

while 2 remains fixed as long as firms are colluding. Finally,  (·) is assumed to be a

decreasing function of the relative likelihood.

2.5 Collusive Payoffs

To ensure that price remains in the set [  ] where  ≥ (), the set of price changes

Φ( −1) is slightly modified,

Φ( −1) ≡ © ∈ Φ :  −1 +  ∈ [  ]ª 
Let b be the pre-cartel value of . That is, if the cartel formed in period 0 then

b = 0−1. This value enters the non-collusive payoff in the event of detection. The

8The specification here follows Harrington and Chen (2006). To save some space, please refer to their

paper for details.
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cartel’s value function is defined recursively:


¡
 −1−1 −1

1  −1 b¢
= max

∈Φ( −1)
( −1 +  ) + 

Ã¡
−1

¢ 
¡
;−1

1  2
¢


¡
−1
1 ;−1

1  2
¢!×∙Z

 (( + ) b)(; 2)− −1 − 
¡
 −1 +   b¢− 

¸
+

"
1− 

Ã¡
−1

¢ 
¡
;−1

1  2
¢


¡
−1
1 ;−1

1  2
¢!#×Z


¡
 −1 +  −1 + 

¡
 −1 +   b¢   ¡ + 

¢
 −1

1 + (1− ) 

¡
−1

¢ 
¡
;−1

1  2
¢


¡
−1
1 ;−1

1  2
¢  b! (; 

2
)

One could instead use a fixed penalty and reduce the number of state variables to five:¡
 −1 −1

1  −1 b¢,

¡
 −1 −1

1  −1 b¢
= max

∈Φ( −1)
( −1 +  ) + 

Ã¡
−1

¢ 
¡
;−1

1  2
¢


¡
−1
1 ;−1

1  2
¢!×

µZ
 (( + ) b)(; 2)− 

¶
+ 

"
1− 

Ã¡
−1

¢ 
¡
;−1

1  2
¢


¡
−1
1 ;−1

1  2
¢!#×

Z


Ã
 −1 +  

¡
 + 

¢
 −1

1 + (1− ) 
¡
−1

¢ 
¡
;−1

1  2
¢


¡
−1
1 ;−1

1  2
¢  b! (; 

2
)

One could also eliminate −1 so that the probability of detection depends directly on

the ratio 
¡
;−1

1  2
¢

¡
−1
1 ;−1

1  2
¢
. This way, the cartel’s value function gets

down to four state variables:
¡
 −1 −1

1  b¢ 

¡
 −1 −1

1  b¢
= max

∈Φ( −1)
( −1 +  ) + 

Ã

¡
;−1

1  2
¢


¡
−1
1 ;−1

1  2
¢!×

µZ
 (( + ) b)(; 2)− 

¶
+ 

"
1− 

Ã

¡
;−1

1  2
¢


¡
−1
1 ;−1

1  2
¢!#×Z


¡
 −1 +  

¡
 + 

¢
 −1

1 + (1− )  b¢ (; 2)
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3 Numerical Implementation

The existence of symmetric subgame perfect equilibrium can be established along the same

line of reasoning as given in Harrington (2004). Nonetheless, given the complexity of the

models and the lack of analytical solutions in many dynamic programming problems,

we solve the cartel’s problem numerically through the collocation method (Judd, 1998;

Miranda and Fackler, 2002) which replaces the difficult infinite-dimensional functional

equation with a simpler finite-dimensional problem. The essence of this algorithm is,

conceptually, a straightforward application of the value function iteration method.9

There are 10 parameter configurations for the simulation. Common parameters are:

Demand: ( ) = (100 1) ;

Discount factor:  = 75;

Cost: (  ) = (20 40 0) ;

Non-collusive pricing:
¡
 

¢
= (5 1 0) ;

Buyers’ belief updating:  = 75

For the non-collusive value function (·), ( ) ∈ [20 40]×[5 1]. For the collusive value

function  (·), ( −1 −1
1   2) ∈ [20 80]×[20 40]×[11]×[5 1]×

£
2 

2


¤
. Please

note that 1, 1, 
2
, and 2 depend on the variance of cost shock 2, and the variance

of conduct parameter shock 2 .

For the benchmark (PCI) we have:10

¡
 2 

2
  0 1 2 

¢
= (2000 2 001 05 45 2) 

[11] = [−10 10], and
£
2 

2


¤
= [4 7]

9As examples of how the collocation method works in these types of models, please refer to Chen and

Harrington (2007), and the appendix sections in Harrington (2004) and Harrington and Chen (2006).

