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Abstract

The principal purpose of this study is to develop a categorization model with Bayesian

theorems. The developed model SOE holds the assumptions that the percept of each

input is represented as a normal distribution over the units on the stimulus dimension and

that the classification is made by referencing the weighted strengths over the units within

the scope of attention focus. SOE in this study is evident to be sensitive to the repetition

of stimuli, stimulus order, and, the most important, the variability effect in categorization.

This effect is thought to be a severe challenge to the exemplar-based models. However, the

success of SOE suggests a possible exemplar-based account for this effect.
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NSC-Report-96-2413-H-004-020-MY2

Categorization by local relationship among exemplars

Similarity in Categorization

Categorization is referred to a process to group similar objects together and

separate apart different objects. Thus, similarity is thought to be the basis for

categorization. That is, the more similar an object is to the exemplars of one category, the

more likely this object will be the member of that category. Although similarity can be

defined in many respects, in the computational models for categorization, similarity is

commonly determined by the matching degree on the values of features between objects.

Suppose, an object i with 4 dichotomous features can be denoted as [1 0 1 0] and anther

object j as [1 0 0 1]. The exact match between objects on a feature is normally defined as

1 for similarity and the mismatch is a value 0 ≤ s < 1. Thus, these the similarity between

these two objects can be defined as the product of feature similarities

Simij = 1× 1× s× s (see Medin & Schaffer, 1978).

This computation of similarity is extended by geometrically mapping the objects as

dots into a psychological space, whose dimensions correspond to the features of objects.

(Nosofsky, 1986) proposed his influential model, GCM (Generalized Context Model), with

MDS method to construct subjects’ psychological space. According to GCM, the

similarity is the negatively exponential transformation of the distance in the psychological

space, Simij = e−cdij , and the psychological distance is computed by the distance between

objects i and j on each dimension m as dij = Σαm(|Oim −Ojm|p)
1
q , where p = q = 1 for

city-block distance and p = q = 2 for Euclidean distance and αm for the selective attention

on dimension m, Σαm = 1. This function is called Minkowski function in Mathematics.

With this simple algorithm for similarity, (Nosofsky, 1986) showed that the identification
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task and classification task actually share the identical representations, namely the

exemplars. With different stimuli, (Nosofsky, 1987) showed the city-block metric and the

Euclidean metric are respectively suitable for the stimuli consisting of psychological

separable and psychological integral dimensions. To date, GEM is influential still and

provide good accounts for many categorization phenomena.

Even when neural network models become prevalent in categorization, the

Minkowski function used in GCM is still applied in those neural network models, such as

the activation of hidden nodes or clusters in ALCOVE (Kruschke, 1992) and SUSTAIN

(Love, Medin, & Gureckis, 2004).

Challenge to Exemplar-Based Model

The models with intra-exemplar similarity as the basis for categorization are called

exemplar-based model. Apparently, not every researcher would agree with the assumption

of the exemplar-based models. Instead of similarity, categorization is done by applying a

rule separating the objects into groups. With the geometrical representation, this rule can

be represented as a boundary in a psychological space, assumed in GRT, General

Recognition Theory, (see Ashby & Gott, 1988). For example, the simplest boundary may

have the form of ”Respond A, if Φ(X) > Φ(Xc), otherwise B”, where Xc is the criterion

value on dimension X and Φ(X)istheperceptevokedbyvalueX. In addition to the

one-dimensional boundary, two-dimensional linear boundary and even quadratic boundary

are counted in as a rule family(see for more discussion Ashby, 1992).

There are a great deal of evidence supporting GRT, contrasting GCM,(Ashby &

Gott, 1988; Ashby & Maddox, 1992; Maddox & Ashby, 1993) with the major arguments

that GRT outperforms GCM on predicting individual subject’s data and people tend to

learn the optimal rule even though a lower order rule can provide plausible predictions.

However, the researchers endorsing the exemplar-based models provide considerable
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amount of evidence against GRT (Nosofsky, 1998) and further more Nosofsky and

Johansen (2000) provided computer simulation results for those phenomena thought to be

difficult for the exemplar-based model to account for.

