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� � � � � , � � � � � � � � � � Z B   ¡ ¢ £ ¤ ¥ ¢ ¦ § ¨ , © ª « ¬
C  ® ¯ ° ± ² ³ ´ ¤ µ ¨ , ¶ · O Z B ¸ ¹ , º » ¤ 
 K C ¼ ½ ¾ ¿ ¤ K

C U � À , � Á Â · Ã Ä Å Æ Ç , È � � É Ê Ë ¶ Ì Í � Î Ï « K C U � K

C , ¬ Ð Ñ Ò ¤ µ ´ Ó Ô ° ± ; Õ � Á Â , O Z B ¸ ¹ ´ Í Ö ¢ ´ × Ø Ù Ú Û
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ü ý © þ � ¤ ¿ � ® � � ´  ¤ Z B ¸ ¹ , � � : � O à � � ® � � ´ � 
Nikke � � ; � � � � � à 	 
 Í � Í � � ´ �  Nikke � � �  S � ; �
� Y � � �  AMEX� � ® ´ �  Nikke �  ù � � S � ; � � � ù � � � �

¤ � ® ´ ADR � � , � � Z B ¸ ¹ ´ � ´ � � Ù � � « ¤ � � , � � � �  

¸ ¹ ! � ¿ ¤ � � , Û ¿ " è ó ä # û , � � T U V W ´ Q R S $ ó Ì % &

' ä
å å Õ � Á Â , ( ð ) * ¸ ¹ + U ( � , - � í . # Ð Ó � © L / ´ ó 0 ,

O Z B ¸ ¹ � ç è î , 1 æ ¾ K C U Ü Ý ´ ë ì , 2 3 4 5 ó 0 � ( � 6 è
7 ´ 8 9 , Ú Ç â + U ( � , - : ; � # < ´ © = > 1 ä ? @ , ¾ ¿ T A Ã
´ Ü Ý , 2 3 4 5 T U � ( B C ó Ú D E ¿ T A Ã © F â G H � I J , T U
ã Ý Ú # û Ç â ä
å å � K X Y Q R S  Asian options� - L 4 5 Q R S  average options� ´ B C

ó è 7 Ù Û M C � > � N O P � � Q R ´ � ´ ó 0 ´ 7 S 4 5 � ( B C ó ä
� T � � > X Y Q R S  Forward-Start Asian Options� ´ B C ó Ù M C � > �

U H � î Ø V W O P � � Q R ´ � ´ ó 0 ´ 7 S 4 5 ä
å å  X Y ' Ù Z [ Reiner 1992� \ Bouaziz, Briys, and Crouhy 1994; Û Æ
] L BBC 1994� � ´ X ^ , ë _ æ ¾ ¿ ¤ K C U , ï ð Â ` � ó Û ù a Ü U

( � , ã Ý ¿ , á a Ü Ú É # ( T U ã Ý � b � ´ c d , Ñ e T U V W Q T
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e � ó V W Q T � � >  T U � X Y Q R S ä
å å f 2 g h i j k 8  l ç Y m n o p Û ù ã Ý ¨ p $ ó q  Risk-Neutral

Valuation� , O G � r s 3 P ´ Girsanov� / Y t U u v w x £ 1 3 � y z ¨
] { À | ä � f 3 g } ~ ë _ � � � T U Æ ´ T � � >  �  � X Y Q R S
$ ó ù � � S 4 ó  The Put-Call Parity� ñ � ä f 4 g ë _ � W T U Æ ´ � � ,

á � � � s 3 � ó q �  The Law of One Price� � À | $ ó � � ´ � � ä f 5

g � ë _ � W � ó £ T U Æ  � � Û  ¤ � " è ó Q Æ ¿ ¤ C Ó � ´ T � �

> X Y Q R S $ ó ù � � S 4 ó ñ � ä f 6 g ë _ � � W � ó Æ ´ T � �

> X Y  T U � Q R S $ ó ù � � S 4 ó ñ � ä f 7 g ( è 7 e � � / � $

ó � � £ � � / � ó 0 ´ � 
 � � � � ,1 � � � � � � � �   ¡ ¢ £ ¤ ¥

¦ § ¨ © ª « ¬  ® ¯ 8 ° ± � ² � ³ ´ µ ¶ · ¸ ¹ ® º » ¼ ½ , ¾ ¿ 1 À

� Á Â Ã Ä Å Æ Ç È ¦ � É Ê Ë · Ì Í , © Î Ï £ Ð Ñ Ò ® ¾ ¿ 2 ª 3 Ó Ô

Õ Ö × ¯ 3 ª 4 ° ¦ Â Ã £ Ð ® ¾ ¿ 4 Ó £ Ð Ø Ù Ú Û Â Ã Ê Ë ¦ ¼ § ¤

¥ Ü Ý ®

2.e Þ ß � �

2.1� � � � � � 	 
 � �

 � ó £ T U ö W ¦ § � � L � � � � � W  geometric Brownian motion� ä
� �  � � V � · ú , � �  � ý � 6  ä
� � � � 3 ù � © � � ä
� Ú � � � � �  ù  � s 3 » � ´ C Z ä
! � ã Ý s U � � ä
" � ´ �  � � �  ¸ ¹ � � � R 
 , © # $ V � �  � s ä
å å % & � ' l ç , � ã Ý ¨ p t U u v  Risk-Neutral Probability Measure:Q�

1 à á â ã ä å æ ç è , é ê ë ì í î ï ð ñ  the closed-form solution� , ò ó ô õ ö ÷ ø Conze
and Viswanathan (1991), Kemna and Vorst (1990), Levy (1992)ù � Turnbull and Wakeman (1991)�
à á � � ÿ � ú ï ð ñ û ä ü ý � ÿ þ ÿ �
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� � Æ , Û  ¤ K C U � Ø Æ ´ ¿ ¤ � ó ¦ § Ú ¡ Æ ( Á § � � � 2,3

dS

S
= (rf − ρσSσX) dt+ σSdzQS , (1)

N O , S P Q R S T ¦ U V ¦ Ã W X rf P Q R S ¦ Y Z ) * + X ρ P Q R S

T ¦ U V · , + ¦ Ô - . a X σS P Q R S T ¦ U V ¦ b c   volatility� X σX
P Q , + ¦ b c  © ª dzQS P Q Á Z ) O d e , R S T ¦ U V f g ¦ T « h

i j c  increment of standard Brownian motion� ® k l , , + m c Ñ Ò n o e À

µ Ò Ë P Q :4

dX

X
= (rd − rf ) dt+ σXdwQX , (2)

N O ,X P Q © r S s t £ Ã ¦ u � v w R t  x u � v w R t ¦ r S Ã y � X

rd P Q r S ¦ Y Z ) * + X dwQX P Q Á Z ) O d e , , + f g ¦ T « h i j

c ®

M M z � µ / , Á 0 ½ 1 ¨ ° O 2 3 4 5 6 Ç , © r S s t £ Ã ¦ R S 7 8

9 : Ñ Ò , ; < * Ç = > ? @ Ú (Ito’s lemma)© ª (1) Ë A (2) Ë n B :

d(XS)

XS
= rddt+ σSdz

Q
S + σXdw

Q
X . (3)

2.2� C D E � F G H

 g À | � ã Ý ¨ p t U u v Q � � Æ , � � º 3 ã Ý ¨ p $ ó q � $ ó
Q R S / � ó 0 ä
å å l ç � Q R S Ct ´ P � � T î ´ I J CT � G K � f(ST , XT ,KT ), �

¨ ST ù XT � � ¿ ¤ � ´ �  ù T U � P � � T î ´ ó 0 Y KT ( � ´ �

2 ( L M [ \ ] ^ 6 û _ ` p q { | { } q ~ , � � � � � ÿ (1) � � rf � � � rf − q � ö �
3 � A { ú B � ! C D E F B � , G H I � � è ö ù J K � (1) � (2) ÿ , L ÷ M Musiela and

Rutkowski (1997),Martingale Methods in Financial Modelling, pp.160–164, Springer�
4 p q 3�
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 P � � T î ´ B C ó 0 ä � î R t (0≤ t < T ), Q R S ´ / � ó 0 ( : 5

Ct = e
−rd(T−t)EQ[CT |Ft] = e−rd(T−t)EQ[f(ST , XT ,KT )|Ft]. (4)

M M Z ) O d Â Ã � © (4) Ë � � � : Ä � t ¦ � � � Ú Û Ã W Ct � × Á Z

) O d : +    Q © ª ¡ ¢ £ ¤ Ft e , ² � È ¥ ¦ T Ä § ¨ ¦ © ª ¥ « y ,

¬ ½ © S  Y Z ) * + rd ® ¯ ®

3.e ° ± ² ³ ´ µ ¶ · ¸ ¹ º » ¼ ½ ¾ ¿ À Á Â Ã

3.1� Ä Å F G

h i À | � � T U V W Æ T � � >  �  � X Y Q R S , Æ C1(ST ,KT , T ) �

� P � î , Û ¤ 
 � " è ó ´ ¿ ¤ �  � S , # û Ç ´ � È I J ( :

C1(ST ,KT , T ) = X̄ ·Max(ST −KT ,0), (5)

� ¨ KT = (∫ TT−h Sudu)/h � � Q R S ´ B C ó 0 Ù Û P � É � Ê î R (h)

´ � ó 4 5 � Ë è 7 , X̄ Ù Q R S M C V W Ì Í � ´ � � � T U Î ä
å å � Ï � S Ù � P � î Û ; i Í � ´ T U X̄ Ð ¿ ¤ � ó � S w x Ñ Û 
¤ � " è ó ´ � S , Ò � G K C U ¾ G P � î Ó Ô T U ö W Õ 
 , Ð ç è ´
� Ï O Z B ¸ ¹ , 3 G a Ü T U ã Ý ä

Ö × 1 � � ' ´ � È I J Æ , � � T U V W Æ T � � >  �  � X Y Q R S
´ � S � Ø (FO)Y � Ø (SO) Ù Ú 6 Ø Ù Ú Û Ã W Cj1(St,Kt, t) Ó (j = FO,

SO):

5 Û Ü Ý ä å Þ � ß } � ú � à , á ò ó � â N L ÷ M Harrision and Krep (1979)ù � Harrision
and Pliska (1981)� � ã �

6 O � ä P � ø å ä æ ç è ý é � ÿ ú ê , � � � � � ë ì �  " # í M , � î $ % ø å � æ ç è
ü ý ~ , G ï ú ð Q ñ ò ) ö ó ô , õ Ü ö û ø å � æ ç è ü ý ~ , ÷ � E ø � � ù ú ø û ü ý î ,
� þ ð 
 ÿ � � � � � ù � ü ý , ö ÷ M Tsao et al. (2003)� � ã ) á ò ó � õ ÿ �
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X̄ · Ste−rd(T−t)e(rf−ρσSσX)(T−t−h)
{
µj1N

(
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vj1

)
+ vj1g

(
µj1
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)}
,
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X̄ · Ste−rd(T−t)
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m
j
1TN

(
mj1T

σ
j
1T

)
+ σj1T g

(
mj1T

σ
j
1T

)}
, T − h ≤ t < T,

(6)

N O ¦ � a

µFO1 =
r1h

2
,

µSO1 = µFO1 +
(r1h)

2

3
+
σ2
Sh

4
,

(vFO1 )
2 =

σ2
Sh

3
,

(vSO1 )
2 = (vFO1 )

2+
σ4
Sh

2

4
+

7(r21σ
2
Sh

3)

15
+

3(r1σ2
Sh

2)

4
,

r1 = rf − ρσSσX − σ
2
S

2
,

mFO1T = 1− T − t
h
+ r1

2(T − t)h− (T − t)2
2h

− M1t

St
,

(σFO1T )
2 =

(
1− T − t

h
+
(T − t)2

3h2

)
σ2
S(T − t),

M1t =

∫ t
T−h Sudu
h

,

mSO1T = m
FO
1T +

σ2
S(T − t)

2
+ (T − t)2

(
r21
2
− σ

2
S

4h

)
− r

2
1(T − t)3

6h
,

(σSO1 )
2 = (σFO1 )

2+ 2r21σ
4
S

(T − t)5
15h2 + σ2

S(T − t)4
(
σ2
S + 5r1
12h2 − 2r21

3h

)

