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VALUE DISTRIBUTION OF MEROMORPHIC FUNCTIONS AND
ITS RELATED PROBLEMS

TEN-GING CHEN

Abstract. Let f and g be two distinct non-constant meromorphic functions

sharing four distinct values a1, a2, a3, a4 IM. Mues showed that if f and g

share a1 CM and τ(a2) > 2/3, then f and g share all the four values CM.

Wang showed that if f and g share a1 CM and τ(ai) > 1
2

for i = 2, 3, 4, then

the above conclusion also holds. In this paper, we extend Wang’s result to

the case of small functions and give somewhat generalizations of meromorphic

functions sharing small functions.

1. Introduction

Let f and g be two non-constant meromorphic functions in the complex plane C
and a be a value in C∞. We say that f and g share a CM (IM) if f − a and g − a

have the same zeros counting (ignoring) multiplicities when a is finite and we say

that f and g share ∞ CM (IM) if 1/f and 1/g share 0 CM (IM). The unicity of

meromorphic functions sharing values has been studied for a long time. In 1929,

Nevanlinna [8] proved the following.

Theorem 1.1. Let f and g be two distinct non-constant meromorphic functions

and a1, a2, a3, a4 be four distinct values. If f and g share the four values CM, then

f is a Möbius transformation of g.

In 1979 and 1983, Gundersen [1, 2] proved that if f and g share either three

values CM and the other one IM, or two values CM and the other two IM, then

the conclusion of Theorem 1.1 also holds. In fact, Gundersen proved the following.

Theorem 1.2. Let f and g be two distinct non-constant meromorphic functions

and a1, a2, a3, a4 be four distinct values. If f and g share a1, a2, a3 CM and share

a4 IM, then f and g share all the four values CM.

Theorem 1.3. Let f and g be two distinct non-constant meromorphic functions

and a1, a2, a3, a4 be four distinct values. If f and g share a1, a2 CM and share a3, a4

IM, then f and g share all the four values CM.
1
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The remaining case that f and g share one value CM and the other three values

IM is still open. However, if we add some conditions on the other three values,

then the result also holds. In order to study the remaining case, we recall some

important properties for two meromorphic functions sharing four values IM which

was proved by Mues [7].

Theorem 1.4. Let f and g be two distinct non-constant meromorphic functions

and a1, a2, a3, a4 be four distinct values. If f and g share the four values IM, then

(i) T (r, f) = T (r, g) + S(r, f), T (r, g) = T (r, g) + S(r, g).

(ii)
∑4

i=1 N(r, 1
f−ai

) = 2T (r, f) + S(r, f).

(iii) N0(r, 1
f ′ ) = S(r, f), N0(r, 1

g′ ) = S(r, g), where N0(r, 1
f ′ ) counts the zeros of f ′

but not the zeros of f − ai.

(iv)
∑4

i=1 N∗(r, ai) = S(r, f), where N∗(r, ai) counts the multiple common zeros

of f − ai and g − ai.

Let f and g be two non-constant meromorphic functions that share a value a

IM. Mues introduced the quantity τ(a) to measure the degree of f and g share a

CM. In fact,

τ(a) =





lim inf
r→∞

NE(r, a)
N(r, 1

f−a )
if N(r, 1

f−a ) 6= 0,

1 if N(r, 1
f−a ) = 0,

where NE(r, a) is the reduced counting function which counts the common zero of

f − a and g − a with the same multiplicities. Note that 0 ≤ τ(a) ≤ 1, and if f

and g share a CM, then τ(a) = 1. In some sense, if τ(a) is much more close to 1,

then so is the proportion NE(r, a)
/
N(r, 1

f−a ). In other words, the degree of f and

g sharing a CM is much more. Mues [7] and Wang [9] proved the following results.

Theorem 1.5. Let f and g be two distinct non-constant meromorphic functions

and a1, a2, a3, a4 be four distinct values. If f and g share a1 CM and share a2, a3, a4

IM with τ(a2) > 2/3, then f and g share all the four values CM.

Theorem 1.6. Let f and g be two non-constant meromorphic functions sharing

four distinct values a1, a2, a3, a4 IM. If f and g share a1 CM and τ(ai) > 1
2 for

i = 2, 3, 4, then f and g share all the four values CM.