Perhaps, the most challenging phenomenon to the exemplar-based model is the

category variability effect. Rips (1989) reported an inconsistency between similarity and

categorization in a study, in that one group of subjects were asked to classify a 3-in in

diameter circular object to the category of COIN or PIZZA whereas another group of

subjects were asked to respond to which category (COIN or PIZZA) a 3-in circular object

is more similar. The result showed that the subjects tended to regard the target object

more similar to the category of COIN but classified it to the category of PIZZA1. The

categorization decision and similarity choice should be consistent in direction, have the

assumption of the exemplar-based model been held. This phenomenon occurs only when

the variability of contrasting categories is largely different. In the Rips’ study, the COIN

category is relatively condensed than the PIZZA category. Even the endorsers for the

exemplar-based model admits this phenomenon is hard to be accounted for by the

exemplar similarity only(Nosofsky & Johansen, 2000).

However, the Rips’s finding is not always replicated in the following studies. Cohen,

Nosofsky, and Zaki (2001) asked the subjects to learn 8 lines of interval length, in which

the shortest one alone formed one category (small variability) and the rest another

category (large variability). The test lines were of many different lengths including the one

in the middle between the two closest lines from two categories. Just like the Rips’s result,

the subjects classified the middle line to the large-variability category 47% of times.

Comparing to the other condition, in which the large-variability category only had 3 lines,

namely less variable, only 29% of times the middle line was classified to the

large-variability category. Therefore, the classification for the middle line was a function of

the variability difference between categories. This is not predicted by the exemplar-based
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models.

However, Stewart, Brown, and Chater (2002) did not get this result with a similar

manipulation, except when the subjects were allowed to observe all items together. This

result suggests that the variability effect reveals only when people have noticed the

difference on the category variability. As suggested by Nosofsky and Johansen (2000), the

exemplar-based model has a chance to accommodate the variability effect if the

computation of similarity for different categories with different specificity, c. However,

Nosofsky and Johansen (2000) also mentioned that there was no theoretical reason to do

so. Both the studies of Cohen et al. (2001) and Stewart et al. (2002) suggested that the

variability effect can be accounted for by the model taking into consideration the variance

of category. In GRT, the boundary between two categories is located on where the two

category distributions have the same probability density. Thus, the boundary would be

closer to the small-variability category at all times. However, GRT can provide a better fit

to the categorization data, when the sample size of training items is large(see Rouder &

Ratcliff, 2004, 2006). Thus, it can be expected that the learned boundary would be more

likely not the optimal one predicted by GRT for fewer items.

Variability Effect and Exemplar Similarity

According to the previous discussion, the variability effect is a challenge to both the

exemplar- and rule-based models. It is worth analyzing the reason why the exemplar-based

models cannot predict the variability effect before generating a model for this effect. In

GCM, the similarity is solely determined by the psychological distance between items.

Since the similarity of the middle item to small-variability category is proportional to the

total distance from the members of the small-variability category to the middle item.

Thus, the large-variability category has more farther members to the middle item, hence

less similar, Simsmall > Simlarge and P (small|middleitem) > P (large|middleitem).
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In ALCOVE, the probability for an input to be classified to one category is

determined by the activation on the output nodes2. During training, the associative

weights from the hidden nodes3 to the output nodes are learned by error signal,

∆Wjk = η(Tk −Ok)Ahidj , where η is the learning rate, (Tk −Ok) is the error signal on the

kth output node, and Ahidj is the activation of the jth hidden node. Since the output

nodes have opposite target values Tk to each other, on each time of training, the weight

from one hidden node to the output nodes is changed in opposite directions. Also, since

Ok = ΣWjkA
hid
j , the associative weight can be realized as the likelihood a hidden node to

activate an output node. Therefore, with the error-driven learning, one hidden node,

namely exemplar, that tends to activate one output node must tend to deactivate the

other output nodes. The activation of hidden nodes are the similarity between the input

and the exemplars. Thus, the small-variability category exemplars would induce stronger

activation on the corresponding category node and stronger deactivation on the

contrasting category node than do the large-variability category members. Presumably,

ALCOVE will predict a larger probability to the small-variability category for the middle

item.

The reason for the failure of the exemplar-based models is thought to be the lack of

sensitivity to the category variance. Apparently, as long as the total distance to the target

item is kept constant, the prediction of the exemplar-based models would not be changed,

even if we rearrange the positions of the exemplars within the category to make the

category become no matter loose or condensed.