+σ2
S(T − t)3

(
r21 −

(
5r1+

σ2
S

3h

))
+ σ2

S(T − t)2
(

2r1+
σ2
S

2

)
,

© ª N(µT /σT ) =
∫ µT /σT−∞ exp(−W 2/2)dW/

√
2π · g(µT /σT ) = exp(−(µT /σT )2

/2)/
√

2π � � Ó T « � 	 � 
 Á � µT /σT Ü ¦ �  : + y · : + �  � a

y ®

� � : � � ¾ ¿ 2®

155



DHVH: 2004/03/24 10:53AM page:156


 � ÿ � 32 : 1 (2004)

M M � � (6) Ë , � t ∈ [0, T − h) Ä , � � ¦ � � � � Ø Ù Ú Û Ã W � � ·

Ä � � t � - , � Ä � ·  ! Ä � T − t � - ® " · BBC 1994� ¦ Ì Í � � ,

" # ; Ó Á $ g % & , + ' c e , Õ × ( ) * + , - 7 . ) / 0 , 4 5 1 2

² � , + m c ¦ Z ) , ; < , + ¦ Z ) 3 ¨  4 5 � , � ¬ 4 5 6 7 8 Á � �

Ã W O , / 9 Ñ  ! Ä � ¦ : ; � £ Ð N § ¨ ® 7 z � µ / , 9 E R S T ¦ U

V ¦ b c  σS f F , � * G Ü H ; � Ä $ g R S T ¦ U V ¦ b c  σSX , +

b c  σX © ª Ô - . a ρ § ¨ ¦ I J e , � ρ > [rf (T − t − h) − rd(T −
t)]/[σSσX(T − t−h)] Ä  o (6) Ë £ Ð � , 9 E R S T ¦ U V ¦ b c  σS © ª

, + b c  σX ¦ Ü H , (6) Ë Å £ Ð ¦ � * G K e L , Á ¯ 7 ° ¦ � � a y

O n © B È < Ì Í ® < R , M � $ N , + ' c Ä (X̄ = 1, ρ = 0, σX = 0, rd =

rf ), O � � � � Ø Ù Ú Û Ã W d x P Q R Ó BBC 1994� ¦ S ¥ T U V W �

� � ®

3.2� X Y Z < G = >

? � � K Q R S , T � � > X Y Q R S ´ � S ù � S ô � ý 4 ó ñ � ä � 
@ g ¨ , Ð � � á À | Ç ´ A a ä h i , ë _ Æ ( P � î � Z b ì c � � :

X̄(KT − ST ) + X̄(ST −KT )+ = X̄(KT − ST )+. (7)

� � 1: � t ∈ [0, T − h) î , � ã Ý ¨ p Æ , (7) � ´ � Î c � � (

e−rd(T−t)EQ
[
X̄(KT − ST ) + X̄(ST −KT )+|Ft

]
= e−rd(T−t)EQ[X̄(KT − ST )+|Ft]︸ ︷︷ ︸

P1(ST , KT , t)

,

e−rd(T−t)EQ[X̄(KT − ST )|Ft] + e−rd(T−t)EQ[X̄(ST −KT )+|Ft]︸ ︷︷ ︸
C1(ST , KT , t)

= P1(ST ,KT , t), (8)

d e f / Ú » 8

7 B C ø D � Ü [ F C D p F � æ ç , \ A C ! BBC (1994)B p , L M C 4 D �
8 g h (1) ÿ , EQ[Su|Ft] = Ster1(u−t)EQ[eσs(z

Q
u −zQt )|Ft] = Ste(r1+

1
2 σ

2
S)(u−t)� ö i , à á ö j
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P1(ST ,KT , t)

= C1(ST ,KT , t) + e
−rd(T−t)X̄EQ[KT |Ft]− e−rd(T−t)X̄EQ[ST |Ft]

= C1(ST ,KT , t) + e
−rd(T−t)X̄


 e(r1+

1
2 σ

2
S)h − 1(

r1+
1
2
σ2
S

)
h

Ste
(r1+

1
2 σ

2
S)(T−h−t)




−e−rd(T−t)X̄
[
Ste
(r1+

1
2 σ

2
S)(T−t)

]

= C1(ST ,KT , t) + e
−rd(T−t)X̄


 1− e−(r1+ 1

2 σ
2
S)h(

r1+
1
2
σ2
S

)
h

− 1


Ste(r1+ 1

2 σ
2
S)(T−t), (9a)

(9a) Ë n P Á o ² £ Ð p q r s Ã W ¥ �  % & , + ' c e S ¥ T U t �

� ¦ r Ã - . ®

I J 2: � t ∈ [T − h, T ] Ä , < Ä (8) Ë u v Ó 9

ä k l m :

EQ[Kt|Ft] = 1
h

EQ
[∫ T
T−h

EQ[Su|FT−h]du|Ft
]

=
1
h

EQ
[
ST−h

∫ T
T−h

e(r1+
1
2 σ

2
S)(u−(T−h))du|Ft

]

=
1
h

EQ


ST−h e(r1+

1
2 σ

2
S)h − 1(

r1 +
1
2
σ2
S

) |Ft



=
e(r1+

1
2 σ

2
S)h − 1(

r1 +
1
2
σ2
S

)
h

Ste
(r1+

1
2 σ

2
S)(T−h−t).

9 p q 8, � � w � è x T − h y û t�
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P1(ST ,KT , t) = C1(ST ,KT , t) + e
−rd(T−t)X̄EQ

[
M1t +

1
h

∫ T
t
Sudu|Ft

]

−e−rd(T−t)X̄EQ[ST |Ft]

= C1(ST ,KT , t)+e
−rd(T−t)X̄M1t+e

−rd(T−t)X̄EQ
[

1
h

∫ T
t
Sudu|Ft

]

−e−rd(T−t)X̄EQ[ST |Ft]

= C1(ST ,KT , t) + e
−rd(T−t)X̄M1t + e

−rd(T−t)X̄ ×
 e(r1+

1
2 σ

2
S)(T−t) − 1(

r1+
1
2
σ2
S

)
(T − t)

St


− e−rd(T−t)X̄ [Ste(r1+ 1

2 σ
2
S)(T−t)

]

= C1(ST ,KT , t) + e
−rd(T−t)X̄M1t + e

−rd(T−t)X̄ ×
 1− e−(r1+ 1

2 σ
2
S)(T−t)(

r1+
1
2
σ2
S

)
(T − t)

− 1


Ste(r1+ 1

2 σ
2
S)(T−t), (9b)

(9b) Ë n P Á £ Ð p q r s Ã W ¥ �  % & , + ' c e S ¥ T U t � � ¦

r Ã - . ®

M M Á z { S ¥ T U V W � � � t � � r Ã - . Ñ Ò O , � Á p q Ã £ Ð Ä

� t ∈ [0, T − h) | } , ~ � Ü # $ N Á Z ) O d e , p q Ã W ¦ © ª ¥ «

y ® " · � � Á % & � � p q Ã e ¦ t � � r Ã - . � � , N Ú o # ; Ó �

Ä � � Á t ∈ [0, T − h) Ä , ² � p q Ã W Y � ~ � � �  unpredictable� , ; <

� � R S U Ã � ¤ r � Ñ Ò e , Á t ∈ [0, T − h) Ä � � , ¼ � ¦ �   y � #

p q Ã W ¦ © ª ¥ « y ; � � Á p q Ã £ Ð Ä � t ∈ [T − h, T ], � � ¯ ¦ r

s p q Ã W M1t, � · % & � � p q Ã e ¦ t � � r Ã Ô � , © S  Y Z )

* + ® ¯ , � × ² � ¯ � � � � } � ®
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4.e � µ ² ³ ´ µ ¶ � · ¸ ¹ º » ¼ ½ ¾ ¿ À Á Â Ã

4.1� Ä Å F G

h i À | � W T U V W Æ ´ T � � >  �  � X Y Q R S , Æ C2(ST ,KT , T )

� � P � î , Û ¤ 
 � " è ó ´ ¿ ¤ �  � S , # û Ç ´ � È I J ( :

C2(ST ,KT , T ) = XT ·Max(ST −KT , 0), (10)

� ¨ KT =
(∫ T
T−h Sudu

)
/h � � Q R S ´ B C ó 0 Ù Û P � É � Ê î R (h)

´ � ó 4 5 � Ë è 7 ,XT � � P � î , Û  ¤ � " è ó ´ � � { � ¿ " ä
å å £ f � Ï � n © ø Q � Ù , � Ï Q R S Ù � P � î , Û ¿ " è 7 � S ´
ó Î , Ð U ? Û � î ´ T U w x Ñ  ¤ � " Î ´ � S ä # û , K C U & � ¿
¤ � ó ã Ý , � ¾ T U ã Ý � v � 4  K C U ô � � ( � � S ý > � � 
 , T
U 1 � Ù � � , - Ù ö W © 
 , - � ¿ " F � Î � ä

Ö × 2 � � ' ´ � È I J Æ , � W T U V W Æ ´ T � � >  �  � X Y Q R
S ´ � S � Ø Y � Ø Ù Ú / � � � ó 0 Cj2(St,Kt, t) ( (j = FO,SO):



Xt · Ste−rfh

{
µj2N

(
µj2

vj2

)
+ vj2g

(
µj2

vj2

)}
, 0≤ t < T − h < T

Xt · Ste−rf (T−t)
{
mj2TN

(
mj2T

σ
j
2T

)
+ σj2T g

(
mj2T

σ
j
2T

)}
, T − h ≤ t < T,

(11)

� ¨ ´ � �

µFO2 =
r2h

2
,

r2 = rf − σ
2
S

2
,

µSO2 = µFO2 +
(r2h)

2

3
+
σ2
Sh

4
,
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(vFO2 )
2 =

σ2
Sh

3
,

(vSO2 )
2 = (vFO2 )

2+
σ4
Sh

2

4
+

7(r22σ
2
Sh

3)

15
+

3(r2σ2
Sh

2)

4
,

(σFO2T )
2 = (σFO1T )

2,

mSO2T = m
FO
2T +

σ2
S(T − t)

2
+ (T − t)2

(
r22
2
− σ

2
S

4h

)
− r

2
2(T − t)3

6h
,

(σSO2T )
2 = (σFO2T )

2+
2r22σ

4
S(T − t)5
15h2 + σ2

S(T − t)4
(
σ2
S + 5r2
12h2 − 2r22

3h

)

+σ2
S(T − t)3

(
r22 −

(
5r2+

σ2
S

3h

))
+ σ2

S(T − t)2
(

2r2+
σ2
S

2

)
,

£ mFO2T = 1− (T − t)/h+ r2[2(T − t)h− (T − t)2]/(2h)−M1t/Stä

� � :   ¡ y z 3ä

å å � � (11) � , � t ∈ [0, T − h) î , � S ´ � Ø Ù Ú / � � � ó 0 £ î R

Ø t � ñ , ø î ô £ � � î R T − t � ñ ä � ¢ £ ¤ £ BBC 1994� ´ £ ¤ Ò

ø ä 10 k l , � n ( ¯ (11) Ë · , + ¦ b c  Y - , " # ; Ó Á ¥ c , + '

c e , Õ × ( ) * + , - 7 . ) / 0 , n ¦ Ó - 7 l § ) 1 2 ; , + m c 8

T ¦ Z ) , Å © , + ¦ b c  § ¨ , � ¨ © ª � � � Ã W ®

M M z R � « n ) ¦ ¬  # * Ç � Ã � O  The Law of One Price� : M © ® �

¯ � s t £ Ã , 7 8 ¦ Ã W # Ô � ¦ ® ; < , R S ¦ U V � � ° © , + Xt, �

# © r S £ Ã ¦ R S U V � � ® " � � # Ê Ë (11)®  M ± Xt = 1 O (11) Ë

R Ó v ² R S U V � � ¦ Â Ã Ê Ë , ³ � ¯ 4 ° 4.3 ¨ ° ¦ Û � ® �

4.2� X Y Z < G = >

Ò � G f 3 g 3.2 @ g ´ � q ä h i , ë _ Æ ( P � î � Z b ì c � � :

10 p q 7� õ Ü � A � æ ç è ý é � ÿ ú ê � â , û ÿ Ü ´ µ C D p F ¶ � Ü [ F C D p F ÿ !
~ · ) ¸ , Û Ü ö û G ¹ � æ ç è ý é ~ , G [ \ ÷ � E ø Ü ý é � � � ù è , Q î º » ¼ ½ F �
ï � ¾  (zQT−t)