In this report, we will show that Theorem 1.6 still holds if we replace sharing

values by sharing small functions. Throughout the report, we will use the standard

notations and fundamental results of Nevanlinna’s theory of meromorphic functions,

as found in [3].
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2. Meromorphic functions sharing small functions

Let f , g and a be meromorphic functions. If T (r, a) = o(T (r, f)) as r → ∞
possible outside a set of finite linear measure, then we say that a is a small function

of f . We say that f and g share a IM∗ if

N
(
r,

1
f − a

)
−N(r, a) = S(r, f) and N

(
r,

1
g − a

)
−N(r, a) = S(r, g),

where N(r, a) is the reduced counting function which counts the common zeros of

f − a and g − a. We say that f and g share a CM∗ if

N
(
r,

1
f − a

)
−NE(r, a) = S(r, f) and N

(
r,

1
g − a

)
−NE(r, a) = S(r, g),

where NE(r, a) is the reduced counting function mentioned in section 1. Most

results in section 1 remain valid for small functions. For example, Ishizaki [4]

proved the analogues for Theorem 1.1 and Theorem 1.2.

Theorem 2.1. Let f and g be two distinct non-constant meromorphic functions

and a1, a2, a3, a4 be four distinct small functions. If f and g share the four small

functions CM∗, then f is a quasi-Möbius transformation of g.

Theorem 2.2. Let f and g be two distinct non-constant meromorphic functions

and a1, a2, a3, a4 be four distinct small functions. If f and g share a1, a2, a3 CM∗

and share a4 IM∗, then f and g share all the four small functions CM∗.

Li [6] proved the analogue for Theorem 1.3.

Theorem 2.3. Let f and g be two distinct non-constant meromorphic functions

and a1, a2, a3, a4 be four distinct small functions. If f and g share a1, a2 CM∗ and

share a3, a4 IM∗, then f and g share all the four small functions CM∗.

Besides, Yao [10] proved that Theorem 1.4 (iv) still holds for small functions.

Theorem 2.4. Let f and g be two distinct non-constant meromorphic functions

and a1, a2, a3, a4 be four distinct small functions. If f and g share the four small

functions IM∗, then
4∑

i=1

N∗(r, ai) = S(r, f).

However, we do not have Theorem 1.4 (iii) for small functions. In fact, the proof

of Theorems 1.4 is base on the Nevanlinna’s second fundamental theorem which is

not available for small functions. In general, the error term m
(
r, f ′

f−a

)
is not S(r, f)

when a is a small function. For example, let f(z) = ez + 2z, g(z) = e−z + 2z and
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a1(z) = 2z, a2(z) = 1 + 2z, a3(z) = −1 + 2z, a4 = ∞. Clearly, f and g share

a1, a2, a3, a4 CM and a1, a2, a3, a4 are small function of f and g. But

m
(
r,

f ′

f − a1

)
= m

(
r,

ez + 2
ez

)
= T (r, f) + S(r, f)

and

N0

(
r,

1
f ′

)
= N

(
r,

1
ez + 2

)
= T (r, f) + S(r, f).

Hence the sharing small function problems become difficult and different auxiliary

functions must be introduced. In the following, we will use some techniques in the

paper of Ishizaki [5].

3. Lemmas

To generalize Theorem 1.6, we need extend the definition of τ(a) for small func-

tion.

Definition 3.1. Let f and g be two non-constant meromorphic functions that share

a small function a IM∗. We define

τ(a) =





lim inf
r→∞

NE(r, a)
N(r, a)

if N(r, a) 6= 0,

1 if N(r, a) = 0.

Note that if a is a value, then τ(a) coincides with Mues’ original definition.

Let f and g be two non-constant meromorphic functions sharing four distinct

small functions a1, a2, a3, a4 IM∗. Consider the functions

F (z) =
f(z)− a2(z)
f(z)− a1(z)

a3(z)− a1(z)
a3(z)− a2(z)

, G(z) =
g(z)− a2(z)
g(z)− a1(z)

a3(z)− a1(z)
a3(z)− a2(z)

,

a(z) =
a4(z)− a2(z)
a4(z)− a1(z)

a3(z)− a1(z)
a3(z)− a2(z)

.