10The non-collusive model was ran for 1,000 periods, and repeated ten times in order to derive a proper

range for [11] and

2 

2



.
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Changes to the benchmark:

• (PCII) The level of fixed fine:  = 2500;

• (PCIII & PCIV) The variance of cost shock: 2 ∈ {3 4};11

• The variance of conduct parameter shock:

— (PCV) 2 = 0005 [11] = [−8 8], and
£
2 

2


¤
= [3 4],

— (PCVI) 2 = 0001, [11] = [−6 6], and
£
2 

2


¤
= [1 2]

— (PCVII) 2 = 00005, 11 = [−4 4], and
£
2 

2


¤
= [5 15]

— (PCX) 2 = 00005, 11 = [−4 4],
£
2 

2


¤
= [5 15], and  = 2500;

• (PCVIII & PCIX) The prob. of detection parameters: (0 1) ∈ {(1 45)  (1 75)} 

For each parameter specification, we did 1,000 140-period runs with a circuit breaker

such that, for each run, if a cartel forms at or before period 50, stop. Cartel formation

is allowed from period the 41st period. Table 1 shows the number of runs where there

were no cartel formation, cartels formed at or after the 51st period, cartels formed after

the 131st period, and the number of “successful” runs where a cartel formed in between

period 51 and period 131.

11Non-collusive model price simulation results suggest that the [11] and

2 

2



in the benchmark

are also sensible when 2 ∈ {3 4}.
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4 Some Preliminary Findings

Based on the results of the benchmark parameter specification (PCI), Figure 1 presents

the length of time until cartel formation. Note that cartel formation is allowed from the

41st period, and runs where cartels formed within the succeeding 10 periods were excluded.

According to the figure, about two thirds of the cartels formed within 20 periods.

In terms of price changes around cartel formation, Figure 2 presents the average price

change five periods prior to cartel formation and the average price change five periods

after; Figure 3 presents the same set of results with the time window being set to ten

periods. Both figures suggest that cartel formation is preceded by a price decrease and

followed by a price increase. Since a cartel is more likely to form when competition is

more intense, the price decrease prior to cartel formation is intuitive. As to the price

increase after cartel formation, one may connect this result to the transitional phase of

cartel price path (Harrington and Chen, 2006) where price is generally rising and relatively

unresponsive to cost shocks.

Turning to the states that promote cartel formation, Figure 4 plots the cost-conduct

pair, ( ), at which a cartel forms. The positive relationship tells us that, when cost

is high, competition has to be very intense in order for a cartel to form; or, when cost is

low, competition doesn’t have to be that intense in order for a cartel to form. Since a

cartel is more likely to form when cost is lower (more profit is foregone by not colluding)

and when competition gets more intense, the positive relationship between cost and the

conduct parameter suggests a trade-off between more intense competition and lower cost

for triggering cartel formation. Table 2 presents the correlation coefficient between costs

and conduct parameters at which cartels formed for all ten parameter specifications.

As to the cartel price and cost paths with endogenous cartel formation, we randomly

selected four successful runs from the benchmark parameter specification and presented

13



them in Figure 5 where the red line in each panel indicates the period when the cartel

forms. Based on the results of these selected runs, there are some preliminary discussions

about what to infer from the simulations.

First, same as the results in Harrington and Chen (2006) where cartel formation is

exogenous, the cartel price path with endogenous cartel formation is also comprised of a

transition phase and followed by a stationary phase. In the former phase, price is gener-

ally rising and relatively unresponsive to cost shocks while in the later phase, collusion

reduces the price variance and results in price changes being more responsive to lagged

cost changes.

Second, with endogenous cartel formation, it is not so easy to see when a cartel has

formed by simply eyeballing the price path. This is obvious from Panel B, and also a

common finding in many other runs not presented here.

Third, despite that there are two phases of price movement after a cartel forms, through

the comparison of the variation in prices before and after collusion, it is worth noting that

in the development of testable hypotheses to identify the presence of a cartel, one potential

marker is a change in price variability. The property that the variance of price is much

lower under collusion is consistent with the empirical work of Abrantes-Metz et al. (2005).

Finally, for the relationship between cost shocks and price movement, cost shocks take

a longer time to pass-through to price under collusion, and this results in more serial

correlation in collusive prices.
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