2� , g h ¿ À Á Â � � ] ^ Ã Ä Å ½ m Q Æ Ç ! ~ · T − t ) ¸ � ¾ ÿ , È É Ü â
E[(ZQ

(T−t))
2|Ft] = T − t�

160



DHVH: 2004/03/24 10:53AM page:161

| } ~ � � � � � � � � � �  � � � , � � � �

XT (KT − ST ) +XT (ST −KT )+ = XT (KT − ST )+. (12)

� � 1: � t ∈ [0, T − h) î , � ã Ý ¨ p Æ , (12) � ´ � Î c � � (

e−rd(T−t)EQ
[
XT (KT − ST ) +XT (ST −KT )+|Ft

]
= e−rd(T−t)EQ[XT (KT − ST )+|Ft]︸ ︷︷ ︸

P2(ST , KT , t)

,

e−rd(T−t)EQ[XT (KT − ST )|Ft] + e−rd(T−t)EQ[XT (ST −KT )+|Ft]︸ ︷︷ ︸
C2(ST , KT , t)

= P2(ST ,KT , t), (13)

d e f / Ú » 11

11 g h (3) ÿ , EQ[XuSu|Ft] = XtSte[rd− 1
2 (σ

2
S+2ρσSσX+σ

2
X )](u−t)EQ[eσS(z

Q
u −zQt )+σX (wQu−wQt )

|Ft] = XtSterd(u−t)� ö i , à á ö j ä k l m :

EQ[XTKT |Ft]

=
1
h

EQ
{∫ T
T−h

EQ[XTSu|FT−h]du|Ft
}

=
1
h

EQ
{∫ T
T−h

EQ
[
XT−he

(rd−rf− 1
2 σ

2
X )h+σX (w

Q
T
−wQ

T−h)Su|FT−h
]
du|FT

}

=
1
h

EQ
{
XT−he(rd−rf−

1
2 σ

2
X )h

∫ T
T−h

EQ
[
e
σX (w

Q
T
−wQ

T−h)Su|FT−h
]
du|Ft

}

=
1
h

EQ
{
XT−he(rd−rf−

1
2 σ

2
X )h ×

∫ T
T−h

EQ
[
e
σX (w

Q
T
−wQ

T−h)ST−her1(u−(T−h))+σS(zQu −zQT−h)|FT−h
]
du|Ft

}

=
1
h

EQ
{
XT−hST−he(rd−rf−

1
2 σ

2
X )h ×
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P2(ST ,KT , t)

= C2(ST ,KT , t) + e
−rd(T−t)EQ[XTKT |Ft]− e−rd(T−t)EQ[XTST |Ft]

= C2(ST ,KT , t) + e
−rd(T−t)

[
e(rd−rf )h

erfh − 1
rfh

XtSte
rd(T−h−t)

]

−e−rd(T−t)
[
XtSte

rd(T−t)
]

= C2(ST ,KT , t) +Xt

(
1− e−rfh
rfh

− 1

)
St, (14a)

(14a) Ë n P Á o ² £ Ð p q r s Ã W ¥ �  , ¥ c , + ' c e S ¥ T U t

� � ¦ r Ã - . ®

I J 2: � t ∈ [T − h, T ] Ä , < Ä (13) Ë u v Ó 12

P2(ST ,KT , t) = C2(ST ,KT , t) + e
−rd(T−t)EQ

[
XT

(
M1t +

1
h

∫ T
t
Sudu

)
|Ft
]

−e−rd(T−t)EQ[XTST |Ft]

= C2(ST ,KT , t) + e
−rd(T−t)EQ[XTM1t|Ft]

+e−rd(T−t)EQ
[
XT

(
1
h

∫ T
t
Sudu

)
|Ft
]
− e−rd(T−t)EQ[XTST |Ft]

∫ T
T−h

EQ
[
e
σX (w

Q
T
−wQ

T−h)er1(u1(T−h))+σS(zQu −zQT−h)|FT−h
]
du|Ft

}

=
1
h

EQ
{
XT−hST−he(rd−rf )h

∫ T
T−h

erf (u−(T−h))du|Ft
}

=
1
h

EQ
{
XT−he(rd−rf )hST−h

erfh − 1
rf

Ft

}
= e(rd−rf )h e

rfh − 1
rfh

XtSte
rd(T−h−t).

12 p q 11, � � w � è x T − h y û t�
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| } ~ � � � � � � � � � �  � � � , � � � �

= C2(ST ,KT , t) + e
−rf (T−t)XtM1t + e

−rd(T−t) ×[
e(rd−rf )(T−t)

erf (T−t) − 1
rf (T − t) XtSt

]
− e−rd(T−t)

[
XtSte

rd(T−t)
]

= C2(ST ,KT , t) + e
−rf (T−t)XtM1t +Xt

[
1− e−rf (T−t)
rf (T − t) − 1

]
St,

(14b)

(14b) Ë n P Á £ Ð p q r s Ã W ¥ �  , ¥ c , + ' c e S ¥ T U t � �

¦ r Ã - . ®

M M Õ × ¥ c , + e S ¥ T U V W � � � t � � r Ã - . , � Á p q Ã £ Ð

Ä � t ∈ [0, T − h) | } , ~ � Ü # $ N Á Z ) O d e , © r S s t £ Ã p q

Ã W XTKT ¦ © ª ¥ « y ® " · � � Á % & � � p q Ã e ¦ t � � r Ã -

. � � , N Ú o # ; Ó � Ä � � Á t ∈ [0, T −h) Ä , ² � p q Ã W Y � ~ � �

� , ; < � � © r S s t £ Ã ¦ R S U Ã � ¤ r � Ñ Ò e , Á t ∈ [0, T −h) Ä

� � , ¼ � ¦ �   y � # © r S s t £ Ã p q Ã W ¦ © ª ¥ « y ; � � Á p

q Ã £ Ð Ä � t ∈ [T − h, T ], � � ¯ ¦ © r S s t £ Ã r s p q Ã W XtM1t,

� · % & � � p q Ã e ¦ t � � r Ã Ô � , © S  Y Z ) * + ® ¯ , � × ²

� ¯ � � � � } � ®

4.3� Ê G H Ë Ì �

} ~ h i j k ¤ ¥ Z B ´ � ¢ 8  q � : � ó q � ä � Í � ó q � Ù � �
² � ® ¯  the perfect market� Æ , Û ø � Ï � " è ó ´ Ò ø ¸ ¹  - � �  ¸
¹ � � Î � Î Ï « ´ ó 0 � � Ò � , Ï � F ý Ð s t F Ó � ä Ì � � £ ¤ Ð
Ñ , Ò ý � Ó � � � Æ Ô F Ñ p , � Õ � 
 © Ñ p ä û ¿ , � � ó ù T U � �

´ Õ î R 
 , � q � Ñ p ´ Ú É  
 ä � û , } ~ Ò Ù s 3 Ç � À | Õ � Ï

Ö × $ ó m n ´ Á q ä
å å h i ¬ � W T U V W Æ ´ T � � >  �  � X Y Q R S � S ´ P � � Z

b ì C2(ST ,KT , T ) = XT ·Max(ST −KT ,0) Ú Ø : Max(ST −KT , 0) � � Ù Û ¿
¤ � " è ó ´ T � � >  ¿ ¤ �  � X Y Q R S ´ � S P � � Z b ì ä } ~
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Ú s 3 BBC 1994� ´ $ ó m n � $ Ù � � S ´ ó Î ,13 k @ Ç � Ã � O , K

Ú � � Ã y ° © ¯ Á , + Xt 4 Ô � × © r S £ Ã ¦ � � ® ; < , Ú � � ¦

¼ ½ Â Ã Û Ü Ó

C2(ST ,KT , t) = Xt · Cf2 (ST ,KT , t)

=




Xt · Ste−rfh
{
µFO2 N

(
µFO2

vFO2

)
+ vFO2 g

(
µFO2

vFO2

)}
,

0≤ t < T − h < T

Xt · Ste−rf (T−t)
{
mFO2T N

(
mFO2T

σFO2T

)
+ σFO2T g

(
mFO2T

σFO2T

)}
,

T − h ≤ t < T,

Ü Ë · Ý Þ a ß z { e ¦ ¥ c , + ' c S ¥ T U � � Â Ã (11) Ë ¦ � � �

� Ø Ù Ú Û Ã W à á Ô � , N O Cf2 (ST ,KT , t) P Q © R S s t £ Ã ¦ S ¥ T

U  R S U V � V W � � � � � ¦ Ã y ®

5.e â ã ä å æ ç è ¶ é ä ê ë � · ¸ ¹ º ¿ À Á Â Ã

5.1� Ä Å F G

h i À | Û  ¤ � " è ó Q Æ ¿ ¤ C Ó ´ T � � > X Y Q R S , Æ C3(XTST ,

JT , T ) � � P � î , Û ¤ 
 � " è ó ´ ¿ ¤ �  ´ T � � > X Y � S , # û
Ç ´ � È I J ( :

C3(XTST , JT , T ) = Max(XTST − JT , 0), (15)

13 G BBC 1994� � � � î � ì Ã í î  ï 	 { | � é ê ë ì í ð í Cf2 (ST , KT , t), ù O � � ñ
� J K û

C
f
2 (ST , KT , t) =



Ste
−rfh

{
µFO2 N

(
µFO2

vFO2

)
+ vFO2 g

(
µFO1

vFO2

)}
, 0≤ t < T − h < T

Ste
−rf (T−t)

{
mFO2T N

(
µFO2T

vFO2T

)
+ σFO2T g

(
mFO2T

σFO2T

)}
, T − h ≤ t < T.
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� ¨ JT =
(∫ T
T−hXuSudu

)
/h � � Q R S ´ B C ó 0 Ù Û P � É � Ê î R

(h) ´ � ó T U 4 5 � Ë è 7 , ST £ XT � ò � � P � î ´ ¿ ¤ �  ó 0 £
Û  ¤ � " è ó ´ � � { � ¿ " ä
å å � Ï � S Ù ¿ ¤ � ó £ B C ó � Ù Û  ¤ � " è ó ä # û , K C U ó ô

� ¿ ¤ � ó ù T U õ & ö W Æ , É ¬ ¿ ¤ � S ö » ? ´ I J U ä - @ K C U

ó ô ¿ ¤ � ó ù B C ó � Û  ¤ � " è ó ÷ � / × ä

Ö × 3 � � ' ´ � È I J Æ , Û  ¤ � " è ó Æ ¿ ¤ C Ó ´ T � � > X Y Q
R S ´ � S � Ø Y � Ø Ù Ú / � � � ó 0 Cj3(XTST , JT , t) ( (j = FO,SO):



Xt · Ste−rdh

{
µ
j
3N

(
µj3

v
j
3

)
+ vj3g

(
µj3

v
j
3

)}
, 0≤ t < T − h < T

Xt · Ste−rd(T−t)
{
mj3TN

(
m
j
3T

σj3T

)
+ σj3T g

(
m
j
3T

σj3T

)}
, T − h ≤ t < T,

(16)

� ¨ ´ � �

µFO3 =
r3h

2
,

µSO3 = µFO3 +
(r3h)

2

3
+
σ2
SXh

4
,

(vFO3 )
2 =

σ2
SXh

3
,

(vSO3 )
2 = (vFO3 )

2+
σ4
SXh

2

4
+

7(r23σ
2
SXh

3)

15
+

3(r3σ2
SXh

2)

4
,

r3 = rd − σ
2
SX

2
,

σ2
SX = σ

2
S + 2ρσSσX + σ

2
X ,

mFO3T = 1− T − t
h
+ r3

2(T − t)h− (T − t)2
2h

− M2t

XtSt
,

M2t =

∫ t
T−hXuSudu

h
,

mSO3T = m
FO
3T +

σ2
SX(T − t)

2
+ (T − t)2

(
r23
2
− σ

2
SX

4h

)
− r

2
3(T − t)3

6h
,
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(σSO3T )
2 = (σFO3T )

2+ 2r23σ
4
SX

(T − t)5
15h2 + σ2

SX(T − t)4
(
σ2
SX + 5r3

12h2 − 2r23
3h

)