Then F and G share ∞, 0, 1, a IM∗. Let b1 = ∞, b2 = 0, b3 = 1 and b4 = a. Note

that f and g share ai CM∗ if and only if F and G share bi CM∗, and τf,g(ai) > α

if and only if τF,G(bi) > α. Therefore, without loss of generality, we may assume

that f and g share ∞, 0, 1, a IM∗, where a is a non-constant small function of f

and g. In order to prove our main results, we need some lemmas.

Lemma 3.2. Let f and g be two non-constant meromorphic functions sharing

∞, 0, 1 and a IM∗, where a is a non-constant small function. Let

ψ =
∆(f − g)

Π
,
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where

∆ =

∣∣∣∣∣∣∣∣∣∣

f2 g2 a2 1

ff ′ gg′ aa′ 0

f g a 1

f ′ g′ a′ 0

∣∣∣∣∣∣∣∣∣∣

and Π = f(f − 1)(f − a)g(g − 1)(g − a),

then ψ is a small function of f and g.

Lemma 3.3. Let f and g be two non-constant meromorphic functions sharing

∞, 0, 1 and a small function a IM∗ and let

β =
f ′(f − a)
f(f − 1)

− g′(g − a)
g(g − 1)

, β1 =
f ′1(f1 − 1/a)
f1(f1 − 1)

− g′1(g1 − 1/a)
g1(g1 − 1)

,

β2 =
f ′2

(
f2 + 1/(a− 1)

)

f2(f2 − 1)
− g′2

(
g2 + 1/(a− 1)

)

g2(g2 − 1)
,

where

f1 =
f

a
, g1 =

g

a
, f2 =

f − 1
a− 1

, g2 =
g − 1
a− 1

.

If any one of β, β1, and β2 is identically zero, then f and g share ∞, 0, 1 and a

CM∗.

With some analysis, we can prove the following.

Lemma 3.4. Let f and g be two non-constant meromorphic functions sharing

∞, 0, 1 and a small function a IM∗ and let β, β1, β2 be the functions defined in

Lemma 3.3. If β · β1 · β2 6≡ 0, then

N(r, a) ≤ N(r, 0)−NE(r, 0) + N(r, 1)−NE(r, 1) + N(r,∞)−NE(r,∞) + S(r, f),

N(r, 1) ≤ N(r, 0)−NE(r, 0) + N(r, a)−NE(r, a) + N(r,∞)−NE(r,∞) + S(r, f),

N(r, 0) ≤ N(r, 1)−NE(r, 1) + N(r, a)−NE(r, a) + N(r,∞)−NE(r,∞) + S(r, f).

4. Main Theorem

Now, we can prove the analogue of Theorem 1.6 for small function.

Theorem 4.1. Let f and g be two non-constant meromorphic functions sharing

four distinct small functions a1, a2, a3, a4 IM∗. If f and g share a1 CM∗ and τ(ai) >
1
2 for i = 2, 3, 4, then f and g share all the four small functions CM∗.

Proof . Without loss of generality, we assume that a1 = ∞, a2 = 0, a3 = 1,

a4 = a. If any one of β, β1, β2, defined in Lemma 3.4, is identically zero, then, by
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Lemma 3.3, f and g share ∞, 0, 1 and a CM∗. Now, we assume that β · β1 · β2 6≡ 0.

Since f and g share ∞ CM∗, by Lemma 3.4, we get

N(r, a) ≤ N(r, 0)−NE(r, 0) + N(r, 1)−NE(r, 1) + S(r, f),

N(r, 1) ≤ N(r, 0)−NE(r, 0) + N(r, a)−NE(r, a) + S(r, f),

N(r, 0) ≤ N(r, 1)−NE(r, 1) + N(r, a)−NE(r, a) + S(r, f).

Hence,

2NE(r, 0)−N(r, 0) + 2NE(r, 1)−N(r, 1) + 2NE(r, a)−N(r, a) ≤ S(r, f).

By the hypothesis, min{τ(0), τ(1), τ(a)} > 1
2 , there exists c > 0 and R > 0 such

that, for all r ≥ R,

c
[
N(r, 0) + N(r, 1) + N(r, a)

] ≤ 2NE(r, 0)−N(r, 0) + 2NE(r, 1)−N(r, 1)

+ 2NE(r, a)−N(r, a)

≤ S(r, f),

which implies that f and g share 0, 1, a CM∗. Therefore, f and g share ∞,0, 1, a

CM∗. ❑
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