A New Exemplar-Based Model

Therefore, I propose a new exemplar-based model, SOE (Strength profile Of

Exemplars), to compensate for the insensitivity of the exemplar-based models. The basic

characteristics are listed as follows. First, same as the assumption of GRT, the percept of
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each input stimulus is a normal distribution over the activation strength of the units on

psychological dimensions, with the mean as the position of the input stimulus, xtarget and

the variance as a free parameter, σ. Second, the height of this strength distribution by

definition means the likelihood for the corresponding unit to predict the current category

prior to next trial. See Equation 1.

p(A|uniti) =
1√

2πσ2
exp−

(xi−xtarget)
2

2σ2 4. (1)

Third, from the second stimulus, the strength of each unit for each input is normally

transformed5 to the weighting for the unit. Thereafter, the posterior probability for the

propensity to assign tth input stimulus to Category A is computed by

Pro(A|Inputt) = Σi,tp(A|uniti,t−1)wi,t∀ ≤ i ∈ (xµ − σatt, xµ + σatt), (2)

where (xµ − σatt, xµ + σatt) is the area under the focus of attention, which means only the

units in this area will be included for computing the propensity. Forth, the probability of

Category A is computed by

P (A|Inputt) =
expφPro(A|Inputt)

expφPro(A|Inputt) + expφPro(B|Inputt)
. (3)

Fifth, whenever the model receives an input stimulus, the strength distribution for

the corresponding category would be accumulated with the preceding one. For example, if

the current input belongs to Category A, after presentation of the category label, the

strength distribution over the units for Category A prior to the t+ 1th trial is

p(A|uniti,t) = ηp(A|uniti,t) + p(A|uniti,t−1). (4)

Summary for SOE

A summary for SOE is made here. SOE is a dynamic computational model, in

which before the t+ 1th trial, the strength distribution for each category cumulated up to
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the tth trial is the propensity of the units to predict category prior to the presentation of

the stimulus on the t+ 1th trial. The propensity distribution is regarded as the category

representation in LTM (Long-Term Memory) in SOE. When making classification, the

strength distribution temporarily evoked by the input stimulus is normalized to be

weighting for the units’ propensity to each category. Also, only the units in the attention

focus would be used for predicting categories via forming the sum of weighted propensity

for each category.

The propensities for categories, then, are exponentially transformed to the

probability of each category. After the feedback is provided, the propensity distribution

for each category is updated in LTM by summing the weighted current strength

distribution to the propensity distribution for the same category. Therefore, there are 4

parameters in SOE: the variance of the strength distribution σ, the radius of the attention

focus σatt, the updating rate η, and the decision constant for transforming the propensity

information to probability of category φ; the larger the φ, the more deterministic the

categorization becomes. The number of units on a single dimension is 276.

Model Performance

Same Stimulus and Same Category

The SOE model is tested from a number of aspects. First, the repetition of the same

stimulus will change the accumulated strength distribution towards a higher propensity to

classify the same item as its category. As shown in Figure 1, the stimulus has a value of 5

and is presented repeatedly for 3 times. Obviously, the propensity for Category A on the

position of 5 gets higher as the repeated times increase and the probability of Category A

is from .50, .70, to .84, with σ = 1, σatt = 0.70, η = 0.50, and φ = 1.



Local Comparison among Exemplars 10

Same Stimulus and Changed Category

With the parameter values fixed, the predicted probability of Category A to a same

stimulus would be changed in accordance with the change of its category label. Figure ??

shows the change on the propensity distributions for both categories when the stimulus is

paired with Category A on the first two trials and Category B on the last two. On trail 1,

each of the units has a 0 propensity to either category. Thus, the panels start from trial 2.

In the end of trail 1, namely before trail 2, the propensity distribution for Category A is

obviously larger than that for Category B which gets even larger when the same stimulus

is presented the second time on trial 2. However, the propensity distribution for Category

B gets larger from the end of trial 3 and in the end of trial 4, both distributions have the

same profile. The probability of Category A changes from .50, .70, .84, to .70. Apparently,

SOE reveals honestly the history of the pair between the stimulus and the category labels.

Order Effect

SOE is sensitive to the trial order. For instance, the stimuli of 3, 4, 5, and 6 in the

same category would be differentially classified are presented in different orders. Applying

the previous parameter values, SOE is received this set of stimuli in the order of 3, 4, 5,

and 6 or the order of 5, 4, 6, and 3). Figure 3 shows the prior propensity distribution for

Category A in these two conditions. Although the presenting order is different, the

cumulated propensity distribution in the end of training is the same, denoted as the sold

line. However, the probability of Category A to stimuli of 3, 4, 5, and 6 are different, as

.50, .63, .68, and .65 in the sequential-order condition but as .69, .63, .50, and .65.