+σ2
SX(T − t)3

(
r23 −

(
5r3+

σ2
SX

3h

))
+ σ2

SX(T − t)2
(

2r3+
σ2
SX

2

)
,

Û ù (σFO3T )
2 = [1− (T − t)/h+ (T − t)2/(3h2)]σ2

SX(T − t)ä

� � : £ f 3 ù 4 g ´ � � Ò � , ø Ù � è 7 ù ú � ô Î î ´ t U u v ©
ø ä 14

M M � � (16) Ë , � t ∈ [0, T − h) Ä , � � ¦ � � � � Ú Û Ø Ù Ã W · Ä �

� t Y - , � Ä � ·  ! Ä � T − t Y - ® � U Ã X , + © ª � l ¦ b c  ·

Ô - . a # � & Ú � Ü � � � Ã W ¦ � � ; � ®

5.2� X Y Z < G = >

Ò � G f 3 g 3.2 @ g ´ � q ä h i , ë _ Æ ( P � î � Z b ì c � � :

(JT −XTST ) + (XTST − JT )+ = (JT −XTST )+. (17)

� � 1: � t ∈ [0, T − h) î , � ã Ý ¨ p Æ , (17) � ´ � Î c � � (

e−rd(T−t)EQ
[
(JT −XTST ) + (XTST − JT )+|Ft

]
= e−rd(T−t)EQ[(JT −XTST )+|Ft]︸ ︷︷ ︸

P3(XTST , JT , t)

,

e−rd(T−t)EQ[(JT −XTST )|Ft] + e−rd(T−t)EQ[(XTST − JT )+|Ft]︸ ︷︷ ︸
C3(XTST , JT , t)

= P3(XTST , JT , t), (18)

14 C A û N B � ü B ý þ , ÿ � O � ü B � � , g h � � � ë ì $ % , à á û G � ã � � î û N , 	
� ) 
 � ö �  � � l m ¶ � � à á � � �
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d e f / Ú » 15

P3(XTST , JT , t)

= C3(XTST , JT , t) + e
−rd(T−t)EQ[JT |Ft]− e−rd(T−t)EQ[XTST |Ft]

= C3(XTST , JT , t) + e
−rd(T−t)

[
erdh − 1
rdh

XtSte
rd(T−h−t)

]

−e−rd(T−t)
[
XtSte

rd(T−t)
]

= C3(XTST , JT , t) +

[
1− e−rdh
rdh

− 1

]
XtSt, (19a)

(19a) Ë n P Á o ² £ Ð p q r s Ã W ¥ �  , © r S s t £ Ã e S ¥ T U

t � � ¦ r Ã - . ®

I J 2: � t ∈ [T − h, T ] Ä , < Ä (18) Ë u v Ó 16

P3(XTST , JT , t)

= C3(XTST , JT , t) + e
−rd(T−t)EQ

[(
M2t +

1
h

∫ T
t
XuSudu

)
|Ft
]

−e−rd(T−t)EQ[XTST |Ft]

= C3(XTST , JT , t) + e
−rd(T−t)EQ[M2t|Ft] + e−rd(T−t)EQ

[
1
h

∫ T
t
XuSudu|Ft

]

−e−rd(T−t)EQ[XTST |Ft]

15 C q 11 ù �

�

EQ[JT |Ft] = 1
h

EQ
{∫ T
T−h

EQ[XuSu|FT−h]du|Ft
}

=
1
h

EQ
{
XT−hST−h

(∫ T
T−h

erd(u−(T−h))du

)
|Ft
}

=
1
h

EQ
{
XT−hST−h

erdh − 1
rd

|Ft
}
=
erdh − 1
rdh

XtSte
rd(T−h−t).

�

16 p q 15, � � w � è x T − h y û t�
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= C3(XTST , JT , t) + e
−rd(T−t)M2t + e

−rd(T−t)
[
erd(T−t) − 1
rd(T − t) XtSt

]

−e−rd(T−t)
[
XTST e

rd(T−t)
]

= C3(XTST , JT , t) + e
−rd(T−t)M2t +

[
1− e−rd(T−t)
rd(T − t) − 1

]
XtSt, (19b)

(19b) Ë n P Á £ Ð p q r s Ã W ¥ �  , © r S s t £ Ã e S ¥ T U t �

� ¦ r Ã - . ® Õ × © r S s t £ Ã | e R S 7 8 ¦ S ¥ T U V W � � �

t � � r Ã - . , Ô Ù ¦ ¬  Á ¯ 3 ° 3.2 ¨ ° · ¯ 4 ° 4.2 ¨ ° � � � � ,

< � � Á � � ®

6.e � µ ¼ è ¶ � · ¸ ¹ º » ² ³ ¾ ¿ À Á Â Ã

6.1� Ä Å F G

h i À | � W � ó Æ ´ T � � >  T U � X Y Q R S ä Æ C3(XT , LT , T ) � �

P � î , Û ¤ 
 � " è ó ´ �  V W T � � > ¿ T � S , # û Ç ´ � È I J

( :

C4(XT , LT , T ) = ST ·Max(XT − LT , 0), (20)

� ¨ LT =
(∫ T
T−hXudu

)
/h � � T U Q R S ´ B C ó 0 Ù Û P � É � Ê î R

(h) ´ T U 4 5 � Ë è 7 , ST � � P � î ´ ¿ ¤ �  ó 0 ä
å å � Ù � Ï 4 5 T U � S Max(XT −LT ,0), á � V W ¿ ¤ �  ó 0 ST , Y

' � ´ Ù ¾ G ¿ T A Ã Ü Ý , 2 3 4 5 T U ( B C ó Ú D E ¿ T A Ã - ¿ "

K C ´ � È ó 0 © F â G H � I J ä

Ö × 4 � � ' ´ � È I J Æ , � W �  Æ ´ T � � >  T U � X Y Q R S ´
� S � Ø Y � Ø Ù Ú / � � � ó 0 C

j
4(XT , LT , t) ( (j = FO,SO):
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St ·Xte(rf−rd−ρσSσX )h
{
µj4N

(
µj4

vj4

)
+ vj4g

(
µj4

vj4

)}
,

0≤ t < T − h < T

St ·Xte(rf−rd−ρσSσX )(T−t)
{
m
j
4TN

(
mj4T

σj4T

)
+ σj4T g

(
mj4T

σj4T

)}
,

T − h ≤ t < T,

(21)

� ¨ ´ � �

µFO4 =
r4h

2
,

µSO4 = µFO4 +
(r4h)

2

3
+
σ2
Xh

4
,

(vFO4 )
2 =

σ2
Xh

3
,

(vSO4 )
2 = (vFO4 )

2+
σ4
Xh

2

4
+

7(r24σ
2
Xh

3)

15
+

3(r4σ2
Xh

2)

4
,

r4 = rd − rf + 2ρσXσS − σ2
X

2
,

mFO4T = 1− T − t
h
+ r4

2(T − t)h− (T − t)2
2h

− M3t

Xt
,

(σFO4T )
2 =

(
1− T − t

h
+
(T − t)2

3h2

)
σ2
X(T − t),

M3t =

∫ t
T−hXudu
h

,

mSO4T = m
FO
4T +

σ2
X(T − t)

2
+ (T − t)2

(
r24
2
− σ

2
X

4h

)
− r

2
4(T − t)3

6h
,

Û ù (σSO4T )
2 = (σFO4T )

2+2r24σ
4
X(T − t)5/(15h2)+σ2

X(T − t)4((σ2
X+5r4)/(12h2)−

2r24/(3h)) + σ
2
X(T − t)3(r24 − (5r4+ σ2

X/(3h))) + σ
2
X(T − t)2(2r4+ σ2

X/2)ä

� � : £ f 3 ù 4 g ´ � � Ò � , ø Ù � è 7 ù ú � ô Î î ´ t U u v ©
ø ä 17

17 p q 14�
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M M � � (21) Ë , � t ∈ [0, T − h) Ä , � � ¦ � � � � Ú Û Ø Ù Ã W · Ä �

� t Y - , � Ä � ·  ! Ä � T − t Y - ® � U Ã X , + © ª � l ¦ b c  ·

Ô - . a # � & Ú � Ü � � � Ã W ¦ � � ; � ®

6.2� X Y Z < G = >

Ò � G f 3 g 3.2 @ g ´ � q ä h i , ë _ Æ ( P � î � Z b ì c � � :

ST (LT −XT ) + ST (XT − LT )+ = ST (LT −XT )+. (22)

� � 1: � t ∈ [0, T − h) î , � ã Ý ¨ p Æ , (22) � ´ � Î c � � (

e−rd(T−t)EQ
[
ST (LT −XT ) + ST (XT − LT )+|Ft

]
= e−rd(T−t)EQ[ST (LT −XT )+|Ft]︸ ︷︷ ︸

P4(XT , LT , t)

,

e−rd(T−t)EQ[ST (LT −XT )|Ft] + e−rd(T−t)EQ[ST (XT − LT )+|Ft]︸ ︷︷ ︸
C4(XT , LT , t)

= P4(XT , LT , t), (23)

d e f / Ú » 18

P4(XT , LT , t)

= C4(XT , LT , t) + e
−rd(T−t)EQ[STLT |Ft]− e−rd(T−t)EQ[XTST |Ft]

= C4(XT , LT , t) + e
−rd(T−t)


e(r1+ 1

2 σ
2
S)h
e(r4+

1
2 σ

2
X )h − 1(

r4+
1
2
σ2
X

)
h

XtSte
rd(T−h−t)




−e−rd(T−t)
[
XtSte

rd(T−t)
]

18 C q 11 ù �

170



DHVH: 2004/03/24 10:53AM page:171

| } ~ � � � � � � � � � �  � � � , � � � �

= C4(XT , LT , t) + St


 1− e−(r4+ 1

2 σ
2
X )h(

r4+
1
2
σ2
X

)
h

− 1


Xt, (24a)

(24a) Ë n P Á o ² £ Ð p q r s Ã W ¥ �  , ¥ c U Ã ' c e S ¥ T U t

� � ¦ r Ã - . ®

I J 2: � t ∈ [T − h, T ] Ä , < Ä (23) Ë u v Ó 19

�

EQ[STLT |Ft]

=
1
h

EQ



∫ T
T−h

EQ[STXu|FT−h]du|Ft




=
1
h

EQ


EQ

[∫ T
T−h

ST−he
r1h+σS

(
zQ
T
−zQ

T−h
)
Xudu|FT−h

]
|Ft




=
1
h

EQ


ST−her1h

∫ T
T−h

EQ
[
e
σS
(
zQ
T
−zQ

T−h
)
Xu|FT−h

]
du|Ft




=
1
h

EQ


ST−her1h

∫ T
T−h

EQ
[
e
σS
(
zQ
T
−zQ

T−h
)
XT−h exp

[(
rd − rf − 1

2
σ2
X

)
×

(
u− (T − h)

)]
+ σX

(
w
Q
u − wQT−h

)
|FT−h

]
du|Ft




=
1
h

EQ


ST−hXT−her1h

∫ T
T−h

EQ
[

exp

[
σS

(
z
Q
T − zQT−h +

(
rd − rf − 1

2
σ2
X

)
×

(
u− (T − h)

))
+ σX

(
w
Q
u − wQT−h

)]
|FT−h

]
du|Ft




=
1
h

EQ


XT−hST−he(r1+

1
2 σ

2
S)h

∫ T
T−h

e(r4+
1
2 σ

2
X )(u−(T−h))du|Ft




=
1
h

EQ


XT−hST−he(r4+

1
2 σ

2
S)h e

(r4+
1
2 σ

2
X )h − 1(

r4 +
1
2
σ2
X

) |Ft



= e(r1+
1
2 σ

2
S)h
e(r1+

1
2 σ

2
X )h − 1(

r4 +
1
2
σ2
X

)
h

XtSte
rd(T−h−t).

�

19 p q 18, � � w � è x T − h y û t�
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P4(XT , LT , t)

= C4(XT , LT , t) + e
−rd(T−t)EQ

[
ST

(
M3t +

1
h

∫ T
t
Xudu

)
|Ft
]

−e−rd(T−t)EQ[XTST |Ft]

= C4(XT , LT , t) + e
−rd(T−t)EQ[STM3t|Ft]

+ e−rd(T−t)EQ
[
ST

(
1
h

∫ T
t
Xudu

)
|Ft
]
− e−rd(T−t)EQ[XTST |Ft]

= C4(XT , LT , t) + e
−rd(T−t)Ste(rf−ρσSσX )(T−t)M3T + e

−rd(T−t) ×
e(r1+ 1

2 σ
2
X )(T−t) e

(r4+
1
2 σ

2
X )(T−t) − 1(

r4+
1
2
σ2
X

)
(T − t)

XtSt


− e−rd(T−t)[XtSterd(T−t)]

= C4(XT , LT , t) + Ste
−(r4+ 1

2 σ
2
X )(T−t)M3t + St


 1− e−(r4+ 1

2 σ
2
X )(T−t)(

r4+
1
2
σ2
X

)
(T − t)

− 1


Xt,
(24b)

(24b) Ë n P Á £ Ð p q r s Ã W ¥ �  , ¥ c U Ã ' c e S ¥ T U t � �

¦ Â Ã - . ® Õ × ¥ c U Ã e ¦ S ¥ T U V W  , + � � � � t � � r Ã -

. , Ô Ù ¦ ¬  Á ¯ 3 ° 3.2 ¨ ° · ¯ 4 ° 4.2 ¨ ° � � � � , < � � Á �

� ®

7.e � è � � � � � �

É Â 4 g ¨ , � � � � e � Ï � n ´ T U V W Q Æ ´ T � � > X Y Q R S ´
� Ø Y � Ø Ù Ú � � � � × / � ó 0 ,  ! Ù � � × " # Ì ý é ' ð × � $

% v ý Í � , � 7.1 @ g } ~ Ð � � e Ç ~ ´ � 
 � � � � Î ä � 7.2 @ g &

' À | � � � � × ´ J %  Û ù ( )  � * , £ ¤ ° � � + W v â î , , ¢

� � � � × � Î � - © 
 , . Q � + W v � î , , @ | / ý � - , � î ¡ � 
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� � � � � Î Ú Ø , � Ø Ù Ú � � � � × � ý 0 � ´ Ú 1 v ä � 7.3 @ g À
| � Ø Y � Ø Ù Ú � � � � × ´ × 2 Ø ä

7.1� 3 4 5 6 7 8

h i Æ CEi (·, ·, 0), i = 1, 2, 3,4 � ò � � � î R t = 0 î , É Â � g T � � >

X Y Q R S � S ´ $ % ó 0  exact price� ä # û , } ~ É Â � g � � ´ � Ø

ù � Ø Ù Ú � � � � × £ $ % ó 0 ´ � 
 � � � � � ò ( 20

∣∣∣C1(ST ,KT , 0)− CE1 (ST ,KT , 0)
∣∣∣

≤




X̄ · e−rdTS0e
(r1+

1
2 σ

2
S)(T−h)




2
(
r1+

1
2
σ2
S

)2

h2

3
e(r1+

1
2 σ

2
S)h +

3
4
σ2
Sh




X̄ · e−rdTS0e
(r1+

1
2 σ

2
S)(T−h)




5
(
r1+

1
2
σ2
S

)3

h3

24
e(r1+

1
2 σ

2
S)h + r1σ

2
Sh

+
1
4
σ4
Sh

2+
(2r21 + 4r1σ2

S + σ
4
S)h

3

12


,

(25)

∣∣∣C2(ST ,KT , 0)− CE2 (ST ,KT , 0)
∣∣∣

≤




e−rfhX0S0




2
(
r2+

1
2
σ2
S

)2

h2

3
e(r2+

1
2 σ

2
S)h +

3
4
σ2
Sh




e−rfhX0S0




5
(
r2+

1
2
σ2
S

)3

h3

24
e(r2+

1
2 σ

2
S)h + r2σ

2
Sh

+
1
4
σ4
Sh

2+
(2r22 + 4r2σ2

S + σ
4
S)h

3

12


,

(26)

20 ò ó 9 : L M ; < 4�
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∣∣∣C3(XTST , JT , 0)− CE3 (XTST , JT , 0)
∣∣∣

≤




e−rdhS0X0




2
(
r3+

1
2
σ2
XS

)2

h2

3
e(r3+

1
2 σ

2
XS)h +

3
4
σ2
XSh




e−rdhS0X0




5
(
r3+

1
2
σ2
XS

)3

h3

24
e(r3+

1
2 σ

2
XS)h + r3σ

2
XSh

+
1
4
σ4
XSh

2+
(2r23 + 4r3σ2

XS + σ
4
XS)h

3

12


,

(27)

∣∣∣C4(XT , LT , 0)− CE4 (XT , LT , 0)
∣∣∣

≤




S0X0e
−(r4+ 1

2 σ
2
X )h




2
(
r4+

1
2
σ2
X

)2

h2

3
e(r4+

1
2 σ

2
S)h +

3
4
σ2
Xh




S0X0e
−(r4+ 1

2 σ
2
X )h




5
(
r4+

1
2
σ2
X

)3

h3

24
e(r4+

1
2 σ

2
S)h + r4σ

2
Xh

+
1
4
σ4
Xh

2+
(2r24 + 4r4σ2

X + σ
4
X)h

3

12


,

(28)

� � (25) Ë X (26) Ë X (27) Ë ª (28) Ë , = � > Ñ £ Ð ½ n B � � � � Ø Ù

? @ ¬ ¼ § ¤ ¥ Ü Ý y § × A � � � Å £ Ð ® z R , ¼ § ¤ ¥ Ü Ý y · ¥ B

§ ¨ ¦ C & µ Ë � - , � � : © % & , + | e ¦ S ¥ T U  U V � V W � � �

¦ � � � � , � · S  X S R Y Z ) * + © ª R S U V Ã W b c  � - ; © r

S s t £ Ã | e R S 7 8 ¦ S ¥ T U V W � � � ¦ � � � � , � � · S  X

S R Y Z ) * + © ª R S U V Ã W X , + ¦ b c  � - , � D 4 5 $ N R S

T ¦ U V · , + ¦ Ô - . a © ª ®
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7.2� E F G H

h i , l ç � Ï � n ´ � S P � � ( I ¢ J U , ¤ 
 £ ¤ ¿ � ã Ý s U � ò

( rd = 10% £ rf = 9%, � � ¿ ¤ �  ó 0 £ T U ó 0 � ò ( S0 = 100 £
X0 = 32, , @ ¾ 1 ´ + W v £ Ò ñ � � � ò ( σS = 25%Y σX = 20% ù
ρSX = 0.5, Û ù B C ó 0 ´ è 7 V W î R ( P � � É 20 K ä 21

M M o P 1 ª P 2 n © B È :

U P 1 O ¦ ¯ V À ¯ � � a y P Q ¥ c , + ' c S ¥ T U  U Ã � V W � �

� ¦ Ã W 22 Ó 45.862518,q � × x ¥ , + ° Ü BBC 1994� £ Ð ¦ V W �

� � Ã y (32× 1.436), x P Q 2 3 ¦ a y £ Ð Y Z L � Ã � O R d , � Ä

� � � � � � M Ø ? @ ¬ ¦ a y Ì Í · BBC 1994� N � � O P ®

Q a « � � � ¦ ¼ § ¤ ¥ b � c , 23 ( ¯ � � � � Ø Ù ? @ ¬ ¦ ¼ § Ü Ý

¤ ¥ Ô � g  h � È 29%� , ¬ / A � � � Ø Ù ? @ ¬ O i Á 2% ©  ® Å

© P Q A � � � Ø Ù ? @ ¬ a y Ô Õ j N � n k P ®

M M P 3 ª P 4 O # $ N � b c  · Ô - . a l m c Ä , Õ � � ª A � � �

Ø Ù ? @ ¬ a y ª ¼ § ¤ ¥ b � c ¦ u m l m n P � o ®

M M o P 3 ª P 4 n © B È :

U Á Ô � ¦ Ô - . a e , � R S U V b c  p §  q Õ } V « � � � , l ,

+ b c  p §  q Õ ¯ a « � � � , Y Û � � ª A � � � Ø Ù ? @ ¬ a y ,

a « ' c S ¥ T U V W � � � ¦ � � Ã y p § ® " � Ì Í # ¤ Ú ¦ , ; Ó

� � � ¦ Ã y 9 E b c  p § , � � Ã y p § ®

Q Á Ô � ¦ Ô - . a e , Y Û � � ª A � � � Ø Ù ? @ ¬ a y , 9 E , + b

c  σX ¦ Ü H  q Õ ¯ � « � � � , � * G e L , " � I J ; Ó (6) Ë r

s , Å © Y � t u o Ê Ë z � " � Ì Í ®

v Á Ô � ¦ R S U V b c  e , Y Û � � ª A � � � Ø Ù ? @ ¬ a y , w L

% & , + ' c S ¥ T U V W  U V � � � � R , N x V « ' c � � � Ã y

21 Û L � ÷ ø \ µ ! BBC 1994� 
 M B p , N O ä � P ) � 	 ï î H I } D Q � Ã C D Q C D
R F S ù � B ¸ T ø �

22 � � � � � W ì � " # í M , $ % à á ù ø Å l m X û ä ú à \ � � � G BBC 1994� � ã � ,
� l m � ì Ã í î  { ú � é ê ë ì í ú ê û 1.436�

23 Ý 
 A d e � f � l m Ü ù Ý 
 A d ð x Å N ù ý é ï ð ñ ø Å �
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 � ÿ � 32 : 1 (2004)

y 1z { | } ~ � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � �   ¡ � � � � � ¢ £ ¤
Ce1(ST ,KT , 0) 44.008871 7.9248007 18.0072%

Ce2(ST ,KT , 0) 45.862518 8.3451040 18.1959%

Ce3(XTST , JT , 0) 68.520965 20.297801 29.6228%

Ce4(XT , LT , 0) 35.347009 5.3310389 15.0820%

y 2z ¥ | } ~ � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � �   ¡ � � � � � ¢ £ ¤
Ce1(ST ,KT , 0) 45.501657 0.35630191 0.7831%

Ce2(ST ,KT , 0) 47.531541 0.65103360 1.3696%

Ce3(XTST , JT , 0) 72.292404 0.69925815 0.9673%

Ce4(XT , LT , 0) 36.313942 0.11059016 0.3045%

¦ § ¨ © ª « ¬  ® ¯ ° ® ¯ ±

² ³ 3 ´  µ ¶ · ¸ ¹ º » ¼ ½ ¬ ¾ , ¿ À Á Â Ã Ä Å Æ Ç È É Ê Ë Ì  Í

Î � Ï Ð Ñ , Ò © ª « ¬ ρ Ó 0.2 Ô Õ Ö 0.8 × Ø 3 Ù 3.1 Ú Ù ´ Û Ü Ý ,

Ò ρ > [rf (T − t− h)− rd(T − t)]/[σSσX(T − t− h)] = ρ∗ Þ � , Ñ ß à á â

ã ± × ä å æ Ò ´ , ç è é  ρ∗ ¾ ¿ ê À ³ 3 Ø µ ë  ì í î ï ð , ç è

ñ ò ó ô õ , ö í î ¬ ÷ ñ Ú À 0.8, ø ù ú û , ü ý , Ñ ß à § ¨ © ª « ¬

 ® ¯ ° â ã ± þ ÿ � � � , ³ 4 ´  � ¶ · ¸ ¹ º » ¼ ½ ¬ ¾ � � © þ

ú û ±

� � 	 ³ 3 
 ³ 4 � � , � ¶ · ¸ ¹ º » ¼ ½ ¬ ¾ ñ  À µ ¶ · ¸ ¹ º » ¼

½ ¬ ¾ , ö � � � ü ô � ¶ · ¸ ¹ º � µ ¶ · ¸ ¹ º � Ô Õ �  ¶ Æ �

� , � � � ¾ � � ±

� × � � Æ � Þ , µ ¶ 
 � ¶ · ¸ ¹ º » ¼ ½ ¬ ¾  � ¯ � � � �  ! �

� " , # � $ % » ¼ ½ ¬ ¾ , & ' ( ) ¬ ¾ � " * ¯ , ³ + µ ¶ · ¸ ¹ º

» ¼ ½ ¬ ¾ © ¿ À � ¶ · ¸ ¹ º » ¼ ½ , - . / , ° 0 1 2 3 4 ; 5 6 ,

Ò  � Æ � Þ , µ ¶ 
 � ¶ · ¸ ¹ º » ¼ ½ ¬ ¾  � ¯ � � � � 7 ¬ ¾

ñ 8 9 � � " , ý Þ ü : ; < � ¶ · ¸ ¹ º » ¼ ½ ¬ ¾ = > � © ¿ � ? ±
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7.3� I J G H