Apparently, the same stimulus in different presentation position would be differently

classified. This is because SOE is a dynamic categorization model sensitive to the

presentation order of stimuli.
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Variability Effect and Attention Focus

The critical comparison between SOE and other models (e.g., GCM and GRT) is to

see if SOE can predict the variability effect. In order to replicate the findings of Cohen et

al. (2001), a set of stimulus values (2, 6, 6.5, 7, 7.5, and 8) are used for a computer

experiment with the value 2 alone in Category A and the rest in Category B. Therefore,

Category A is less variable than Category B is. Since the number of Category B stimuli is

5 times many as that of Category A, the Category A stimulus repeats 5 times many as

does each of those stimuli of Category B. Similarly, the middle item is 4 which is

equidistant to 2 and 6. However, different from the study of Cohen et al. (2001), the

condition employing only some of Category B stimuli is not included here.

Figure 4 shows the computer experiment’s result that the probability of Category B

decreases as the size of Attention Focus increases, with the size of attention focus σatt

varying from 0.01, 0.10, ... to 6.00 and other parameter values fixed as η = 0.50, σ = 1.00,

φ = 1.00. When the classification is made, based on the information from a very small

area on the stimulus dimension, the probability of Category B on the middle item is

approaching an upper limit, about .48. Theoretically, the limit value of this probability

should be .50 as the size of attention focus is infinitely small. However, when the size of

attention focus is large enough to cover the whole range of the stimulus values, the middle

item has only 22% of chance to be classified as Category B, namely the large-variability

category.

According to GCM, the middle item should be more likely classified into Category

A as predicted by SOE when the size of attention focus is large. This suggests that GCM

may be able to show a sensitivity to the variability of category, if not every exemplar is

included in similarity computation. In the original design of the study of Cohen et al.

(2001), each of the closest two stimuli to the middle item was presented on 45% of the

learning trials. However, the simulation result in Figure 4 is generated in the design that
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with the middle item as the center, the nearest Category A stimulus is presented 5 times

many as the nearest Category B stimulus. Thus, another computer experiment is

conducted with the nearest two stimuli presented in nearly equal times7. The stimulus

values include 3, 6, 10, and 14 with 3 alone in Category A and the rest in Category B.

Same as in the previous computer experiment, the size of attention focus is the only

independent variable. With the parameter values as η = 0.50, σ = 5.00, and φ = 1.00, the

middle item is classified as Category A most often (Pr(A)=.70 and Pr(B)=.30) when the

size is 3.00. When the size is about 0.30 or 5.50, the middle item is less often classified

into Category A (Pr(A)=.52 and Pr(B)=.48).

This result combined with the previous results suggest that the size of attention

focus influences categorization a lot and that this influence might be linear or nonlinear to

the model’s prediction, depending on the category structure.

Conclusions

In this study, a new categorization model SOE is proposed, with the assumptions

that the percept of each input stimulus is in the form of normal distribution and that

categorization is accomplished by comparing the weighted propensity distribution to each

category over the units in the attention focus. The computer experiments show that SOE

is sensitive to the repetition of the same stimulus, the presenting order of stimuli, and the

variability of category. Of most important, the size of attention focus has a great influence

on categorization. Specifically, the flexibility of SOE on fit to the variability effect results

from the size of attention focus also.

Although SOE assumes that the evoked strength over units follows the Gaussian

distribution, it is theoretically plausible to replace the Gaussian distribution by Minkowski

function, same as used in GCM and other exemplar-based models. At this moment, SOE

is suitable only for the categorization performance with one-dimensional category
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structure. The future study will pursue this concern to make SOE suitable for

multi-dimensional category structure.
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Footnotes

1Three inches is about equidistant in diameter to each prototype of the COIN and

PIZZA categories.

2Each output node corresponds to a category in ALCOVE.

3In ALCOVE, the hidden nodes correspond to the exemplars.

4Before any input, the strength on each unit for each category is set as 0.

5All likelihoods are divided by the largest one.

6There is no convention for the number of units, yet the more the units, the more

smooth the propensity/strength distribution would be.

7Since SOE is very sensitive to the number of stimuli, the stimulus of Category B

(i.e., the large-variability category) nearest to the middle item is presented in less times

than the nearest stimulus of Category A, in order to make both category equal in amount.
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Figure Captions

Figure 1. The propensity distribution for Category A along the repetition of an identical

stimulus 3 times.

Figure 2. The propensity distributions for both categories change when the same stimulus

mapped to a contrasting category.

Figure 3. The propensity distributions for both categories change with different presenting

orders of stimuli.

Figure 4. The middle item is classified to the large-variability category less probably as

the attention focus size increases.

Figure 5. The probability of Category A on the middle item changes with the size of

attention focus when the two nearest exemplars are presented in nearly equal times.
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