� Ø ù � Ø Ù Ú � � � � × / � ó 0 ´ × 2 Ø K 0 À | � Æ :

 , @ ï ð � Ù Û Ù Ú ± V � � L � ¿ , � Ø Ù Ú � � � � × ´ Ö × ¦ § ,

Ì l ç ð L � � � � M Ð Ö » , � Ù : � N ´ l ç ä � ¤ � � � � © � L

î , � � ´ Ö » Ì ý O P ä
� � ø É Â @ g � ' , � Ø Ù Ú � � � � × � Î � � G � Ø Ù Ú � � � �

× � Î , Ú É � � � Ø Ù Ú � � � � × ý � Ù Q R S ó 0 ´ � � ° � ä
å å � Tsao et al. 2003� X ^ ¨ � 5 ° � , î R · Ã M C � > � U (T −h < t),
ó 
 Q R S (in the money options)� � + W v î , � Ø Ù Ú L � � � × F ý �

Ù Q R S ó 0 ´ O P ä � ¾ G ° ú Q ¸ Ð Ñ , � ¤ 2 3 � Ø Ù Ú L � � � ×

î , Ð � Ù Ü Ý K U (Delta) · Ð Ñ � Ü Ý Ñ  , � Ù � 
 O P ä O G � Ø Ù

Ú � � � � × � Î , © � � Y â + W v î Y ó 
 ó ¿ � Ù ý â Ù ó Î � R ä �

Û ô ø Ö ý Ü Ý Ñ  ´ O P , S � T U Ú Û ë _ 3 
 V q � × W � â Ù Q R
S ó Î O P ä

8.e X ß Y Z [ \ ] ^ _

�  X ¨ , º 3 Ù Ú ± V � » P ð � Ï T U V W % � ´ X Y Q R S ´ � S �
Ø ù � Ø Ù Ú � � � � × Û ù Ü Ý ` � ,25 � D £ Ð � h 3 ¦ ¼ § ¢ £ ¤ ¥

Ü Ý y ® º » ¼ ½ � � � � , � Â ¢ i g 2 3 ¦ Ø Ù ? @ ¬ , ( ¯ N � n k

P ® Á j b c  Ä , � � � � Ø Ù ? @ ¬ a y Ô Õ × A � � � Ø Ù ? @ ¬ Ê

Ë Î v , / D � > k l ® m | , � g b c  Ä , © A � � � Ø Ù ? @ ¬ a y �

Â Ã Ô Õ n k ®

M M Ø Ù ? @ ¬ n © ° n * Ç a y µ � Å Æ o p ¦ q § Ä � , Á � r Ü Õ ×

n © s t ¼ § ¤ ¥ Ü Ý ¦ , � u Ó � v ¦ Ø Ù y ® ¼ ½ , � Û Ü $ N ( w U

V U * Ó q Ä , O � Æ K Å � Ê Ë O St x y R St exp(−q(T − t)) x n ®

25 ¸ A a I ÷ ø � b � , ö ù c d 
 C e � ý Æ , a f O � ü B � � , g h � � � W ì � í M , i b
� û G i g î , 	 � ) 
 � ö �  l m ¶ � � à á � � �
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M M ² � ³ ´ µ ¶ Ü , n ©   ¡ w L � � z { Ë | Ð � Ø Ù ? @ ¬ R , # }

� N x M Ø µ � , � � : Milesky and Posner 1998� $ N V W � � � ¦ ~ � � 


P � � a � � : + � 
  Reciprocal Gamma Distribution� z { � � � ¦

Ø Ù ? @ ¬ ® k l w L Ð � Ø Ù ? @ ¬ R , M £ Ð Ä � � � , � n $ N a y

µ � � £ Ð , � � : U 6 Ç � � � � µ � , � 
 � � m � �  control variates�

� | B ® Q � � � � µ Ò Ë  partial differential equation; PDE� , ¸ � A � � ,

* Ç � Ý ¥ � �  finite difference method� �   ¡ ¬ ¦ � � P  convergence� X

¬ ¦ � O P  consistency� X ¬ ¦ � � P  uniqueness� � � � � � � � � � ¦  

¡ ®
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� � 1

l ç , � t ¦ § (zt)Tt=0 ù (wt)Tt=0 ( � L � � � W , , @ ø � R ´ Ò ñ � �

( ρ, © ø � R ( � p , � a � O ´ � t ¦ § (Yt)Tt=0 � Æ :

YT = µ(T, t) + a1(zT − zT−h) + a2

∫ T
T−h
(zu − zT−h)du+ b1(wT − wT−h)

+b2

∫ T
T−h
(wu − wT−h)du, (1A)

� ¨ µ(T, t) ø ( £ î R Ó Õ ý ñ ´ � � , a1, a2, b1 ù b2   ( � � � YT |FT−h
� L � � � M , ô Ì Ù

YT |FT−h ∼ n
(
µ(T, t),

(
a2

1+ 2ρa1b1+ b
2
1

)
h+ (a1a2+ ρa2b1+ ρa2b1+ b1b2)h

2

+
1
3

(
a2

2+ 2ρa2b2+ b
2
2

)
h3
)
. (1B)

å å h i YT ( , � � � M ´ ¡  Ò à , # û ¢ ! � L � � � M ä ? � , Ç ´
ù ú � ô Î , E[YT |FT−h] = µ(T, t), � Ù # ( � � � W � L 4 £ ¦ § ä 26 ¼ ½

£ Ð © ª m � a , Var[YT |FT−h], ; Ó £ Ð ¤ s , Å © � £ Ð Å Æ Ç È ¦ � É

© ª m � a · © ª ¯ m � a : 27

U Cov

(∫ T
T−h
(zu − zT−h)du,

∫ T
T−h
(wu − wT−h)du|FT−h

)

= E

(∫ T
T−h
(zu − zT−h)du

∫ T
T−h
(wu − wT−h)du|FT−h

)

26 ( ä ÷ � B � (zt)Tt=0 ñ ¥ » ¼ ½ F , J K E[ZT − ZT−h|FT−h] = 0�
27 ö û ¦ D � § ¨ » ¼ ½ F û © � , � ù (1) � C � ª ÿ ö Þ û C « ª ÿ �
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| } ~ � � � � � � � � � �  � � � , � � � �

= E

(∫ h
0
(zu − z0)du

∫ h
0
(wu − w0)du|F0

)
.

M M ¬  Á < � ¦ � �  � du � ® Ô � , 4 ¯ ° ± ² e K ½ l u © dv, z

R Á ¡ ¢ £ ¤ F0 | © ª e , � × Y © ª ¡ ¢ £ ¤ , ; < Ü Ë � × 28

∫ h
0

∫ h
0

E
[
(zu − z0)(wv − w0)

]
dudv = ρ

∫ h
0

∫ h
0

Min(u, v)dudv =
ρh3

3
.

M M � Ú , © ª m � a � K Ô - . a ρ � × 1 Ä , n B

Var

(∫ T
T−h
(zu − zT−h)du|FT−h

)
= Var

(∫ T
T−h
(wu − wT−h)du|FT−h

)
=
h3

3
,

ª

Q Cov

(
(zu − zT−h),

∫ T
T−h
(wu − wT−h)du|FT−h

)

=

∫ h
0

E
[
(zu − z0)(wu − w0)du|F0

]
= ρ

∫ h
0
udu =

ρh2

2
.

M M � Ú , n B

Cov

(
(wu − wT−h),

∫ T
T−h
(zu − zT−h)du|FT−h

)
=
ρh2

2
,

© ª

Cov

(
(zu − zT−h),

∫ T
T−h
(zu − zT−h)du|FT−h

)

28 � A » ¼ ½ F B ¸ � l m ó D , L ÷ M Klebaner (1998),Introduction to Stochastic Calculus with
Applications, Imperial College Press.
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= Cov

(
(wu − wT−h),

∫ T
T−h
(wu − wT−h)du|FT−h

)
=
h2

2
.

¼ ½ ,

v Cov
(
(zu − zT−h

)
,
(
wu − wT−h)|FT−h

)
= E

[
(zu − z0)(wu − w0)|F0

]
= ρh,

© ª

Var
(
(zT − zT−h)|FT−h

)
= Var

(
(wT − wT−h)|FT−h

)
= h.

M M ¯ Á 2 3 { ³ £ Ð Var[YT |FT−h], * Ç (1A) Ë n B

Var[YT |FT−h] = a2
1Var

(
(zT − zT−h)|FT−h

)
+ a2

2Var
(∫ T
T−h
(zu − zT−h)du|FT−h

)

+b21Var
(
(wT − wT−h)|FT−h

)
+ b22Var

(∫ T
T−h
(wu − wT−h)du|FT−h

)

+2a1a2Cov

(
(zu − zT−h),

∫ T
T−h
(zu − zT−h)du|FT−h

)

+2a1b1Cov
(
(zu − zT−h), (wT − wT−h)|FT−h

)

+2a1b2Cov

(
(zu − zT−h),

∫ T
T−h
(wu − wT−h)du|FT−h

)

+2a2b1Cov

(
(wu − wT−h),

∫ T
T−h
(zu − zT−h)du|FT−h

)

+2a2b2Cov

(∫ T
T−h
(zu − zT−h)du,

∫ T
T−h
(wu − wT−h)du|FT−h

)

+2b1b2Cov

(
(wu − wT−h),

∫ T
T−h
(wu − wT−h)du|FT−h

)
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� � � } � > £ Ð ¦ (1)X (2) ª (3), > Ñ ¤ ´ Ï Î Ü Ë n B (1B) Ë O ¦ © ª

m � a ®

M M µ C � 9 : Ñ Ò (Yt)Tt=0, Á ¡ ¢ £ ¤ F0 | © ª e , � ¤ � 	 � 
 n(µt,

σ2
t ), N O µt ª σ2

t � � P Q © ª ¥ « y · © ª m � a , � D � Ó · Ä � : ;

� - ¦ � a , O 29

E
[
Max(YT , 0)|FT−h

]
= E[Y +T |FT−h] = µTN

(
µT
σT

)
+ σT g

(
µT
σT

)
, (1C)

N O N(x) ª g(x) � � P Q T « � 	 � 
 , Á � x Ü ¦ �  : + y · : + �

 � a y ®

M M � � ¥ « y ¦ & ¶ :

E[Y +T |FT−h] = E[YT |FT−h]− E[Y −T |FT−h]

= µT −
∫ 0

−∞
Y

1√
2πσ2

T

exp

(
− (Y − µT )

2

2σ2
T

)
dY,

* Ç m a m y , ± W = (Y − µT )/σT O Y = µT + σTW n · Ü Ë n B

µT −
∫ − µT

σT

−∞
(µT + σTW )

1√
2π

exp

(
−W

2

2

)
dW

= µT

(
1−

∫ − µT
σT

−∞
1√
2π

exp

(
−W

2

2

)
dW

)

−σT
∫ − µT

σT

−∞
W

1√
π

exp

(
−W

2

2

)
dW

= µT

(
1−N

(
− µT
σT

))
+ σT

1√
2π

exp

(
−W

2

2

)∣∣∣∣∣
− µT
σT

−∞

29 û ¸ Þ ñ � ù � l m � ¹ , à á G Û L � º » ; < � � � Y +T = Max(YT , 0) � Y −T =

Min(YT , 0)�
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= µTN

(
µT
σT

)
+ σT g

(
µT
σT

)
, (1D)

N O N(µT /σT ) =
∫ µT /σT−∞ exp(−W 2/2)dW/

√
2π © ª g(µT /σT ) = exp(−(µT /

σT )
2/2)/

√
2π � � Ó T « � 	 � 
 Á � µT /σT Ü ¦ �  : + y ª : + � 

� a y ®

� � 2

� ã Ý ¨ p $ ó q Æ , � î R t (0 ≤ t < T ), s 3 (4) � Û ù � È I J (5) � ,

Q R S ´ � S / � ó 0 (

C1(ST ,KT , t) = e
−rd(T−t)EQ

[
X̄ ·Max(ST −KT , 0)|Ft

]
. (2A)

� � 1: � t ∈ [0, T − h) î , % & ¼ ½ ¾ · ù ú � ô � ¿ 30 (The Law of Iterated

Conditional Expectations),K (2A) Ë À v � e :

C1(ST ,KT , t) = X̄ · e−rd(T−t)EQ
[
EQ[Max(ST −KT ,0)]|FT−h|Ft

]
.

M M � Ä * Ç (1) Ë , K R S U Ã ST = ST−h exp((rf − ρσSσX − σ2
S/2) h +

σS(z
Q
T − zQT−h)) © ª p q Ã n · Ü Ë n B

X̄ · e−rd(T−t)EQ

ST−hEQ


[er1h+σS

(
z
Q
T
−zQ
T−h

)

− 1
h

∫ T
T−h
e
r1(u−(T−h)+σS

(
z
Q
u −zQT−h

)
du

]+
|FT−h


|Ft


, (2B)

30 � Á Â Ã Ä j ] ^ Ã Ä µ Å â N B è : � A ÷ � E ø (Xt) Æ Ç , 0< t < u < s < T, E[Xs|Ft =
E[E[Xs|Fu]|Ft]� á ò ó � â N ! ½ � L ÷ M Duffie (1988),Security Markets: Stochastic Models, New
York: Academic Press�
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N O ± r1 = rf − ρσSσX − σ2
S/2, Ó | ? @ ¬ , 2 3 Õ Ü Ë ¦ È a � a © � �

� � z { Ë P Q � e :

e
r1h+σS

(
z
Q
T
−zQ
T−h

)
∼= 1+ r1h+ σS

(
z
Q
T − zQT−h

)
, (2C)

e
r1(u−(T−h))+σS

(
z
Q
u −zQT−h

)
∼= 1+ r1(u− (T − h)) + σS

(
zQu − zQT−h

)
. (2D)

M M (2B) Ë  O É Ê ¦ È a � a ª  � Ë | Ô ¥ © Y1T P Q | , k K (2C) Ë

ª (2D) Ë n · Y1T Ì B

Y1T
∼= 1+ r1h+ σS

(
z
Q
T − zQT−h

)

− 1
h

∫ T
T−h

[
1+ r1

(
u− (T − h)

)
+ σS

(
zQu − zQT−h

)]
du

=
r1h

2
+ σS

(
zQT − zQT−h

)
− σS
h

∫ T
T−h

(
zQu − zQT−h

)
du.

� � ¾ ¿ 1 ¦ (1A) Ë ¦ £ Ð  � µ(t, T ) = r1h/2, a1 = σS , a2 = −σS/h, b1 =
0, b2 = 0� Ä

Y1T |FT−h ∼ n
(
r1h

2
,
σ2
Sh

3

)
≡ n

(
µFO1 , (v

FO
1 )

2
)
. (2E)

Å © , (2B) Ë  ¦ ¯ A � ¥ « y , � � ¾ ¿ 1 ¦ (1C) Ë ª (2E) Ë n B 31

E[Y +1T |FT−h] = µFO1 N

(
µFO1

vFO1

)
+ vFO1 g

(
µFO1

vFO1

)
.

; < , � � � ¦ � � Ú Û Ã W (2B) Ë n © u v Ó

31 Å Æ ä � , � l m î � E[Y +1T |FT−h] Ü ä � ø ! Í Î Ï ¥ Ft î ¸ �
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X̄ · e−rd(T−t)EQ
[
ST−hEQ[Y +1T |FT−h]|Ft

]
= X̄ · e−rd(T−t)EQ[ST−h|Ft] · EQ[Y +1T |FT−h]

= X̄ · St · e−rd(T−t) · e(rf−ρσSσX)(T−t−h) ×{
µFO1 N

(
µFO1

vFO1

)
+ vFO1 g

(
µFO1

vFO1

)}
.

I J 2: � t ∈ [T − h, T ] Ä , p q Ã ¦ r s y � �  � � � , Ð n K p q Ã Ñ

R � � � � e :

KT =
1
h

∫ T
T−h
Sudu =

1
h

∫ t
T−h
Sudu+

1
h

∫ T
t
Sudu =M1t +

1
h

∫ T
t
Sudu,

N O M1t =
(∫ t
T−h Sudu

)
/h P Q � � � � ®

M M � � � ¦ � � Ú Û Ã W Ó 32

C1(ST ,KT , t)

= X̄ · e−rd(T−t)EQ

EQ

[
Max

(
ST −M1t − 1

h

∫ T
t
Sudu, 0

)
|Ft
]
|Ft


 (2F)

∼= X̄ · e−rd(T−t)EQ
[
StE

Q [Y +2T |Ft] |Ft] = X̄ · ST−h · e−rd(T−t)EQ[Y +2T |Ft]
= X̄ · ST−h · e−rd(T−t)

{
mFO1T N

(
mFO1T

σFO1T

)
+ σFO1T g

(
mFO1T

σFO1T

)}
. (2G)

< � Ô Ù × � t ∈ [0, T − h) Ä ¦ £ Ð µ Ë , � � � e :

32 B t = T − h ~ ,mFO1t = r1, M1t = 0, æ ç 1 ! æ ç 2 Ò Ó B p �
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Y2T
∼= 1+ r1(T − t)− M1T

St
+ σS

(
zQT − zQt

)

− 1
h

∫ T
t

[
1+ r1(u− t) + σS

(
zQu − zQt

)]
du

= 1− T − t
h
+ r1

(
2(T − t)h− (T − t)2

2h

)

−M1T

St
+ σS

(
zQT − zQt

)
− σS
h

∫ T
t

(
zQu − zQt

)
du

= m1T + σS
(
z
Q
T − zQt

)
− σS
h

∫ T
t

(
zQu − zQt

)
du,

N O mFO1T = 1− (T − t)/h + r1[2(T − t)h − (T − t)2]/(2h) −M1t/St, k Ô *

Ç ¾ ¿ 1 (1B) Ë  � µ(t, T ) = mFO1T , a1 = σS , a2 = −σS/h, b1 = 0, b2 = 0�

� K  � e Ý o T − h u Ó t, n B :

Y1T |FT−h ∼ n
(
mFO1T , (σ

FO
1T )

2
)
,

N O (σFO1T )
2 = [1− (T − t)/h+ (T − t)2/(3h2)]σ2

S(T − t), ¼ ½ * Ç ¾ ¿ 1 (1C)

Ë n B (2G) Ë ®

M M � Ú , 2 3 M $ N © A � � � z { Ë M Ø Ä , À r | } £ Ð n � � | B

� t ∈ [0, T − h) ª t ∈ [T − h, T ] Ä ¦ A � M Ø ¥ « y · m � a � e :

M M � t ∈ [0, T − h) Ä , ¥ « y Ó µSO1 = µFO1 + (r1h)
2/3+ (σ2

Sh)/4 © ª m

� a Ó (vSO1 )
2 = (vFO1 )

2 + (σ4
Sh

2)/4 + 7(r21σ
2
Sh

3)/15+ 3(r1σ2
Sh

2)/4® � t ∈
[T −h, T ] Ä , ¥ « y Ó mSO1T = m

FO
1T +σ

2
S(T − t)/2+(T − t)2(r21/2−σ2

S/(4h))−
r21(T−t)3/(6h) © ª m � a Ó (σSO1T )

2 = (σFO1T )
2+2r21σ

4
S(T−t)5/(15h2)+σ2

S(T−
t)4((σ2

S + 5r1)/(12h2)− 2r21/(3h)) + σ
2
S(T − t)3(r21 − (5r1+ σ2

S/3h))) + σ
2
S(T −

t)2(2r1+ σ2
S/2)® k Ô * Ç * Ç ¾ ¿ 1 (1C) Ë , n B A � � � Ø Ù ? @ ¬ ®
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 � ÿ � 32 : 1 (2004)

� � 3

� ã Ý ¨ p $ ó q Æ , � î R t (0 ≤ t < T ), s 3 (4) � Û ù � È I J (10) � ,

Q R S ´ � S / � ó 0 (

C1(ST ,KT , t) = e
−rd(T−t)EQ

[
XT ·Max(ST −KT , 0)|Ft

]
. (3A)

� � 1: � t ∈ [0, T − h) î , % & ¼ ½ ¾ · ù ú � ô � ¿ , Û ù s 3 (2) � ´ T
U ¦ § , Ð (3A) � & Õ � Æ :

C2(ST ,KT , t) = e
−rd(T−t)EQ


XT−he(rd−rf )hEQ


e− 1

2 σ
2
Xh+σX

(
w
Q
T −wQT−h

)
×

Max(ST −KT , 0)|FT−h

|Ft


, (3B)

! U s 3 Girsanov33 & Ú , K (3B) Ë  ¦ O É Ê � Z ) O d     Q-measure�

Ö y R z �     R-measure� , N O    Ö y Ó β1t = σX , β2t = 0,

e−rd(T−t)EQ

XT−he(rd−rf )hER

[
Max(ST −KT , 0)|FT−h

]
|Ft

.

M M ; < , Á R-measuree , R S U Ã ST = ST−h exp((rf − σ2
S/2)h + σS(z

R
T −

zRT−h)) © ª p q Ã n · Ü Ë n B

33 G i � ½ � Giansov µ � � l m , × Ø � û N L ÷ Ù Karatzas and Shreve (1991),Brownian
Motion and Stochastic Calculus, 2nd Edition, pp.190–196, Springer-Varlag� È É Ü â , Ú ξT =

exp
( ∫ T

0 β1tdw
Q
X +

∫ T
0 β2tdz

Q
S − 1/2

∫ T
0 (β

2
1t + 2ρβ1tβ2t + β

2
2t)dt

)
, G Û � � D Ü S R è � »

¼ ½ F ö C H I � � � D Ü S Q è � » ¼ ½ F Ý � , ù þ ÿ J K B è :

� dw
Q
X = dw

R
X + (β1t + ρβ2t)dt� ! � dzQS = dz

R
S + (ρβ1t + β2t)dt. �

ö i , EQ[ξT · 1A] = ER[1A], Þ � 1A û ä � K ú ø �
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e−rd(T−t)EQ

XT−he(rd−rf )h · ST−hER

[[
er2h+σS(z

R
T −zRT−h)

− 1
h

∫ T
T−h
er2(u−(T−h))+σS(z

R
u−zRT−h)du

]+
|FT−h

]
|Ft

, (3C)

N O ± r2 = rf − σ2
S/2®

M M | Ð Ø Ù ? @ ¬ ¦ Ñ Ò O 4 5 � � � z { Ë © ª | Ð © ª ¥ « y · ©

ª m � a , � � (2B) Ë ª (3C) Ë  ¦ O É Ê , w L r1 x y R r2 R , © ª ß �

Á Q-measureÖ m R R-measuree , N x à Ë � m ® ; < , � � � ¦ � � Ú Û

Ã W (3C) n © u v Ó

e−rd(T−t)EQ
[
XT−he(rd−rf )h · ST−h|Ft

]{
µFO2 N

(
µFO2

vFO1

)
+ vFO1 g

(
µFO2

vFO1

)}
,

= Xt · Ste−rfh
{
µFO2 N

(
µFO2

vFO1

)
+ vFO1 g

(
µFO2

vFO1

)}
, (3D)

N O µFO2 = (r2h)/2, Ü Ë O ¦ � Ê # Ç È © r S s t £ Ã ¦ R S 7 8 9 :

Ñ Ò (3) Ë ®

I J 2: � t ∈ [T − h, T ] Ä , p q Ã ¦ r s y � �  � � � , Ð n K p q Ã Ñ

R � � � � e :

KT =
1
h

∫ T
T−h
Sudu =

1
h

∫ t
T−h
Sudu+

1
h

∫ T
t
Sudu =M1t +

1
h

∫ T
t
Sudu,

N O M1t =
(∫ t
T−h Sudu

)
/h P Q � � � � ® ; < , � � � ¦ � � Ú Û Ã W Ó

C2(ST ,KT , t)

= e−rd(T−t)EQ
[
Xte

(rd−rf )(T−t)EQ
[
e−

1
2 σ

2
X(T−t)+σX (wQT −wQt ) ×

Max
(
ST −M1t − 1

h

∫ T
t
Sudu, 0

)
|Ft
]
|Ft
]
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= e−rd(T−t)EQ
[
Xte

(rd−rf )(T−t)ER
[
Max

(
ST −M1t − 1

h

∫ T
t
Sudu, 0

)
|Ft
]
|Ft
]
.

(3E)

M M � Ú , | Ð Ø Ù ? @ ¬ ¦ Ñ Ò O 4 5 � � � z { Ë © ª | Ð © ª ¥ « y

· © ª m � a , c j (2F) Ë ª (3E) Ë , | Ð (3E) Ë  ¦ O É Ê , w L r1 x y

R r2 R , © ª ß � Á Q-measureÖ m R R-measuree , N x à Ë � m ® ; < , �

� � ¦ � � Ú Û Ã W (3E) n © u v Ó

e−rd(T−t)EQ
[
Xte

(rd−rf )(T−t) · St|Ft
]{
mFO2T N

(
mFO2T

σFO1T

)
+ σFO1T g

(
mFO2T

σFO1T

)}

= Xt · Ste−rf (T−t)
{
mFO2T N

(
mFO2T

σFO1T

)
+ σFO1T g

(
mFO2T

σFO1T

)}
,

N O mFO2T = 1− (T − t)/h+ r2[2(T − t)h− (T − t)2]/(2h)−M1t/St®

M M M � Ú , 2 3 M $ N © A � � � z { Ë M Ø Ä , À r | } £ Ð n � � |

B � t ∈ [0, T − h) ª t ∈ [T − h, T ] Ä ¦ A � M Ø ¥ « y · m � a � e :

M M � t ∈ [0, T − h) Ä , ¥ « y Ó µSO2 = µFO2 + (r2h)
2/3+ (σ2

Sh)/4 © ª m

� a Ó (vSO2 )
2 = (vFO2 )

2 + (σ4
Sh

2)/4+ 7(r22σ
2
Sh

3)/15+ 3(r2σ2
Sh

2)/4X (vFO2 )
2 =

(vFO1 )
2® � t ∈ [T − h, T ] Ä , ¥ « y Ó mSO2T = m

FO
2T + σ

2
S(T − t)/2 + (T −

t)2(r22/2−σ2
S/(4h))−r22(T−t)3/(6h) © ª m � a Ó (σSO2T )

2 = (σFO2T )
2+2r22σ

4
S(T−

t)5/(15h2) + σ2
S(T − t)4((σ2

S + 5r2)/(12h2)− 2r22/(3h)) + σ
2
S(T − t)3(r22− (5r2+

σ2
S/(3h)))+σ

2
S(T − t)2(2r2+σ2

S/2)® k Ô * Ç * Ç ¾ ¿ 1 (1C) Ë , n B A � �

� Ø Ù ? @ ¬ ®
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� � 4

h i á Ù Ú ± V � Ú Û » P Æ (  â :

 ex ≥ 1+ x, ∀x ∈ 	.

� ∀x ≥ 0, 0≤ ex − 1− x = ∞
S
k=2

xk

k!
=
x2

2

∞
S
p=0

xp

(p+ 2)!
2

≤ x
2

2
ex,

(
ã
(p+ 2)!

2
≥ p!, ∀p ≥ 0

)
.

� ∀x ≥ 0, 0≤ ex − 1− x− x
2

2
=
∞
S
k=3

xk

k!
=
x3

6

∞
S
p=0

xp

(p+ 3)!
6

≤ x
3

6
ex,

(
ã
(p+ 2)!

3!
≥ p!, ∀p ≥ 0

)
.

å å % & � a , � � T U V W Q Æ T � � >  �  � X Y Q R S ´ � S $ %

ó 0 (

CE1 (ST ,KT , 0) = e
−rdTEQ

[
X̄ ·Max(ST −KT , 0)

]

= X̄e−rdTEQ
[
ST−hEQ

[
ST
ST−h

− KT
ST−h

]+]

= X̄e−rdTEQ
[
ST−hEQ(VT − UT )+

]
, (4A)

� ¨ VT = ST /ST−h £ UT = KT /ST−h Û ù � � � � × � �

C1(ST ,KT ,0) = X̄ · e−rdTEQ
[
ST−h

[
1+ r1h+ σS

(
zQT − zQT−h

)

− 1
h

∫ T
T−h

[
1+ r1(u− (T − h)) + σS

(
zQu − zQT−h

)]
du

]+]
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= X̄e−rdTEQ
[
ST−hEQ(GT −HT )+

]
, (4B)

� ¨ Gu = 1+ r1(u− (T −h))+σS(zQu − zQT−h) £ HT =
(∫ T
T−hGudu

)
/h, , @

� ò ( Vu £ UT ´ � Ø Ù Ú ± V � ä # û , � 
 � � � � ( 34

∣∣∣C1(ST ,KT , 0)− CE1 (ST ,KT , 0)
∣∣∣

= X̄ · e−rdTEQ
{
ST−hEQ|[UT − VT ]+ − [GT −HT ]+|

}

≤ X̄ · e−rdTEQ
{
ST−h

{
EQ|[UT − VT ]+ − [GT − VT ]+|

+EQ|[GT − VT ]+ − [GT −HT ]+|
}}

 V ä � � Ë �

≤ X̄ · e−rdTEQ
{
ST−h

{
EQ|UT −GT |+ EQ|VT −HT |

}}
 * Ç ¾ å 34�

≤ X̄ · e−rdTEQ
{
ST−h

{
EQ(UT −GT ) + EQ(VT −HT )

}}
 * Ç P � (2) n B �

≤ X̄ · e−rdTEQ


ST−h



(
e(r1+

1
2 σ

2
S)h − (1+ r1h)

)

+


 e(r1+ 1

2 σ
2
S)h − 1(

r1+
1
2
σ2
S

)
h

−
(

1+
r1h

2

)



 £ Ð ¥ « y �

≤ X̄ · e−rdTEQ


ST−h





(
r1+

1
2
σ2
S

)2

h2

2
e(r1+

1
2 σ

2
S)h +

1
2
σ2
Sh




+



(
r1+

1
2
σ2
S

)2

h2

6
e(r1+

1
2 σ

2
S)h +

1
4
σ2
Sh








 * Ç P � n B (2) ª (3) n B �

34 ø å ú ø x→ x+ ñ ¥ ä æ Lipschitzian] ^ J K |x+ − y+| ≤ |x− y|�
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= X̄ · e−rdTS0e
(r1+

1
2 σ

2
S)(T−h)




2
(
r1+

1
2
σ2
S

)2

h2

3
e(r1+

1
2 σ

2
S)h +

3
4
σ2
Sh


 .

M M � Ú , 2 3 n £ Ð A � � � Ø Ù ? @ ¬ ¦ ¼ § ¤ ¥ Ü Ý Ó

X̄ · e−rdTS0e
(r1+

1
2 σ

2
S)(T−h)




5
(
r1+

1
2
σ2
S

)3

h3

24
e(r1+

1
2 σ

2
S)h + r1σ

2
Sh

+
1
4
σ4
Sh

2+
(2r21 + 4r1σ2

S + σ
4
S)h

3

12


.

M M � � & ¶ , ¥ c , + ' c | e S ¥ T U  U V � V W � � � ¦ � � æ ¬

y Ó

CE2 (ST ,KT , 0) = e
−rdTEQ

[
XT ·Max(ST −KT , 0)

]

= e−rdTEQ
[
XT−he(rd−rf )hST−hER

[
ST
ST−h

− KT
ST−h

]+]
, (4C)

© ª Ø Ù ? @ ¬ Ê Ë

C2(ST ,KT , 0)

= e−rdTEQ


XT−he(rd−rf )hST−hER

[
1+ r2h+ σS

(
zRT − zRT−h

)

− 1
h

∫ T
T−h

[
1+ r2(u− (T − h)) + σS

(
zRu − zRT−h

)]
du

]+. (4D)

M M Á £ Ð ¼ § ¤ ¥ Ü Ý Ä , � � (4A) Ë X (4B) Ë · (4C) Ë X (4D) Ë  O É

Ê , � l ¥ � Ó � Q-measureÖ y R R-measure,h ¦ P ¯ � # r1 ç n R Ó r2®
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; < , è Ç � > £ Ð � � n B

|C2(ST ,KT , 0)− CE2 (ST ,KT , 0)|

≤ e−rdTEQ


XT−he(rd−rf )h · ST−h


 2(r2+

1
2
σ2
S)

2h2

3
e(r2+

1
2 σ

2
S)h +

3
4
σ2
Sh






= e−rfhX0S0




2
(
r2+

1
2
σ2
S

)2

h2

3
e(r2+

1
2 σ

2
S)h +

3
4
σ2
Sh


 .  * Ç ¾ å 11�

M M � Ú , 2 3 n £ Ð A � � � Ø Ù ? @ ¬ ¦ ¼ § ¤ ¥ Ü Ý Ó

e−rfhX0S0




5
(
r2+

1
2
σ2
S

)3

h3

24
e(r2+

1
2 σ

2
S)h + r2σ

2
Sh

+
1
4
σ4
Sh

2+
(2r22 + 4r2σ2

S + σ
4
S)h

3

12


.

M M � � & ¶ , ¥ c U Ã | e ¦ S ¥ T U  , + � V W � � � ¦ � � æ ¬ Ã

W Ó

CE3 (XT , LT , t) = e
−rdTEQ

[
ST ·Max(XT − LT , 0)

]

= e−rdTEQ
[
ST−he(rf−ρσSσX )hXT−hER

[
XT
XT−h

− LT
XT−h

]+]
, (4E)

© ª Ø Ù ? @ ¬ Ê Ë
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C3(XT , LT , 0)

= e−rdTEQ


ST−he(rf−ρσSσX )hXT−hER

[
1+ r3h+ σX

(
wRT − wRT−h

)

− 1
h

∫ T
T−h

[
1+ r3(u− (T − h)) + σX

(
wRu − wRT−h

)]
du

]+. (4F)

M M Á £ Ð ¼ § ¤ ¥ Ü Ý Ä , � � (4C) Ë X (4D) Ë · (4E) Ë X (4F) Ë  O É

Ê , � l ¥ � Ó 9 : m a o St ç n Ó Xt, h ¦ P ¯ � # r2X σS · zR ç n R

Ó r3X σX · wR® ; < , è Ç � > £ Ð � � n B

|C3(XT , LT ,0)− CE3 (XT , LT , 0)|

≤ e−rdTEQ


ST−he(rf−ρσSσX )hXT−h




2
(
r3+

1
2
σ2
X

)2

h2

3
e(r3+

1
2 σ

2
X )h+

3
4
σ2
Xh






= S0X0e
−(r3+ 1

2 σ
2
X )h




2
(
r3+

1
2
σ2
X

)2

h2

3
e(r3+

1
2 σ

2
X )h +

3
4
σ2
Xh


 .

M M � Ú , 2 3 n £ Ð A � � � Ø Ù ? @ ¬ ¦ ¼ § ¤ ¥ Ü Ý Ó

e−rdhS0X0


 5

(
r3+

1
2
σ2
XS

)3

h3

24
e(r3+

1
2 σ

2
XS)h + r3σ

2
XSh

+
1
4
σ4
XSh

2+
(2r23 + 4r3σ2

XS + σ
4
XS)h

3

12


.

M M � � & ¶ , © r S s t £ Ã | e R S 7 8 ¦ S ¥ T U V W � � � ¦ � �

æ ¬ Ã W Ó
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CE4 (XTST , JT , 0) = e
−rdTEQ

[
Max(XTST − JT , 0)

]

= e−rdTEQ
[
XT−hST−hEQ

[
XTST

XT−hST−h
− LT
XT−hST−h

]+]
, (4G)

© ª Ø Ù ? @ ¬ Ê Ë

C4(XTST , JT , 0)

= e−rdTEQ


XT−hST−hER

[
1+ r4h+ σS

(
zRT − zRT−h
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ABSTRACT

M M In this paper, we propose several Quanto Forward-Start Asian options for investors
who wish to hedge both currency risk and the risk of being possibly manipulated by some

market participants. Although Asian options have no closed-form solutions, we try to

find the “approximate” closed-form solution and compute hedge parameters for them. In

addition, we also determine the upper bound of maximum estimation error of our pricing

model. The numerical results show that the difference between the first-order and the

second-order Taylor’s expansion of approximate closed-form solution is not significant when

the volatility is small. Under this circumstance, we can simply use first-order Taylor’s

expansion of approximate closed-form solution. However, second-order Taylor’s expansion

of approximate closed-form solution is employed when the volatility is large.

199


